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Neil Tennant On Tarski’s Axiomatization
of Mereology

Abstract. It is shown how Tarski’s 1929 axiomatization of mereology secures the re-

flexivity of the ‘part of’ relation. This is done with a fusion-abstraction principle that is

constructively weaker than that of Tarski; and by means of constructive and relevant rea-

soning throughout. We place a premium on complete formal rigor of proof. Every step of

reasoning is an application of a primitive rule; and the natural deductions themselves can

be checked effectively for formal correctness.

Keywords: Mereology, Part of, Reflexivity, Tarski, Axiomatization, Constructivity.

1. Classical Mereology

1.1. Mereological Relations

The most important mereological relations (whether taken as primitive or
defined) are the following.1

x � y x is part of y
x � y x is a proper part of y
x ◦ y x overlaps y
x y x is disjoint from y

By means of any one of the relations just listed, the other three relations
can be defined. Here, following Tarski, we shall take both identity and � as
primitive. Accordingly, the other three relations may be defined as follows.

x � y ≡df x � y ∧ ¬x = y

x ◦ y ≡df ∃z(z � x ∧ z � y)
x y ≡df ¬(x ◦ y)

It is important, for the purposes of this study, that we take � as primitive.
That is because we are about to investigate how Tarski’s axiomatization

1Historically, there has been a ‘notational jungle’ (see Simons [3], at pp. 98–100) with
no canonical choice of notation having been settled upon. We do our best here to choose
notations that will be reasonably perspicuous and easy to remember.
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1090 N. Tennant

guarantees that � is reflexive. If we were to take ◦ as our primitive mere-
ological relation instead, then, by the usual definition of � in terms of ◦ :

x � y ≡df ∀z(z ◦ x → z ◦ y)

the reflexivity of � would immediately be secured as true by definition. It
would not matter what conditions the primitive relation ◦ might satisfy;
reflexivity of � would be established by the simple proof

(1)

a ◦ t (1)

a ◦ t → a ◦ t
∀z(z ◦ t → z ◦ t)

i.e., t � t
Tarski did not take this path; and we are trying to re-trace the one he chose.

1.2. Mereological Operations

The most important mereological operations are the following.

x � y the sum (fusion) of x and y
x 	 y the product (nucleus; common part) of x and y
x − y the part of x that is not part of y

The taking of a sum or a product is here represented as a binary operation.
But of course the operations in question can be applied more generally, to
the members of any given family or class of individuals. In order, however,
to avoid presupposing the language and theory of sets in our mereological
theorizing at first order about individuals and their sums and products, we
can resort to the use of first-order schematic predicates:

�xΦ(x) the sum (fusion) of all individuals x such that Φ(x)
	xΦ(x) the product (nucleus) of all individuals x such that Φ(x)

One’s axioms and rules of inference for mereology would have to specify
appropriate existence conditions for such sums and products. Because these
conditions might in some cases not be met, mereology should be based on a
free logic, such as the system in Tennant [6], Chapter 7.

Note that 	xΦ(x) can be defined as the fusion of all individuals that are
part of every Φ:

	xΦ(x) =df �x∀y(Φy → x � y).

We shall therefore concentrate on providing rules only for � as an abstraction
operator. Such concentration is justified because � was one of Tarski’s two
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On Tarski’s Axiomatization of Mereology 1091

chosen mereological primitives—the other one being the ‘part of’ binary
relation.

2. Tarski’s 1929 and 1937 Axiomatizations of Mereology

2.1. The 1929 Axiomatization

We quote from Tarski [4], pp. 24–25:2

[In the] deductive theory founded by S. Leśniewski and called by him
mereology [fn] . . . the relation of part to whole (which is treated as
a relation between individuals) can be taken as the only primitive
notion. In terms of this relation various other notions are defined as
follows:

Definition I. An individual X is called a proper part of an individual
Y if X is a part of Y and X is not identical with Y.

Definition II. An individual X is said to be disjoint from an indi-
vidual Y if no individual Z is part of both X and Y.

Definition III. An individual X is called a sum of all elements of a
class α of individuals[fn] if every element of α is a part of X and if no
part of X is disjoint from all elements of α.

