
Spatial analysis of epidemics: 
          Disease gradients, continued 
REVIEW:

 Disease gradients due to dispersal are of major interest
 Generally, disease gradient: decline in Y with distance (s)
 Two models of major importance

○ Exponential

○ Power               

NEXT:
 Contact distribution: statistical distribution 

of distances, or probability density function 
of distances (effective distances)

 To correct for maximum Y:
 Exponential --> Logistic
 Power --> Power logistic

 Velocity of focus expansion 
(speed of disease expansion

 Rate of disease expansion, or 
rate (speed) of focus expansion, 
or rate of isopath movement)
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         Spatial analysis of epidemics: 
    Disease gradients -->  Contact Distribution
REVIEW:

 Disease gradients due to dispersal are of major interest
 Generally, disease gradient: decline in Y with distance (s)
 Two models of major importance

○ Exponential

○ Power               

 Contact distribution: statistical distribution of distances, 
or probability density function of distances (effective 
distances)

 Note: dispersal gradients are actually scaled versions 
of "contact distributions" -- probability of spore at 
s=0 reaching distance s (or probability of spore originating at 0 causing 
infection at any distance s)
○ For exponential, mean 'flight distance' of spores 

would be 1/bE (see chapter 7 for more details)
 Reminder: for model selection, and model fitting 

(parameter estimation):
○ Same general methods for disease progress 

curves
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Disease 
gradients 

 Exponential and power models are not 
adequate with high levels of disease 
intensity, but are fine for spore deposition 
density.

 Need to expand/modify models to take into 
account maximum possible disease (when 
working with diseased individuals)
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Common expansions:
 Disease intensity as a proportion: y = Y/M
 Correction for amount (number) of disease-free host individuals 

○ Multiply by:  (M-Y)/M ----> 1-y
 Thus, the two models become:

Exponential ---> Logistic                  Power ---> Power-logistic
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Models for disease intensity versus distance
 Have much in common with temporal models

○ Curves may be (reverse) sigmoid in shape
 Start high, and go to ~0 at 'high' ('large') s

○ The two most common formulations are either logistic or 
power-logistic
 Exponential ---> Logistic
 Power ---> Power-logistic (or "log-logistic")

○ Many other models are possible 
 We only consider the ones that produce a logit as the 

transformed response variable in a linearized model
 Logit does not imply polycyclic here

 In integrated form, two parameters describe the gradient (A*, b*)
○ The interpretations of the parameters are virtually the same 

as for (exponential and power) dispersal models for Y
 Note: Large b* means steep gradient (little spread from 

inoculum source); thus, anything that leads to greater 
movement of inoculum results in lower b* (closer to 0)

○ Can be linearized for: y* versus either s or ln(s) [or ln(s+)]

 y* = A* - b*s*
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Gradients and time:
 Implications are for so-called spatio-temporal

dynamics
○ How fast does disease spread over time?
○ What is the speed (velocity) of disease 

expansion?
 Consider the graph on right [observed y vs. s]

○ Gradients at three dates
○ Farthest distance from the source is determined

 Speed of disease spread is given by s/t
○ Change in distance (at the 'front' of the epidemic) 

divided by change in time
○ Between the first two times, 
○

s/t = (28-14)/(4-2) = 14/2 = 7 m/wk = 1 m/day
○
○ Do the same for times two and three (4 & 6 wk)

t s
2 wk 14 m
4 wk 28 m
6 wk 42 m
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t s
2 wk 14 m
4 wk 28 m
6 wk 42 ms Y (4 wk)

