Math 2177 recitation: PDE 2

TA: Yu Zhang
December 4 2018

(You can find all my recitation handouts and their solutions on my homepage
http://u.osu.edu/yuzhang/teaching/)

1 Solving heat equation

As an example, we look at the following partial differential equation (PDE):

U = PlUpy, 0<ax <L, t>0 (PDE)
uw(0,t) =u(L,t) =0, t>0 (Boundary Condition)
u(z,0) = f(z), 0<ax<L (Initial Condition)

By separating variables, we can solve this PDE in 4 steps:
Step 1. Write u(z,t) = X(2)T(t) to turn the PDE into two ordinary
differential equations (with boundary conditions)
Let u(z,t) = X (x)T(t), we obtain the boundary value problem
"
{X () +AX(2) =0 A7) = —AsT()
X(0)=X(L)=0

Step 2. Find all eigenvalues )\, and their corresponding eigenfunctions
X,, of the boundary value problem in step 1.
Depending on the value of A\, the boundary value problem

X"(x)+ AX(x) =0
X(0)=X(L)=0

may only have zero solution X (z) = 0. We want to determine those values of A
for which the boundary value problem has nontrivial solutions. These nontrivial
solutions are called the eigenfunctions of the problem, the eigenvalues are those
corresponding values of .

By computations we conclude eigenvalues are ), = (%F)* and corresponding
eigenfunctions are X, (z) = sin(“*x).

Step 3. Use )\, to find corresponding 7,. Then find the general so-
lution u(z,t) = 3,7 ¢, X, (z)T,(t) satisfying both the PDE and boundary
condition.

For A = (27)2, general solution of T"(t) = —BAT(t) is

T, (t) = ce P = ce PUE)™



Now general solution for u(x,t) is

0 )
u(z, t) = Z cn X (2)T,(t) = Z Cn Sin(n—gx)e_ﬁ(%)“
n=1 n=1

Step 4. Use the initial condition to determine the coefficients ¢, then
get final answer u(x,t).

From the initial condition u(z,0) = f(z) we know Y, ¢,sin(*fz) = f(z).

When f(z) is already a linear combination of sin(%*x), we can directly read the

L
coefficients ¢, and get final answer u(z,t)

Exercise 1. Find the solution to the heat flow problem
Up = TUge, O<ax<m, t>0

u(0,t) = u(m,t) =0, t>0
u(z,0) = 3sin(2z) — 6sin(bx), 0 <z <m

Solution 1. In this case, § = 7, L = m. Hence general solution is
= 2
u(z,t) = Z Cnsin(nz)e” ™1
n=1

Initial condition implies >, | ¢,sin(nz) = 3sin(2z) — 6sin(5x). Hence ¢z = 3,
cs = —6. All other coefficients vanish. Therefore

u(z,t) = 3sin(2z)e 2 — 6sin(5z)e "

Exercise 2. Find the solution to the heat flow problem
Up = 2Ugy, O<ax <1, t>0

uw(0,t) =u(l,t) =0, t>0
u(z,0) = 3sin(3rz) + Ssin(brx) + sin(Irz), 0 <z <1

Solution 2. In this case, § = 2, L = 1. Hence general solution is

0
u(z,t) = Z Cp sin(nmx)e 2
n=1
Initial condition implies Y, | ¢,sin(nwx) = 3sin(37z) + Ssin(drz) + sin(9Irz).

Hence c3 = 3, ¢5 = 5, ¢g = 1. All other coefficients vanish. Therefore

w(z,t) = 3sin(3rz)e ¥ + Bsin(5ra)e "t + sin(9rz)e 102

2 Fourier series

Let f(z) be a continuous periodic function with period 2L. Then f(z) has a Fourier
series

o0
F(z) = % + ;(ancos($) + bnsm(n—zm))
where
1 L
a =7 . f(z)dz

2



1 (- nmwr
=7 f_L f(x)cos(T)dx

= %J_LL f(x)szn(?)daz

Moreover when f(z) and f’(z) are piecewise continuous, F(z) = f(z) for all x.

Special cases:
(1) If f(x) is an even function meaning f(z) = f(—=z), then all b, = 0.

0¢]
= % Z COS

(2) If f(z) is an odd function meaning f(z) = —f(—=), then all a,, = 0.

- nmw
= nz_:l bnsin(T)
Exercise 3. Consider the following function
flx)=7m*—2* —n<ax < flr+2r) = f(z)

(a) Is f(z) even, odd, or neither?

(b) Find the Fourier series F'(z) of the given f(x) with period T' = 27. You may
use the information you obtain in (a).

(c) What is F'(7) and F(4m)?

(d) Evaluate Y, | & using parts (b) and (c), i.e., the expression of F(m) as a
series when z = 7 and the value of F () from the convergence theorem.

Solution 3. (a) Notice that f(z) = 7> —2? on ~r < r < mand 1 < x <7

is an interval symmetric with respect to 0. On —7 < x < 7, we have f(—z) =

72 — (—2)? = 72 — 2% = f(x), ie., f(x) iseven on —7w < z < 7. Also, f(z) is

2m-periodic, therefore, it is even.

(b) In part (a) we saw that f(x) is an even function, therefore, the sine coefficients

b, in its Fourier series are 0 for all n. We now compute the other coefficients. We
have

_17r2_2 _ 2_$3z:7r_ 2

ao—%f (m° —2%)de = —(r"x — —)[22" = -7

—T

By using integration by parts

L (5, 1, 5  y.sin(ne) cos(nzx) _sin(nx), ._
a - J_W(ﬂ' x°)cos(nz)dx 7T((7r x°) " - + 3 ez
1 cos(n) 4 4 . ni1 4
= ;(—477 n2 ) = —ECOS(HTF) = _ﬁ< ].) = (—1) ﬁ

So the Fourier series of f(z) is



(c) Notice that f(z) and f’(z) are piecewise continuous,

It follows