The following two statements can be accepted as the only postulates
of mereology:[fn]

2Note that this long quote from Woodger’s 1956 rendering of Tarski’s 1929 article con-
sists entirely of material absent (in the original French) from the latter. The titular bibli-
ographical note in the 1956 rendering describes the original 1929 publication (in French)
as the summary of an address given in 1927 to the First Polish Mathematical Congress
in Lwów. So the address might have contained Tarski’s proposed new axiomatization of
mereology. One would expect that proposal, given its significance, to have found its way
into the summary, even if only in condensed form. Yet it did not. The 1956 bibliographical
note goes on to say

The present article contains a translation of this summary, with additions designed
to clarify certain passages of the French text. [Emphasis added.]

Yet the passage of mereological material quoted here from pp. 24–25—the three definitions
and two postulates—do not serve to ‘clarify’ any passage in the original. It is a thematically
distinct and belated addendum. This seems to be evidence for a desire, on Tarski’s part,
as late as 1956, to ensure his own priority for the ‘1929 axiomatization’ of mereology.
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1092 N. Tennant

Postulate I. If X is a part of Y and Y is a part of Z, then X is a
part of Z.

Postulate II. For every non-empty class α of individuals there exists
exactly one individual X which is a sum of all elements of α.

Tarski did not, in his 1929 article, provide formal derivations of any results
from his two postulates. There is no doubt, however, that he was confident
at the time of writing that one could at least derive the reflexivity of ‘part
of’. The last footnote of the foregoing quote (namely, footnote 2 on p. 25 in
Woodger’s 1956 translation) reads as follows:

The postulate system for mereology given in this article (Posts. I and
II) was obtained by simplifying a postulate system originally formu-
lated by S. Leśniewski in (47 a), Przeglad Filozoficzny, vol. 33 (1930),
pp. 82 ff. The simplification consisted in eliminating one of Leśniewski’s
postulates by deriving it from the remaining ones. [This was surely re-
flexivity of ‘part of’—NT.] A postulate system obviously equivalent to
the system formed by Posts. I and II can be found in the book of
J. H. Woodger, The Axiomatic Method in Biology, Cambridge 1937,
Appendix E (by A. Tarski), p. 160. [Emphasis added.]

2.2. The 1937 Axiomatization

What is that ‘obviously equivalent’ postulate system of Tarski’s mentioned
in the last quote? Tarski [5] provided a rather different-looking axiomatic
basis. (It is written in such archaic logical notation that we omit the original
symbolizations here.) Tarski adopted an axiom, labeled 1.12 (at p. 161),
which can be read as

1.12 if y is a sum of all the members of the class {x}, then x = y.

(Note that the uniqueness of that sum is hereby ensured.) Tarski also states
an axiom, labeled 1.13, which can be read as

1.13 if α is non-empty, then there is a sum of all the members of α.
(1.12) and (1.13) together have the following consequence, expressed in our
notation:

∃!t
t = �x(x = t)

It is precisely this result that is key to the proof of reflexivity. Tarski also
claimed (pp. 161–2) that his axioms (1.12) and (1.13) could be replaced by
a uniqueness-of-sums axiom, labeled 1.26 (at p. 162)
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On Tarski’s Axiomatization of Mereology 1093

1.26 if α is non-empty, then the sum of all the members of α exists.

transitivity plus (1.26) is precisely the 1929 axiomatization.

2.3. Considerations of Constructivity

Recall Tarski’s Definition III, but now with the word ‘fusion’ in place of
‘sum’; and let us make notationally convenient alphabetic changes of vari-
ables:

An individual t is a fusion of all the Φs if every Φ is a part of t and
. . . no part of t is disjoint from all the Φs.

The Tarskian conditions for t to be a fusion of all the Φs are (conjunctively)
twofold:

∀x(Φx→x � t) ¬∃x(x � t ∧ ∀y(Φy→x y)

Let us focus on the second of these. Replacing by its definition in terms
of ◦ (overlap) this condition becomes

¬∃x(x � t ∧ ∀y(Φy→¬x ◦ y)).

This is classically equivalent to

∀x(x � t→∃y(Φy ∧ x ◦ y)).

