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1. Introduction
Bob Hale and Crispin Wright have gathered together fifteen of their papers,
two of them jointly authored, on abstraction, logicism, neo-Fregeanism and
Hume's Principle (HP):1

#xF{x) = #xG{x) f* 3R(R maps the Fs 1-1 onto the Gs).
The over-arching theme is that we can redeem Frege's key philosophical
insights concerning (natural and real) numbers and our knowledge of them,
despite Russell's famous discovery of paradox in Frege's own theory of
classes. That paradox notwithstanding, numbers are still logical objects, in
some sense created or generated by methods or principles of abstraction—
which of course cannot be as ambitious as Frege's Basic Law V. These
principles not only bring numbers into existence, as it were, but also afford
a distinctive form of epistemic access to them. The usual mathematical
axioms governing the two kinds of numbers are to be derived as results in
(higher-order) logic. These derivations will exploit appropriate definitions
of the primitive constants, functions, and predicates of the brand of num-
ber theory concerned. (For example: 0, 1; s, +, x; <; N(x); R(x).) No
supplementation by intuition or sensory experience will be needed in the
derivations of these axioms. The trains of reasoning involved will depend
only on our grasp of logical validities, supplemented by appropriate defi-
nitions. Result: logicism is vindicated; and the mathematical knowledge
derived in this way is revealed to be analytic, not synthetic.

The papers in this collection constitute a wide-ranging defence of this
neo-Fregean logicist view against all manner of objections, both techni-
cal and philosophical, to the abstractionist methodology employed and to
the theoretical principles about meaning on which the claims of analyti-
city would have to be based. These objections include one of Frege's own
('How can one be sure that Julius Caesar is not a number?') along with

• At §105 of Die Grundlagen der Arithmetik (Frege [1884]) Frege wrote 'der eigentliche
Gegenstand der Vernunft ist die Vernunft'. Instead of translating this as 'Reason is its
own real object of study', J. L. Austin chose 'the reason's proper study is itself', emphasis
added. Hence the definite article in the title of Bob Hale and Crispin Wright's collection
of essays (hereafter: TRPS).
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1 The contents of the volume have already been listed in this journal, Vol. 9, pp. 382 f.
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various others concerning impredicativity, contextual vs. reductive defini-
tions, domain-inflation, consistency, relative consistency-strength, existen-
tial over-commitment, conservative extension, the status of second-order
logic as logic, and the analytic/synthetic distinction.

Hale's and Wright's collection is composed at a juncture at which it is
appropriate to assess what they call 'the collective effect of our and others'
recent writings' on neo-Fregeanism as a 'philosophically rich and deeply
interesting option in the contemporary state of philosophy of mathemat-
ics' (p. vii). They have yet to engage, however, with that version of neo-
Fregeanism which in Tennant [1987] was called constructive logicism, and
which will be described below. Given his own sympathy for anti-realism,
and his concern to demonstrate the analyticity of the basic laws of arith-
metic, one would imagine that Wright might have wished to inquire at the
very outset whether one can eschew strictly classical passages of inference
when deriving the Peano postulates. For, if those postulates are analyti-
cally true, then the anti-realist would expect to attain them by means of
rules justifiable by appeal only to the constructive contents involved. (See
Rumfitt [1999].) And indeed the anti-realist can. She can avoid recourse
to the full power of Hume's Principle. (The innocuous ingredients of the
conceptual content of Hume's Principle, insofar as finite numbers are con-
cerned, will find expression in the inferential rules that the anti-realist lays
down for zero, # , and successor.) Heyting arithmetic, after all, has exactly
the same axioms as Peano arithmetic; the two systems differ only in respect
of the logic used for closure. It would be rather odd if the intuitionist were
debarred from being a logicist in the sense at issue here.

Only one paper in the collection, 'To bury Caesar . . . ' , which is jointly
authored, has not been previously published. It is worth noting that the way
in which the authors canvass their solution to the Caesar problem appears to
make that solution available to anyone in the broadly neo-Fregean tradition,
regardless of any variation in the details of their abstraction principles or
in the underlying logic employed. So the new paper in their volume is quite
catholic in its contribution to the broad movement.

