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1 Introduction

As the title of this study implies, there is a much longer and more detailed
treatment of Core Logic, to be found in Tennant [2017]. Here we simply
try to explain and summarize the main points and their relation to debates
about monism and pluralism.

The title of the Storrs conference in 2015 of which this volume is the pro-
ceedings was ‘Pluralism in Truth and Pluralism in Logic’. But the prevailing
intellectual climate is so pluralist that the singulars in the conference title
have metastasized so as to occasion, in the title of this volume, the plural
noun ‘Pluralisms’. In this heady atmosphere, the present author presents
a more conservative, but still accommodating, ‘absolutist pluralism’ about
logic—albeit a reformist one. He believes there is such a thing as ‘core log-
ical’ deductive reasoning, and that it is relevant, in a sense heretofore not
satisfactorily explicated. It comes, however, in two varieties: constructive
and non-constructive, as typified most importantly in mathematics, where
mathematical theorems are deduced from mathematical axioms.

1.1 Locating the core systems C and C+

In the present author’s view, the decision tree for choice of logic, for an
unmitigated absolutist, looks like this:1

1This diagram should be interpreted as involving successive choice points in response
to the questions posed in vertically descending order. Each question is posed within the
overall context created by the successively narrowing columns containing it.
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Is there one correct logic?

Absolutist:Yes Pluralist:No

Is it Classical Logic?

Quietist:Yes Reformist:No

Is it relevant?

Yes No

Is it constructive?

Yes No Yes No

Core
C

Classical
Core
C+

OtherIC

The formal-logical reforms that need to be carried out on Classical
Logic C and Intuitionistic Logic I have to do with relevantizing formal
proofs. The ‘absolutist pluralism’ adverted to above differs from this unmit-
igated absolutism by making the following concessive recommendations:

So you’re a constructive mathematician? Then the right logic
for you to use is Core Logic C; or . . .

So you’re a non-constructive, i.e. classical mathematician? Then
the right logic for you to use is Classical Core Logic C+.

The relevantizing effected within these two core systems is non-negotiable.
Classical Core Logic C+ is simply the ‘classicized extension’ of Core Logic C.

From now on, when we write ‘Core logician’, we intend this to be under-
stood disjunctively, as ‘user of Core Logic for constructive reasoning, or user
of Classical Core Logic for non-constructive reasoning’. This disjunctiveness
is our concession to pluralism; while the commitment to relevance remains
absolute.

1.2 On being conservative in one’s aim

This author is concerned (as Gentzen was) to complete satisfactorily Frege’s
original task of regimenting the expert deductive reasoning of mathemati-
cians in as natural a way as possible. And all such reasoning is relevant.
Gentzen’s aim with his systems of natural deduction was clear:
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Wir wollen einen Formalismus aufstellen, der möglichst genau
das wirkliche logische Schließen bei mathematischen Beweisen
wiedergibt.’ (Gentzen [1934], at p. 183.)

This was translated by M. E. Szabo as

We wish to set up a formalism that reflects as accurately as
possible the actual logical reasoning involved in mathematical
proofs.

The difference between the Core logician’s approach and that of Gentzen is
that the Core logician takes seriously the fact that such reasoning (whether
or not it is constructive) is always fully relevant, in the way it proceeds
from premises (say, mathematical axioms) to conclusions (say, mathematical
theorems).2 One’s logical system should furnish formal proofs that fill in
all the gaps that occur in the typically informal proofs that mathematicians
provide, even when they are being (by their own disciplinary standards) very
rigorous. Formal logicians have more demanding disciplinary standards. Yet
their formal proofs should just be appropriately more detailed homologues
of mathematicians’ informal proofs. Note that this observation applies both
to the constructive mathematical reasoner and to the non-constructive, or
classical one.

So much for the conservativeness of the Core Logician’s formalizing
project.

1.3 On being accommodating in one’s aim

The Core Logician is accommodating in the following important regard.
Since the time of Frege, intuitionistic or constructive mathematical reasoning
has achieved a special systemic status, through the work of Heyting following
Brouwer, resulting in the system I of Intuitionistic Logic. So there should be
a formal-logical account of constructive mathematical reasoning conducted
relevantly, and a more expansive formal-logical account of non-constructive
(classical) mathematical reasoning, likewise conducted relevantly. These
accounts are distilled, respectively, as the systems of Core Logic C and
Classical Core Logic C+. The core systems C and C+ respectively relevantize
the two more familiar and traditional systems I and C. And they do so in
the same way, ‘at the level of the turnstile’.