0 200
3.5 170
7 140
10.5 125
14 90
17.5 40
21 16
24.5  4
28 1
31.5 0
35 0
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1 Black
2 Red
3 Blue
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Gradients and time:
 s/t = (28-14)/(4-2) = 14/2 = 7 m/wk = 1 m/day
 Assuming that the spread does not change, we 

can use a linear model (with 0 intercept):

s = t             where : s/t

 Predict the 'front' of the epidemic at any time

○ at t=52 wk (1 year), s = 7·52 = 364 m 
 Determine time when disease reaches a certain 

distance
○ 1 km (=1000 m) is reached at:
○ 1000 = 7·t
○ or:

  t = 1000/7 = 142.9 weeks
□

t s
2 wk 14 m
4 wk 28 m
6 wk 42 m
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Potential problems with this approach

 It is very difficult to know the location of the front 
(farthest distance from the source at a given time 
where there is a diseased individual)
○ Sampling error (missing diseased individuals)

 A "zero" does not mean that disease is not there.
○ The front may easily be beyond the largest 

sampling distance used
 Although the front may be observable early in 

the epidemic, it may be impossible to quantify 
later.

 The standard models for gradients, being 
deterministic in form, allow for a nonzero y at any 
distance (but possibly very close to 0)
○ Stochastic models (for discrete individuals) do not 

have this problem, but are much harder to use.
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General approach 
 Specify a low specific value of y (y' ) of interest

○ Example: y' = 0.05
 (Earlier, y' = 0 was used)

○ Known as an isopath (line of fixed disease 
from the source)

 Determine the distance of y' at each time
○ Call this s'

 Calculate s/t based on these distances
○ Consider this: 

 Rate of disease expansion, or rate 
(speed) of focus expansion, or rate of 
isopath movement)

 Can be done for any chosen y'

 See Madden et al. Phytopathology 80: 291-298 for an 
example (in detail), also see section 7.6.3 in readings

 Notes:
○ s/t could depend on y' chosen (not same for all y')
○ s/t could depend on time (not the same for each 

successive pair of times)
○ s/t could depend on distance (gets larger [or smaller] 

with increasing distance

10, 20, 30

10,20,30
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Remaining potential problems 
when using any y' (>0) for 
determining s/t....

 The chosen y' value may not be found for a 
given gradient at a given time

 Interpolation typically is needed
○ Acceptable, unless the locations of the 

sampling locations are far apart
 Use fitted model to determine predicted y at all 

distances
○ Then use y' predictions

 Do this for each gradient
 Challenging to systematically determine how 

distance, y, or t affect s/t

Different values 
than in 
previous slide

Example:
s y
0 .8
2 .5
5 .25
8 .1
12 .02
14 .01

t s' (for y=0.05)
1 4
2 11.9
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 Here, the velocity (s/t) gets bigger 
with time and is bigger for small y. 
○ Small y is usually of more interest 

for this calculation
○ Near the front of the epidemic

 Dependence of s/t on distance
also could give this result
○ Thus, the simpler calculation 

previously breaks down (for 
extrapolation)One needs a more formal 

way of characterizing 
spread, for a more general 
understanding of the 
process……..
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                              Example:
Potato late blight in New York (Mingoue and Fry. 1983. 
Phytopathology 73: 1173-1176).
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                              Example:
Potato late blight in New York (Mingoue and Fry. 1983. 
Phytopathology 73: 1173-1176).

0

0.0

0.5

10
20

y

s

1.0

15

10

t5

0

   Epidem18_12_ Page 21    

0    

3    

6    

10   

14   

0    

3    

6    

10   

14   

20100

1.0

0.5

0.0

s

y

0

0.0

0.5

10
20

y

s

1.0

15

10

t5

0

0.0    

2.7    

5.4    

8.1    

10.8   

13.5   

16.2   

18.9   

21.6   

0.0    

2.7    

5.4    

8.1    

10.8   

13.5   

16.2   

18.9   

151050

1.0

0.5

0.0

t_

y_

Logistic-like gradient
Logistic-like disease 
progress curve

   Epidem18_12_ Page 22    



 Now, represent disease intensity with a model for y as a 
function of time (t) and space (s)

y = f(t,s; parameters)