Two of the papers by Hale appeared first in this journal, including 'Reals
by abstraction', which is the only paper in TRPS to undertake a serious
logicist account of the real numbers, as opposed to the natural numbers. On
Hale's account the way one obtains the reals bears very little resemblance to
the way one obtains the naturals. Hale's is a hybrid method, involving first
a Eudoxan abstraction of ratios (of naturals), which is a form of objectual
abstraction. There then follows an abstractionist treatment of Dedekind
cuts, which employs a form of conceptual abstraction, and yields a complete
(i.e., continuous) domain, given that ratios have already been formed using
natural numbers. Finally, a further round of Eudoxan abstraction produces
ratios of quantities within any complete domain. These, then, are Hale's
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reals. Hale's route to his (the?) reals is not methodologically wanting,
or lacking in interest. He cannot be far off the right track, by invoking
quantitative domains in order to explain how we apply real numbers in
making claims about continuously measurable magnitudes. But his hybrid
method does have an air of generative deja vu about it: he appears to obtain
the positive reals via cuts on ratios of naturals, but then tells us that we are
not quite there, since we need to take ratios again. And his method offers
no new answer to the perennial puzzle over whether the naturals (which
can be obtained by conceptual abstraction alone) are essentially different
kinds of 'logical' object from the reals. If so, then how do the naturals 'sit
among' the reals? If not, then why can we not obtain them by methods
more in keeping with one another than Wright's method for the naturals,
and Hale's method (or Dedekind's, or Frege's, or Cauchy's, for that matter)
for the reals?

One interesting tension within the work is not fully resolved, namely
whether abstraction principles have the power to create numbers, rather
than simply furnish the means whereby a mind can arrive at a grasp of
numbers as independent, pre-existing, abstract objects. The latter view is
endorsed jointly by the authors at p. 16 infra ('it is no part of this view
that objects of the new kind ...should be regarded as creations of the
human mind, somehow brought into being by our stipulation'). But this
professed Platonism about numbers appears to be belied by Hale's later
use of the recurring metaphor of 'generating' numbers, or 'yielding' them,
or 'obtaining' them, or 'bringing them into existence' ('Constructing the
reals', at p. 410.).

Especially useful are the authors' 27-page Introduction, which explains
the aims and methods of their neo-Fregean program, and the problems
still facing it; a Postscript of just over 15 pages, summarizing eighteen
such problems; a 7-page Bibliography, and 3-page list of Further Relevant
Writings. It is unclear by what criterion items are consigned to the latter
list.

2. Historical Background
Only in the context of a sentence does a word have meaning. Likewise,
only in the context of a movement of thought does a collection of essays
such as these have significance. So some history of logicism and its place
in foundational thinking is called for.
1884. In his Grundlagen, Frege gave his famous elucidation of number
as a concept of concepts, along with devastating critiques of rival accounts
of number by contemporaries in the grip of psychologism, empiricism, or
formalism. He kept technicalities to a minimum, in a tour de force of
philosophical elucidation. His key insight, which he never abandoned, was
first expressed in §46: ' . . . the content of a statement about number is an



PHILOSOPHIA MATHEMATICA 229

assertion about a concept'.
1893. The heart of Frege's logicist achievement was deferred to the
Grundgesetze der Arithmetik, the first volume of which appeared in 1893.
This almost decade-long delay after the Grundlagen he explained in his
Foreword as being occasioned by some re-thinking of his Begriffsschrift—
the most important innovation being the introduction of the notion of, and
notation for, the Werthverlauf (value-range, or extension) of a concept.
Frege had also, by the time of publication of the Grundgesetze, formulated
his distinction between sense and reference, and decided to treat truth-
values as objects, and indeed as referents of sentences. He confessed that he
expected his symbolism to be a grosses Hemmniss (great obstacle) standing
in the way of the spread and impact of his ideas. (Frege [1893], p. x) On
the one hand, the exacting notation and absolutely rigorous and logically
watertight proofs were essential to his logicist project. On the other hand,
he feared, mathematicians would think metaphysica sunt, non leguntur!,
and philosophers would think mathematica sunt, non leguntur! (Frege
[1893], p. xii)