2In general, of course, what mathematicians call lemmas and corollaries can feature
both as premises of proofs and as conclusions of proofs.
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1.3.1 What is wrong with R and its ilk

By contrast, the relevance logics (such as R) in the Anderson–Belnap tradi-
tion (see Anderson and Nuel D. Belnap, Jr. [1975]) seek to relevantize at the
level of the object-language conditional, thereby changing its Fregean sense.
In relevant logics such as R, the following inferences fail, despite the fact
that they directly render the Fregean stipulation that a conditional is true
when its antecedent is false, and is also true when its consequent is true:

¬ϕ
ϕ→ ψ

ψ

ϕ→ ψ

In these relevant logics one is also deprived of Disjunctive Syllogism:

ϕ ∨ ψ ¬ϕ
ψ

despite its ubiquity in mathematical reasoning (about ordering relations,
for example). There is no known metatheorem to the effect that ordinary
mathematical reasoning can be fully formalized in any system like R. Ac-
tually, there have been negative results in this regard—see Friedman and
Meyer [1992]. This is in stark contrast to the situation with C (for construc-
tive mathematical reasoning) and C+ (for non-constructive mathematical
reasoning).

1.3.2 The uniformity of relevantizing

The right logic for constructivist reasoning must bear to the right logic for
non-constructivist reasoning the same sort of relation (represented by the
solid horizontal arrows below) that Intuitionistic Logic I bears to Classical
Logic C.

Likewise, the right logic for constructivist reasoning should bear to In-
tuitionistic Logic I the same sort of relation (represented by the dashed
vertical arrows below) that the right logic for non-constructivist reasoning
bears to Classical Logic C.

Our claim is that C is the right logic for constructivist reasoning, and C+

is the right logic for non-constructivist reasoning.
Note that Core Logic contains the aforementioned Disjunctive Syllogism

(ϕ ∨ ψ,¬ϕ : ψ) and Fregean truth-table respecting inferences (¬ϕ : ϕ → ψ
and ψ : ϕ→ ψ); but it does not contain either one of the two closely related
Lewis paradoxes ϕ,¬ϕ : ψ and ϕ,¬ϕ : ¬ψ. (See Figure 2.)
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Figure 1: From Classical Logic to Core Logic

1.3.3 What is wrong with M

In addition to the four systems already mentioned (C, I, C and C+), the
reader might wonder how Johansson’s system M of Minimal Logic fits into
the picture. Our contention is that M was intended by Johansson to be a
relevantized system of constructive reasoning. And in this project it failed,
because, although it avoids the positive form of the first Lewis paradox
(ϕ,¬ϕ : ψ), it nevertheless contains the negative form (ϕ,¬ϕ : ¬ψ). More-
over, M also fails to validate Disjunctive Syllogism. But the relevant validity
of Disjunctive Syllogism is unimpeachable; and it is indispensable to math-
ematical reasoning (consider: b < a ∨ a ≤ b, b 6< a : a ≤ b).

Figure 2 summarizes these and other well-known differentiae among the
five systems under discussion.

In formulating the core systems C and C+ we take as our point of depar-
ture, but significantly modify and thereby improve upon, Gentzen’s systems
of natural deduction (and the corresponding sequent calculi) for I and C.
The system M, as we have just stressed, is an aberration, consisting as it
does of sub-optimally formulated introduction and elimination rules for the
logical operators. Those rules have to be fundamentally re-thought, and par-
ticular ones importantly modified, in order to ensure relevance even after
eschewing the infamous Absurdity Rule

⊥
ϕ

It is the presence, or absence, of the Absurdity Rule—given Gentzen’s orig-
inal formulation of the introduction and elimination rules for the logical
operators— that respectively yields I, or M. Johansson’s system M results
from simply taking Gentzen’s rules for I and removing the Absurdity Rule.
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Classical (Frege, Russell)

Intuitionistic (Brouwer, Heyting)

¬¬ϕ : ϕ

ϕ,¬ϕ : ψ

Minimal
(Johansson)

ϕ,¬ϕ : ¬ψ

ϕ∨ψ,¬ϕ : ψ

Core C Classical
Core C+

Figure 2: Important system containments

1.3.4 On an isomorphism between sequent proofs and natural
deductions

A remarkable feature of the natural deduction and sequent systems for the
core systems C and C+ is that their natural deductions are ‘isomorphic’
to their corresponding sequent proofs (once one has snipped off the ‘twigs’
to those leaf-nodes in natural deductions that are occupied by any major
premises of eliminations). In a rigorously definable sense, their trees of rule-
applications correspond 1-1 (eliminations to left rules, introductions to right
rules). The only real difference is that nodes of a proof-tree are labelled by
single sentences in natural deductions but by the whole sequents thus far
proved in the corresponding sequent proofs. In this conspectus, for ease
of presentation, we shall focus on just natural deductions and the rules of
inference by means of which they are constructed.