To be sure, the inference

∀x(x � t→∃y(Φy ∧ x ◦ y))
¬∃x(x � t ∧ ∀y(Φy→¬x ◦ y))

is derivable in Intuitionistic Logic. But the converse inference

¬∃x(x � t ∧ ∀y(Φy→¬x ◦ y))
∀x(x � t→∃y(Φy ∧ x ◦ y))

is derivable only classically.
Here is an intuitionistic proof yielding the former inference upon appro-

priate substitutions (x � t for Px; Φ for Q; and x ◦ y for Rxy):
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1094 N. Tennant

And here is a classical proof of the converse inference, namely

From the constructivist’s point of view, then, it matters whether the
second Tarskian condition for fusions to exist is expressed by the most direct
and natural regimentation of his own words:

(ρ) ¬∃x(x � t ∧ ∀y(Φy→x y))

or by the logically stronger, but more succinct,

(σ) ∀x(x � t→∃y(Φy ∧ x ◦ y)).

If one uses the logically weaker (ρ) (as, arguably, Tarski did in his 1929
axiomatization of mereology), then from the constructivist’s point of view
the resulting existential principle concerning fusions is stronger. If, however,
one uses instead the logically stronger (σ) (as we shall do—see Section 3.1),
then—again, from the constructivist’s point of view—the resulting existen-
tial principle is weaker. This is because an inference to a conclusion (here, a
claim about fusions) is stronger [resp., weaker] the weaker [resp., stronger]
its premises are.

3. Mereological Axioms and Rules of Inference When ‘Part of ’ is
the Relational Primitive, and Fusion is the Primitive
Abstraction Operation

In this section we present Tarski’s 1929 axiomatization of mereology as a
system of natural-deduction rules governing � as the sole relational primi-
tive, and �x as a primitive abstraction operator. Since we are working in a
free logic, we shall have frequent need of existential presuppositions of the
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form ∃!t (short for ∃x x = t). Rules are stated here in accordance with the
notational and graphic conventions of Tennant [6].

We shall be stating introduction and elimination rules for the variable-
binding term-forming abstraction operator for fusions. In doing so we shall
be following the same methodology as in Tennant [6] for the treatments
there of the logic of the definite-description operator ιx and the logic of
the set-abstraction operator {x| . . . x . . .}. Both of these are variable-binding
term-forming abstraction operators. They form singular terms when ap-
plied to predicates (that is, open sentences). Their rules of introduction and
elimination concern themselves with ‘canonical and most general identity
statements’—that is, statements of the form

t = αxΦx,

where t is an arbitrary singular term, and α is the abstraction operator
whose logical powers one is seeking to characterize by means of the rules
in question. The introduction rule will lay down the conditions to be met
in order to warrant the deductive inference to an identity statement of the
foregoing form as a conclusion. The corresponding elimination rule, using
that identity statement as a major premise, will in turn characterize the
deductive commitments made by its assertion.

It is of fundamental importance to appreciate that the introduction and
elimination rules for any one of these variable-binding term-forming oper-
ators are being provided against the background of a free logic, and that
they carry absolutely no existential commitments. From these rules, nothing
at all follows concerning what actually exists, either contingently or neces-
sarily. They are formulated in such a way that they capture only the logical
behavior of the operators concerned.

In the case of set theory, with its sole binary relation ∈ (‘is a member
of ’), the usual Axiom of Extensionality

∀x∀y(∀z(z ∈ x ↔ z ∈ y) → x = y)

is a constructively derivable consequence of the introduction and elimination
rules for the set-abstraction operator.3 In the case of mereology, with its sole
binary relation � (‘is a part of ’), our analogous methodological choice—a
variable-binding term-forming operator for fusion, plus provision of rules for

3See Tennant [6], pp. 172–173 where this is remarked upon, and Tennant [7], p. 117
(where the derivation is given in detail, using introduction and elimination rules for ab-
straction operators based on a particular relation Rxy), and p. 119 (where the conclusion
of the derivation is exemplified for the set-membership relation x ∈ y in place of Rxy).
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1096 N. Tennant

its introduction and elimination against the background of a free logic—puts
us in a position to carry out the derivation of reflexivity of ‘part of’ with
complete Fregean and Gentzenian rigor.

Note that we are choosing, by framing the rightmost subproof of the
following rule (�-I) the way we do, the logically stronger condition (σ)
discussed above. That means that our rule (�-I) is logically weaker than that
of Tarski. (Remember that these comparisons of logical strength are being
made in this particular context from the constructivist’s point of view.)
This means, in turn, from the constructivist’s point of view, that proving
any results constructively by appeal to (�-I) is more of an accomplishment
than if the rule had been framed instead by means of a rightmost subproof
encoding the weaker requirement (ρ).