Poor Frege might have been right. But the reason why the beef of his
Grundgesetze was never properly digested can be read off the sandwiching.
His Foreword to Volume I ends with the confident words

The only refutation I would acknowledge would be if someone actually showed
that a better and more sustainable edifice could be erected on other founda-
tional convictions, or if someone were to show that my axioms led to obviously
false consequences. But no one will succeed in doing that. (Frege [1893],
p. xxvi; reviewer's translation)

This confident statement belies somewhat his own prescient misgiving ex-
pressed a few pages earlier, over his Basic Law V (Frege.[1893], p. vii;
reviewer's translation):

As far as I can see, controversy could arise only over my Axiom of Value-ranges
(V), which perhaps has not been given special expression by logicians, even
though one thinks of it, for example, when one talks of extensions of concepts.
I hold it to be purely logical. Anyway, this marks the place where the decision
must fall.

And fall it did.
1902. Passing over the beef, one comes to the Afterword of Volume
II, written in October 1902:

Hardly anything more undesirable can befall a scientific writer than to have, at
the completion of his work, one of the foundation-stones of his edifice shattered.
(Frege [1903], p. 253; reviewer's translation)

Russell's paradox consigned the details of the Grundgesetze to relative ob-
scurity. Even today there is no complete English translation of the work.
And this is a great pity, given its importance for the neo-Fregean revival
currently under way.
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1910-30. There followed Russell and Whitehead's Principia Mathe-
matica, in which type theory took over from Frege's inconsistent class the-
ory; and then Godel's celebrated incompleteness theorems, showing that
there is no consistent complete axiomatization of (first-order) arithmeti-
cal truth, and that no consistent sufficiently strong axiomatized theory of
arithmetic can prove its own consistency.

Meanwhile, set theory was displacing type theory, by finding a canoni-
cal first-order axiomatization in the work of Zermelo and Fraenkel. Their
famous axioms make all too clear the 'synthetic' character of the theory
(concerning what exists in the cumulative hierarchy of pure sets). The gap
between logic and mathematics seemed to have revealed itself as huge. The
would-be 'logical' (but alas, inconsistent) Fregean notion of class had given
way to the rich mathematical and Cantorian notion of set. Set theory was
hardly analytic, at least in its more powerful existential assumptions, such
as the axiom of infinity (especially when coupled with the axiom of power
sets); and it served as a foundation for all of classical mathematics.
Mid-1970s. Moreover, the Godel-phenomena revealed a (surprisingly,
linear) hierarchy of consistency-strengths on the part of theories containing
the least bit of arithmetic. The modern program of 'reverse mathematics',
based on seminal work by Friedman in the mid-1970s (see Friedman [1975],
Simpson [1999]), has succeeded in calibrating mathematical theorems in
terms of the increasing strengths of the set-existence axioms with which
they turned out to be equivalent, modulo judiciously chosen 'core' theories.

Another important development in the foundations and philosophy of
mathematics during this period was Dummett's articulation of meaning-
theoretic reasons why one should favor intuitionistic logic over classical
logic. (See Dummett [1977] and [1978], especially Essay 14, 'The philosoph-
ical basis of intuitionistic logic'.) Dummett's anti-realist holds that logic
is analytic, so that one's justification for a chosen system of logic must
answer to considerations of meaning. Moreover, grasp of meaning must
be able to be made fully manifest in observable linguistic behavior. On
the basis of these philosophical principles, Dummett mounted a new kind
of case for intuitionistic or constructive logic and mathematics. The new
case, ironically, disavowed Brouwer's solipsistic appeals to mental construc-
tions and the problems that one mind would allegedly have in conveying its
constructions to another mind. The boot was on the other foot: meaning is
public, and grasp of meaning cannot transcend what can be communicated
by observable behavior. Yet the correct logic flowing from this philosophi-
cal volte face is still intuitionistic logic. By the late 1970s and early 1980s
these ideas had become very influential, especially in Britain.