 A very complicated expression, with possibly no 
analytical solution, can be used
□ Recall: with SEIR (H-L-I-R) models, no 

analytical solution

 Expand for spatio-temporal dynamics…
◊ (In Chapter 8 of MHV -- not covered here)
◊ Some hints shown later

 However, many epidemics do behave in ways that 
do allow the use of (relatively) simple models for f()
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             y = f(t,s; parameters) -- Notation issues
 There are two independent or predictor variables, s and t

○ We need to always consider rates of change with time and 
distance
 Because >1 predictor variable, rates are represented as 

partial (Z/X, not dZ/dX) derivatives


○ y/ty/sthis is what we want to know
○

 In particular, here we consider only versions of f(t,s; parameters) that 
can be written as a single equation, which corresponds to two partial 
derivatives that we know are reasonable or appropriate for purely  
temporal or purely spatial analysis

 Some obvious choices (with K=1, no host growth; proportions):


○ y/trLy(1-y)         or     y/trM(1-y)
○
○ y/sbLy(1-y)       or     y/sbPLy(1-y)/s



□
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Consider the following combination [with y for y(s,t)]:
y/trLy(1-y)
y/sbLy(1-y) 

Solution (logistic; or logistic-logistic):

ALL: 
constant of 
integration;
(1-y0)/y0
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Logistic-logistic:
y/trLy(1-y)                     
y/sbLy(1-y) 
Solution (logistic; or logistic-logistic) - linearized:

Logistic-power-logistic:
y/trLy(1-y) 
y/sbPLy(1-y)/s
Solution (logistic-power-logistic) - linearized:

General result: y* = A* - b*s* + r*t

ALL: (1-y0)/y0

ALPL: (1-y10)/y10

(logistic 
dynamics in time 
and space)

(logistic 
dynamics in time 
and power-
logistic in space)
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Working with spatio-temporal models

 Regression analysis
○ Linear regression (two predictor variables)

 Multiple regression analysis
○ Nonlinear regression (two predictor variables)
○ Residual plots for diagnostics

 Plot residuals vs. s*, t, or y*

 Important to assess goodness of fit
 Two previous models assume that


○ r* does not change with distance and 
○ b* does not change with time

 If above two are not true, then more 
complex models are needed

 One can always use the more empirical 
approach of obtaining 
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Velocity of isopath movement (revisited)
 Assume one can describe disease intensity with:   

○ y(s,t) = f(t,s; parameters)

with known partial derivatives: y/t y/s
 It does not matter if f() is easy to work with, or exists 

as a single equation or is determined through numerical 
integration

 It can be shown that the rate of disease expansion, or 
rate of isopath movement, is:

s/t = - (y/t) / (y/s)

 Thus, the quantity being estimated before by 
interpolation and reading off of graphs is now defined 
mathematically. If one does have an appropriate 

representation of y/t and y/s, then one "knows" 
the speed of isopath movement
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Some reported velocities of disease expansion:
Potato late blight in Europe (1845): 13 km/day
Potato late blight in US (1845):       295 km/year

Stripe rust of wheat (Cowger et al, 2005) : 0.02 to 3 m/day
        (with increasing rate over time)

Reading assignment: 
Section 8.1 of Chapter 8 (pages 211-214)

Empirically, we are considering s/t
And theoretically, we are considering s/t 
(derived from spatio-temporal model for y=f(t,s;parameters)
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Logistic-logistic:
y/trLy(1-y)                     
y/sbLy(1-y)

st = rL/bL    <--- A constant! 

 In this case, Isopath movement does not depend on distance, time, or 
chosen y

 Velocity will be constant if rL and bL are constants

Logistic-power-logistic:
y/trLy(1-y) 
y/sbPLy(1-y)/s

st = (rL/bPL)s     <--- a function of s
                                    

○ Isopath movement does not depend (explicitly) on time or chosen y,
but increases with distance (farther away, greater the velocity). 
 Great implications for predicting disease arrival into an area

○ Velocity will not be constant, even when rL and bL are constants
 Since disease is mostly at short distances early in the epidemic, 

speed appears to increase with time.