2 Familiar Rules that are not in Core Logic C

2.1 Strictly Classical Negation Rules

Classical Reductio ad Absurdum (CR):
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(i)

¬ϕ
...
⊥ (i)

ϕ

Law of Excluded Middle (LEM):

ϕ ∨ ¬ϕ

Dilemma (Dil):

(i)

ϕ
...
ψ

(i)

¬ϕ
...
ψ

(i)

ψ

Double Negation Elimination (DNE):

¬¬ϕ
ϕ

2.2 Ex Falso Quodlibet (EFQ), a.k.a. the Absurdity Rule

⊥
ϕ

3 Graphic Rules for Core Logic C

Diamonds [resp., boxes] on discharge strokes indicate that vacuous discharge
is permitted [resp., prohibited].
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(¬-I)

2 (i)

ϕ
...
⊥ (i)

¬ϕ

(¬-E) ¬ϕ

...
ϕ

⊥

(∧-I)

...
ϕ

...
ψ

ϕ∧ψ

(∧-E)

(i) 2 (i)

ϕ ,ψ︸︷︷︸
...

ϕ∧ψ θ
(i)

θ

(∨-I)

...
ϕ

ϕ∨ψ

...
ψ

ϕ∨ψ

(∨-E)

ϕ∨ψ

2 (i)

ϕ
...
θ

2 (i)

ψ
...
θ
(i)

θ

ϕ∨ψ

2 (i)

ϕ
...
⊥

2 (i)

ψ
...
θ
(i)

θ

ϕ∨ψ

2 (i)

ϕ
...
θ

2 (i)

ψ
...
⊥

(i)

θ

(→-I)

2 (i)

ϕ
...
⊥ (i)

ϕ→ψ

3 (i)

ϕ
...
ψ

(i)

ϕ→ψ
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(→-E)

ϕ→ψ

...
ϕ

2 (i)

ψ
...
θ

(i)

θ

(∃-I)

...
ϕx
t

∃xϕ

(∃-E)

∃xϕ�a

2 (i)

�a . . . ϕx
a . . .�a︸ ︷︷ ︸
...

ψ�a
(i)

ψ

(∀-I)

�a
...
ϕ

∀xϕa
x

(∀-E)

∀xϕ

(i) . . .2 . . . (i)

ϕx
t1 , . . . , ϕ

x
tn︸ ︷︷ ︸

...
θ

(i)

θ

3.1 Rules of Classical Core Logic C+

In order to obtain Classical Core Logic from Core Logic, it suffices to add
either Classical Reductio or Dilemma. These two strictly classical rules are
interderivable in Core Logic. In each of these rules, it is the sentence ϕ that
is its ‘classical focus’. This is because the reasoner who applies the rule is
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presuming that ϕ is determinately true, or false, even though it might not
be known (or indeed, even knowable) which is the case. (See Tennant [1997]
for extended philosophical discussion of this point.)

(CR)

2 (i)

¬ϕ
...
⊥ (i)

ϕ

(Dil)

2 (i)

ϕ
...
ψ

2 (i)

¬ϕ
...
ψ

(i)

ψ

2 (i)

ϕ
...
ψ

2 (i)

¬ϕ
...
⊥

(i)

ψ

Here are some important points to note about the core systems:

1. Major premises for eliminations (MPEs) stand proud. That is, they
do not stand as conclusions of non-trivial proof-work above them.

2. So, all core proofs are in normal form. That is, no core proof contains
any sentence-occurrence standing both as an MPE and as the conclu-
sion of an application of any other rule, be it an elimination, or an
introduction, or a classical negation rule.3

3. Vacuous discharge of assumptions is prohibited where need be.

3Only in non-core systems like I and C is there the possibility that abnormality could
arise by having an MPE stand also as the conclusion of an application of EFQ.
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4. The rules of →-I and ∨-E are liberalized. That is, these rules are
formulated in such a way as to obviate the need (in the Gentzen–
Prawitz formulations) to resort to strategic applications of EFQ before
they can be applied.