3. What is Neo about Neo-Pregeanism?
It is against this historical context and this background of philosophical and
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foundational ideas that the neo-Fregean movement needs to be understood
and appraised. It seeks, even if somewhat implausibly, to reveal that a
significant amount of mathematics is actually analytic. This is a stronger
claim than that it is a priori and derives no part of its justification from
empirical science, or even from successful applications within the empirical
sciences. For that would hold of mathematics (or indeed any other branch of
knowledge) conceived of as synthetic a priori. The neo-Fregean maintains in
addition that significant parts of mathematics flow logically from principles
that are analytic of (or definitional of) their central concepts or predicates,
such as 'natural number' or 'real number'. That is, they flow from the very
meanings of those central predicates. (We opt here for the linguistic version
of the analyticity claim).

The pursuit of analyticity in the foundations of arithmetic is one that
could be very well served by the proof-theoretic methods favored by the
Dummettian anti-realist. Central to that method is the formulation of
inferential rules governing the expression-forming operators in question—
rules that come, preferably, in introduction-elimination pairs. The rules are
constitutive of the respective operators' meanings; whence results proved
solely by means of those rules qualify as analytic. A question that ought
to press itself on the consciousness of the alert meaning-theorist, therefore,
is the following: Might there not be some anti-realist (constructive, or
intuitionistic) derivation, in Fregean spirit, of the basic laws of arithmetic by
appeal to suitable meaning-constituting rules of inference that conform to
the general requirements of an anti-realist theory of meaning? Anti-realist
doctrine begs for extension to the mathematical expressions in fundamental
theories such as arithmetic. It could give Fregean logicists exactly what they
are looking for.
1965. The neo-Fregean revival had its origin—but without immedi-
ate interest in the anti-realist question posed above—in an insight of Charles
Parsons (see Parsons [1965], pp. 183 and 194). He pointed out that what he
called principle (A) suffices, given the structure of Frege's argumentation
in the Grundlagen, for the derivation of the axioms of Peano arithmetic.
Parsons uses the binary quantifier 'Glz' to abbreviate 'gleichzahlig' (equinu-
merous):

(A) NxFx = NxGx. = Glzx(Fx,Gx).
. . . we can put [Frege's procedure] in the form of defining Peano's three primi-
tives '0', 'natural number' and 'successor', and proving Peano's axioms. . . . it
is not necessary to use any axioms of set existence except in introducing terms
of the form 'NxFx' and in proving (A), so that the argument could be carried
out by taking (A) as an axiom.

Thus what is nowadays called 'Frege's Theorem' ought perhaps to be called
'the Frege-Parsons Theorem'. For, though Frege more or less explicitly
proved 'it' in the Grundlagen (and proved 'it' fully explicitly in the Grund-



232 CRITICAL STUDIES / BOOK REVIEWS

gesetze), Frege himself never actually put his finger explicitly on the 'it ' in
question. The Frege-Parsons Theorem has Principle (A) as its hypothesis.
Curiously, the stress Frege places, in the Grundlagen, on the importance of
this principle (that two concepts have the same number just in case they
are gleichzahlig) is dissipated in the Grundgesetze, where the two halves of
the biconditional appear widely separated: in §53 Frege proves that if two
concepts correspond 1-1, then their numbers are identical, and in §69 he
proves the converse. But nowhere in the Grundgesetze does he re-assemble
the biconditional and accord it prime philosophical importance. Had he
done so, he would almost certainly have become the first neo-Fregean in
response to Russell's Paradox.
1983. The neo-Fregean revival began in earnest with Wright's mono-
graph Frege's Conception of Numbers as Objects (hereafter: FCON), which
appears, with hindsight, to have been rather too exclusively focused on the
Grundlagen, and somewhat underinfluenced by Frege's own logical ma-
neuvers in the Grundgesetze. (See the quote from Dummett below.) In
FCON, Wright sought to derive the Peano-Dedekind axioms for successor
arithmetic from what he then called N= and has since come to be known as
Hume's Principle (that is, Parsons's principle (A) above). Wright sketched
a derivation of the Peano-Dedekind axioms from Hume's Principle. The
deductions sketched would be carried out in standard second-order logic—
'standard' in the sense that all singular terms are assumed to denote. (We
might also call such a logic 'unfree'.)