Disease expansion (e.g., m/day) 
increases with: increasing 
secondary infection rate (e.g., 
rL) and decreasing steepness of 
the gradient (e.g., bL)

<-- Dispersive wave-like 
spread (or non-wave-like 
spread)

<-- Wave-like spread
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Another perspective:

○ Integration of st = rL/bL results in:       s = s0 +(rL/bL)t
○
○ Integration of st = (rL/bPL)s results in: s = s0exp[(rL/bPL)t ]
○
○ See book for alternative ways of writing this, and alternatives for 

deriving this result.
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Spatio-temporal disease dynamics: 
synthesis

 It is often desirable to characterize the dynamics with st
 There may be a simple expression for st, consisting of a 

parameter (or ratio of parameters), and either zero or one (or 
more) random variables (y, t, s)
○ For logistic-logistic, no random variables -- constant disease 

expansion
 Known as wave-like spread

○ For logistic-power-logistic, one random variable (s) --
increasing speed of disease spread (velocity of isopath 
movement) with distance

 The farther away, the greater the velocity!
 Known as dispersive-wave spread

○ The dispersal gradient form (contact distribution) 
determines, in part, the type of spread

 s/t = - (y/t) / (y/s)

○ The expression for st is a direct function of   
y/t and y/s

 The distance from the inoculum source to the 'front':
○ Increases in a straight-line fashion for exponential 

(logistic) type of disease gradients
○ Increases exponentially with power (or power-

logistic) type of disease gradients (because the 
velocity increases with distance)
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ADVANCED TOPICS:

 Recall: we noted that a fuller understanding of an epidemic in time 
required generalization of the logistic model (for polycyclic diseases) 
into a H-L-I-R model (coupled differential equation) or similar model


○ Model the decline in disease-free individuals over time at each 

location

○ H(t,s)/t
 Subject of chapter 8 (not covered in course)

○ One basic result of note: st  ln(R0)
 One can limit the speed of disease spread (into new areas) by reducing 

the secondary infections (temporal increase) or reducing the mean 
distance traveled by units of inoculum (1/bE, for instance)
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Reading assignment:

Chapter 7: Pages 190-209 (plus the first 
half of the chapter, which was previously 
assigned for reading)

Section 8.1 of Chapter 8 (pages 211-214)

For a different (but valuable) approach to looking at 
disease expansion rates, where there are "short-cuts" 
between locations, see (for background reading, not 
required): Network theory

Jeger et al. (2007). New Phytologist 174: 279-297.

Where distance in the Euclidean sense is not 
relevant, but other aspects of distance are utilized. 

Another topic (not covered):
Long-distance dispersal (and 
disease spread)

Over thousands of kilometers
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Hufnagel L et al. PNAS 2004;101:15124-15129 (PNAS)
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Long-distance movement of spores
Rush et al. (Phytopathology 2015 
[105:929-936])

Long-distance
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Consequences of different dispersal gradients

Exponential contact distribution, D(s) or D(s-x):
Corresponds to the exponential disease gradient model
Known as "exponentially bounded"
Can produce wave-like spread (constant velocity)

Pareto contact distribution, D(s) or D(s-x): 
Corresponds to the modified power disease gradient
Known as "not exponentially bounded"

A "fat-tailed statistical distribution"
Produces dispersive wave-like spread (increasing velocity)

Other fat-tailed contact distributions:  Cauchy , ...

Characterize the contact distributions through their parameters
Only some have a definable mean or variance, but all have 
a definable median distance term

Can work with these distributions in stochastic models for the 
spatio-temporal dynamics of disease

Randomness embedded in the models and the predictions

See:
Shaw, M. W. 2015.
Simulation of disease spread 
and focus expansion.
in:
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