5. The rule Ex Falso Quodlibet is banned.

6. So, all proofs are relevant—in a very exigent sense about to be ex-
plained.

4 The special kind of relevance ensured by core
proofs

In order to expand on point (6), we need some tailor-made syntactic notions
that will allow us to explicate the idea that the set ∆ of premises of a
(classical) core proof is relevantly connected both within itself and to its
conclusion ϕ.

In the propositional case, we can limit ourselves to speaking of atoms,
for these are the only non-logical expressions occurring in a sentence. But
the treatment of ‘vocabulary sharing’ to be expounded briefly here extends
to first-order logic, with predicates taking over from atoms (or being con-
sidered in addition to atoms, if atoms remain in the picture). We assume
the reader is familiar with the notions of positive and negative occurrences
of subformulae within formulae. The status of positive vs. negative is called
the polarity of the subformula-occurrence in question.

We shall say ϕ ≈ ψ just in case some atom enjoys an occurrence in ϕ
and an occurrence in ψ of the same polarity. And we shall say ϕ ./ ψ just in
case some atom enjoys an occurrence in ϕ and an occurrence in ψ of opposite
polarities. A set of sentences is ./-connected just in case any two distinct
members of it are connected by a ./-path within it. Clearly any set of
sentences admits of a unique partition into inclusion-maximal ./-connected
sets, which we shall call its ./-components. (Note that for any θ ∈ ∆, if θ
does not bear ./ to any other member of ∆, then the singleton {θ} is a
./-component of ∆.)

The expression ±ϕ means that some atom occurs both positively and
negatively in ϕ. The expression \∆ means that if ∆ is a singleton {ϕ},
then ±ϕ; otherwise, ∆ is ./-connected. The expression ϕ J ∆ means that
every ./-component of ∆ contains some sentence ψ such that ϕ ≈ ψ.

Point (6) involves a very exigent relevance condition R(∆, ϕ) on the
premise set ∆ and the conclusion ϕ of any (classical) core proof. The con-
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dition holds (by definition) just in case exactly one of the following three
conditions is satisfied:

1. ∆ is non-empty, ϕ is ⊥, and \∆.

2. ∆ is non-empty, ϕ is not ⊥, and ϕ J ∆.

3. ∆ is empty, ϕ is not ⊥, and ±ϕ.

Theorem 1 For every classical core proof of ϕ from ∆, we have R(∆, ϕ).

There is no relevantist ‘variable-sharing’ result in the literature, especially
concerning any of the relevance logics within the Anderson–Belnap tradition,
that establishes a connection of relevance as demanding as this one between
the premises and conclusions of proofs. The condition R(∆, ϕ) is of course
violated by A,¬A : B (provable in Intuitionistic, hence also in Classical,
Logic) and by A,¬A : ¬B (provable in Minimal Logic).

The reader will find more details, including examples of the foregoing
syntactic notions and rigorous proof of Theorem 1, in Tennant [2015b].

5 Further Metatheorems about Core Logic

Definition 1 Unless otherwise indicated, we shall assume of the deducibility
relation ` that it satisfies no more than the rules of the system C of Core
Logic. (To be precise, ∆ ` ϕ means that ϕ is core-deducible from premises
that are drawn from ∆. The set of premises in question may be a proper
subset of ∆.)

Definition 2 We write ∆1,∆2 for ∆1∪∆2, and we write ∆, ϕ for ∆∪{ϕ}.

Theorem 2 (Cut Elimination for Classical Core Proof)
There is an effective method [ , ] that transforms any two core proofs

∆
Π
ϕ

ϕ,Γ
Σ
θ

(where ϕ 6∈ Γ and Γ may be empty)

into a core proof [Π,Σ] of θ or of ⊥ from (some subset of) ∆ ∪ Γ.

Proof. See Tennant [2012b] for Core Logic, and see Tennant [2015a] for the
generalization to Classical Core Logic. The results can also be found in
Tennant [2017].
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Corollary 1 (cut with potential epistemic gain)
If ∆ ` ϕ and Γ, ϕ ` ψ, then either ∆,Γ ` ⊥ or ∆,Γ ` ψ.

Corollary 2 (cut for absurdity)
If ∆ ` ϕ and Γ, ϕ ` ⊥, then ∆,Γ ` ⊥.

Corollary 3 (cut on consistent premises)
If ∆ 6` ⊥ and ∆ ` Γ and Γ ` ψ, then ∆ ` ψ.