In this connection, footnote 1 in Wright's paper 'Is Hume's principle
analytic?' (at p. 307 of TRPS) deserves some comment. In the text Wright
had claimed

The interest—if indeed any—of the question whether the principle is analytic
is wholly consequential on what has come to be known as Frege's Theorem:
the proof, prefigured in Grundlagen §§82-83 and worked out in some detail
in my (1983:158-69)[fn] that second-order logic plus Hume's Principle as sole
additional axiom suffices for a derivation of second-order arithmetic—or, more
cautiously, for the derivation of a theory which allows of interpretation as
second-order arithmetic.

The footnote in question contains the following observation:
The derivability of Frege's Theorem is first explicitly asserted in Charles Par-
sons (196[5]: see remark at 194). My own 'rediscovery' of the theorem was
independent. I do not know what form of proof Parsons had in mind but the re-
construction of the theorem is trickier than Frege's own somewhat telegraphic
sketch suggests.

Wright then refers to Boolos and Heck [1998] for discussion of the problems
involved in fleshing out the needed details from Frege's proof-sketch in
Grundlagen.

But one might ask why Wright focuses thus on the Grundlagen, while not
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adverting to the strategy and structure of the detailed formal derivations in
the Grundgesetze. Richard Heck [1993] notes that Wright appears at one
place to follow the less elegant method of the earlier work. But Parsons's
1965 paper did after all discuss both works in some detail; and Parsons
clearly had in mind the proofs that Frege furnished in the Grundgesetze,
when stating the Frege-Parsons Theorem for the first time. This is evi-
dent from Parsons's observation that the only deductive role played by the
'axioms of set existence' (which of course come from the Grundgesetze) is
that of securing principle (A). His thematic concern was how to avoid the
ontological baggage of the Grundgesetze (construing numbers as certain
kinds of classes) while still preserving Frege's epistemological route, within
second-order logic, to knowledge of the basic laws of arithmetic. That route
was the fully signposted one of the Grundgesetze. As far as Parsons was
concerned, Frege had already, in the Grundgesetze, proved 'Frege's Theo-
rem' in all the necessary logical detail.

So it would seem that Wright's own 'rediscovery' of the Frege-Parsons
Theorem was independent of Parsons in the sense that Wright was looking
only at the Grundlagen (by his own explicit admission on p. 130 of FCON),
while Parsons was looking, in addition, at the Grundgesetze. Wright's foot-
note 1 makes the reader wonder whether he was aware of Parson's broader
focus, especially since FCON contained a reference to Parsons 196[5] in its
bibliography on p. 192. (This reference involves the same mistaken date of
publication, namely 1964, as re-appears in TRPS).

As for the answer to the titular question of the 1999 paper 'Is Hume's
principle analytic?', one finds that it involves a newly liberated notion of
analyticity, according to which existential claims can be analytically true.
This newly liberated notion is most congenial.2

Dummett offers a rather muted assessment of Wright's contribution, but
omits any mention of Parsons as the source of the main insight (Dummett
[1991], p. 123):

Crispin Wright devotes a whole section of his book ... to demonstrate that,
if we were to take the equivalence in question as an implicit or contextual
definition of the cardinality operator, we would still derive the same theorems
as Frege does. He could have achieved the same result with less trouble by
observing that Frege himself gives just such a derivation of those theorems. He
derives them all from that equivalence, with no further appeal to his explicit
definition.