As we shall see in the subsequent deductive developments, all the reason-
ing is constructive. This is something that Tarski himself never remarked.
It is important, however, for such deeply conceptual truths to be accessi-
ble to the constructivist. It would be unfairly anachronistic to require of
Tarski, who was writing even before Heyting’s work on the formalization of
Intuitionistic Logic,4 to have remarked on this aspect. It is, nevertheless, an
aspect worth remarking on, now that we have a better grasp of how strictly
classical reasoning differs from constructive reasoning.

3.1. The Abstraction Rule for Fusions

(�-I)

(i) (i)

Φa ,∃!a
︸ ︷︷ ︸

...
a � t ∃zΦz ∃!t

(i)

a � t
...

∃y(Φy ∧ a ◦ y)
(i)

t = �xΦx

In words: Suppose that one has shown that

(i) every Φ is part of t ;

(ii) something is Φ;

(iii) t exists; and

(iv) every part of t overlaps some Φ.

4Heyting [1].
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Then one may infer that t is the fusion of (all) Φs.5

Corresponding to the introduction rule for � is the following four-part
elimination rule. These four parts respectively express the inferential com-
mitments corresponding to the four assertability conditions that are ex-
pressed by the corresponding sub-proof schemata or premises of the intro-
duction rule.

(�-E1)
t = �xΦx Φ(u) ∃!u

u � t

5Hovda [2] calls something slightly weaker than this (in the classical sense) ‘Type-2
Fusion’, which he defines (transliterating into our notation) as

∀x(Φx→x � t) ∧ ∀y(y � t→∃x(Φx ∧ y ◦ x)).

Hovda’s abbreviation for this is

Fu2(t, [x|Φx]),

and his rendering of it, in English, is ‘t is a fusion of the second type, of Φx’. [Emphasis
on the indefinite article added.] So in Hovda’s hands t is not necessarily the unique fusion
of the Φs. His definition makes Fu2 a binary relation without (immediately) insisting that
there is exactly one Type-2 fusion of the Φs (for any Φ). Nor does Hovda intend the
apparently singular term ‘[x|Φx]’ to be understood as a genuine singular term. As he
explains on pp. 59–60, he intends to allow for its replacement by ‘x is one of the Φs’ or by
‘x is in the set of Φs’. This makes one wonder why Hovda chooses to use ‘[x| . . . x . . .]’ as
a variable-binding term-forming operator to form a term to occupy the second argument
place of the binary relational definiendum Fu2( , ). It would have been more natural (and
syntactically rigorous) to have made Fu2 itself the variable-binding expression and to have
written

Fu2x(t,Φx);

whereupon, after establishing the single-valuedness of the first argument place, one could
pull the term t out to the left of an identity statement, and write

t = Fu2xΦx

—or, as we prefer,

t = �xΦx.

The proper counterpart in Hovda’s treatment to our introduction and elimination rules
for � is the principle that he calls (at p. 62) Fusion2E, to wit:

∃xΦx→∃zFu2x(z,Φx).

(In writing it this way, we have imposed our preference for regarding Fu2 as the variable-
binder.)
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1098 N. Tennant

(�-E2)

(i) (i)

Φa , ∃!a
︸ ︷︷ ︸

...
t = �xΦx ψ

(i)

ψ

(�-E3)
t = �xΦx

∃!t

(�-E4)
t = �xΦx u � t
∃y(Φy ∧ u ◦ y)

(�-E3) is of course a special case of the rule we already have in free logic,
which allows one to infer ∃!t from any atomic predication A(t).

The foregoing introduction and elimination rules for � are, to repeat,
ontologically non-committal. All they do is pin down the conceptual con-
nections between fusions, on the one hand, and, on the other, the concepts
of part, existence and identity. (Note that fusions are hereby guaranteed to
be unique, should they exist.)

Ontological commitment is incurred only when one postulates that there
are fusions of such-and-such a kind. The most general such postulate is

unrestricted existence of fusions
∃xΦx

∃!�xΦx

We shall use the label uef for this rule. (We present it here in rule form, to
which of course there corresponds an obvious axiomatic form.)