Theorem 3 (Gödel, Glivenko, Gentzen)
If ∆ `C ϕ, then ∀¬¬[¬¬∆] ` ∀¬¬[¬¬ϕ].

Theorem 4
If ∆ ` I ϕ, then for some Γ ⊆ ∆, either Γ ` ϕ or Γ ` ⊥.

Theorem 5
If ∆ `C ϕ, then for some Γ ⊆ ∆, either Γ `C+ ϕ or Γ `C+ ⊥.

6 Summary of notable features of the core systems

We shall end with a list of notable features of the core systems, including
certain points that we have not had space to expound upon above. The
interested reader will find more detail, in support of all these claims, in
Tennant [2017].

1. The so-called ‘loss’ of unrestricted transitivity of deduction in Core
Logic brings with it epistemic gain, in the form of proofs of subsequents
of what one might have expected to be able to prove (by appeal to
unrestricted transitivity).

2. Core Logic suffices for Intuitionistic Mathematics.

3. Classical Core Logic suffices for Classical Mathematics.

4. Classical core proofs display the most exigent connection of relevance
among their premises and conclusions that has ever been formally
explicated.

5. Core Logic suffices for the hypothetico-deductive testing of scientific
theories against empirical evidence.
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6. Core Logic is the logic of ‘conceptual constitution’: it suffices for neo-
logicist derivation of number-theoretic axioms from deeper logical prin-
ciples governing the operator #xΦ(x) (the number of Φs).

7. Core Logic has the nice property that its natural deductions and se-
quent proofs are structurally isomorphic.

8. Core Logic suffices for the reasoning involved in the logical and seman-
tic paradoxes.

9. Core Logic is obtained by smoothly generalizing an inferential reading
of the truth-tables.

10. Core Logic is the minimal inviolable core of logic that is needed, and
suffices, for rational belief revision. (See Tennant [2012a], Ch. 9.)

11. There is an automated proof-finder for (propositional) Core Logic,
whose decision-problem is PSPACE-complete (like that of Intuitionis-
tic Logic).

12. Any classical core proof provides a means of ‘quasi-’effectively trans-
forming any verifications of its premises, relative to a model M , into
a verification of its conclusion, relative to M .

The verifications mentioned in point (12) are those of Tennant [2010] and
Tennant [forthcoming]. The adverb ‘quasi-effectively’ is appropriate when
the domain of the model M is infinite. If, however, M is finite, the prefix
‘quasi-’ may be dropped.

In conclusion: we submit for consideration, and as a challenge to both
absolutists and pluralists recommending other systems of deductive logic,
the following view:

The main aim of any formal system of deductive logic is to
be able to regiment in ultimately fine-grained detail, and in a
structure-respecting and perfecting way, the informal but rigor-
ous expert reasoning conducted by mathematicians. But mathe-
maticians fall into two communities, between which the question
of allegiance need not, for present purposes, be addressed: the
constructive and the non-constructive, or classical.4 The main

4Even a committed anti-realist can recognize the legitimacy of the demand that one
should be able to formalize classical deductive reasoning (on the part of the realist) in the
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questions are: How best does one regiment the expert deductive
reasoning in which they respectively engage? And what is the
relationship between the respective systems that result?

The Core logician (of the disjunctive kind explained above) offers definite
answers to these questions. The challenge, to both absolutists and pluralists
advancing different choices of system(s), is to show that their rival choices
come anywhere near matching the core systems on the collective criteria
implicit in the notable features just listed above.5

way described here. The philosophical disagreement between the realist and the anti-realist
can be set aside while such a normative-cum-descriptive project is undertaken. Once the
project is completed, however, one can embark on that deferred debate. The following
question will then loom large: what is the underlying methodological or metaphysical
or meaning-theoretic commitment involved in acquiescing in applications of any of the
strictly classical negation rules? Our own answer is given in Tennant [1996]: applications
of such rules manifest one’s realist metaphysical outlook, to the effect that the ‘litmus
sentences’ involved enjoy determinate truth values, regardless of our ability to determine
what these values are, even in principle.

5In §1.3.1 we made the telling objection that there is no known metatheorem to the
effect that ordinary mathematical reasoning can be fully formalized in any system like
the Anderson–Belnap system R. A further detracting contrast for R, when compared
with Classical Core Logic C+, can be pointed out even at the propositional level. The
decision problem for theoremhood in the propositional system R (let alone its first-order
counterpart) is undecidable. See Urquhart [1984]. But the same decision problem for C+,
as for C, is co-NP-complete.
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