We express the transitivity of the ‘part of’ relation by means of the
following rule:

transitivity
t � u u � v

t � v

This too can be expressed in an obvious axiomatic form. Tarski’s 1929 ax-
iomatization consists, from the classical point of view, of just the axiom
transitivity and the axiom scheme uef. (We employ an axiom scheme
because, unlike Tarski, we refrain from talking of classes of individuals.)
This axiomatization has frequently been cited as a succinct and elegant pre-
sentation of classical extensional mereology. Note, however, that while uef is
classically equivalent to Tarski’s Postulate II, it is constructively weaker
than it.

The question to be addressed here is whether one can establish

reflexivity
∃!t

t � t
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On Tarski’s Axiomatization of Mereology 1099

from the 1929 Tarskian postulates. In Leśniewski’s system, reflexivity is
an axiom; and in any adequate system of mereology, it needs at least to be
a theorem. Can one really make do with just transitivity (albeit in the
presence of the existence principle uef), when proving reflexivity? And
can one make do constructively, given that uef is constructively weaker than
Tarski’s Postulate II?

Mereologists have by and large accepted the claim that Tarski’s 1929 pos-
tulates suffice for the derivation of classical extensional mereology. But the
written record does not show how transitivity plus uef formally imply,
among other important mereological principles, reflexivity.6 Nor has any
conscious theoretical interest been taken in the matter of constructivity. We
take this to be important, since all the conceptual underpinnings of abstract
inquiries such as mereology (and even set theory) should make the deduc-
tive connections among the concepts involved constructively, and not just
classically, accessible. Or so this author urges.

4. Formal Results

The rules given above (which are, in effect, Tarski’s 1929 axioms) secure the
following formal results.

Lemma 1.
∃!t

t � �x x = t

Proof.

∃!t (UEF)

∃!�x x = t
�x x = t = �x x = t

∃!t
t = t ∃!t

(�-E1)

t � �x x = t

Lemma 2.
∃z(z = t ∧ Ruz)

Rut
(for R an arbitrary binary relation)

6Even the cited work of Hovda, which is the most thorough investigation of these
matters to date, does not present an absolutely explicit, formally watertight derivation of
the reflexivity of the ‘part of’ relation. The long footnote to which he confines his informal
deductive work on p. 69 establishes, to be sure, the reflexivity of the overlap relation
(∀xx ◦ x); but the reader will look in vain for any proof with the explicit conclusion
∀xx � x. It can, in fact, be inferred with a few more steps from his Lemma 2 and Theorem 1
in footnote 22, on p. 69. We seek to make good this apparent omission with our completely
formal, effectively checkable, and constructive proof of Theorem 1 below.
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Proof.
∃z(z = t ∧ Ruz)

(1)

a = t ∧ Rua
a = t

(1)

a = t ∧ Rua
Rua

Rut
(1)

Rut

Lemma 3.
∃!t
t ◦ t

Proof.

∃!t (UEF)

∃!�x x = t
�x x= t = �x x= t

∃!t (L1)

t � �x x = t
(�-E4)

∃y(y = t ∧ t ◦ y)

(1)

a = t ∧ t ◦ a
a = t

(1)

a = t ∧ t ◦ a
t ◦ a

t ◦ t
(1)

t ◦ t

Lemma 4.
∃!t

∃x x � t

Proof.
∃!t (L3)

t ◦ t
i.e. ∃x(x � t ∧ x � t)

(1)

a � t ∧ a � t
a � t

(1)

∃!a
∃x x � t

(1)

∃x x � t

Lemma 5.
∃!t

t = �x x � t

Proof.

(1)

a � t

(1) ∃!a (1)

a � t a ◦ a a � t

(1) ∃!t (L4) a � t ∧ a ◦ a ∃!a
a � t ∃x x � t ∃!t ∃y(y � t ∧ a ◦ y)

(1) (�-I)

t = �x x � t

Lemma 6.
u ◦ t

∃y(y � t ∧ u ◦ y)
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On Tarski’s Axiomatization of Mereology 1101

Proof.

Lemma 7.
∃!t

�x(x= t) = �x(x� t)

Proof.

Theorem 1. (Reflexivity)
∃!t

t � t

Proof.

∃!t (L1) ∃!t (L7)

t � �x(x = t) �x(x = t) = �x(x � t) ∃!t (L5)

t � �(x � t) t = �x(x � t)
t � t

Not a single formal step has been left implicit, or left to the reader. The
foregoing derivations have been constructed, as promised, with complete
Fregean and Gentzenian rigor. We repeat, finally, that we have used only
constructive and relevant reasoning throughout.
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