'[J]ust such a derivation', of course, appears only in the Grundgesetze. Pace
Dummett, as any reader familiar with the Grundgesetze will know, it is
quite a scholarly achievement to comb through the thicket of symbolism in

2 Indeed, the liberated notion of analyticity was argued for both in Tennant [1987]
(hereafter: AR&L); and in Tennant [1997b]—see especially Ch. 9, 'Analyticity and syn-
theticity', §7, 'The dogma of existence1, pp. 303-304.
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order to verify, albeit by means of a pretty effective procedure, that Hume's
Principle stands logically upstream in this way from the Peano-Dedekind
axioms. (Richard Heck's claim to have verified this logico-historical fact, by
way of centennial celebration of Volume I of the Grundgesetze, did, after all,
warrant publication in The Journal of Symbolic Logic. See Heck [1993].)
And to note that this is the case—surely Parsons's cardinal achievement
earlier—is illuminating. Moreover, one has to bear in mind that there
are not many in the Anglo-American philosophical community who can
read both German and the spidery circuit-diagrams in the Aufbau sections
furnished by the score in the Grundgesetze.

Whatever Dummett's view of Wright's rechaufee using only HP, a more
telling Fregean criticism would focus on Wright's not heeding Frege's insis-
tence, in the very first paragraph of the Introduction to Volume I (Frege
[1893], p. 1; reviewer's translation, with emphases added), that

A set of inferential methods must be delimited in advance and no step may
be taken that is not in accordance with these. In making a transition to a
new judgment, one may therefore not rely on its seeming right, as indeed
mathematicians until now have always done, but must break the transition
down into the simple logical steps in which it consists, and these are often not
few in number.

Much of the philosophical appeal of FCON stemmed from Wright's mas-
terly discussion of the nature of sortal predicates and singular terms, and
how, for the Fregean, questions of ontology are best judged by looking at our
linguistic resources and the logical principles governing them. In particular,
we can justify our commitment to abstract, logical objects (what Frege, in
an all-too-infrequently cited phrase, would have called objective Nichtwirk-
liche—objective non-actuals) if we can express warrantable thoughts about
them, using singular terms to refer to them, especially in the context of
statements of identity. In this respect Wright's subsequent partnership
with his colleague Hale, author of Abstract Objects in 1987, was a natural
development.

4. Constructive Logicism
AR&cL furnished a constructive logicist theory of the kind described earlier.
It contained some of the work that might have been contributed to the
projected joint paper with Wright that had figured as the final item in the
bibliography of FCON.3 That paper never appeared because it was never
written. Instead, Wright suggested that the material be used in AR&L,
then forthcoming. It was, but in much-changed form; for the question raised

3 C. Wright and N. Tennant [forthcoming]: 'A derivation of Peano's Axioms in a second-
order logic with identity supplemented with Frege's account of numerical identity as the
sole non-logical postulate'.
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above, about an anti-realistically acceptable form of neo-Fregeanism, had
by then become more pressing.

The theory of constructive logicism was based on rules arguably ana-
lytic of the central notions zero, successor, and number. There were also
rules that, pinned down the meaning of the number-term-forming operator
#x<&(x) (the number of <3>s). The rules were allowed to carry ontological
commitment, on the grounds that it is part of the very meaning of a term
such as '0' that its use in the language commits one to the existence of the
number 0.

But in order to temper that commitment, all derivations were con-
structed within a. free logic, so that all existential commitments other than
those incurred by the rules themselves would have to be made explicit.4
All of the existential commitments that the constructive logicist incurs in
this way will be incurred, anyway, by the Wrightian logicist who advocates
Hume's Principle in its unrestricted form and who uses a non-free logic (as
Wright did in FCON). So the ontological bill for the constructive logicist
is modest compared to that of the Wrightian logicist. The constructive
logicist is not even committed to the existence of the number of all natural
numbers; whereas the Wrightian logicist is committed, not only to that
number, but also to the number of all self-identical things—or, at least, so
he was in FCON. In TRPS, however (see Essay 13, p. 315), we learn that
Wright has since had reservations over whether 'x = x' counts as a sortal
predicate eligible to be prefixed by 'the number of x such that'. This was in
response to Boolos [1997], who raised the same qualms about the universal
number, #x(x = x) (or 'anti-zero'), as were expressed in AR&cL at p. 236.
In FCON, p. 187, n. 5, Wright had claimed that

It is worth stressing that it is, of course, absolutely essential that there be such
a number as Nx : x = x; for it is impossible to imagine what sort of ground
there could be for admitting Nx : x 5̂  x if that were in doubt. [Reviewer's
emphases.]

By the time of writing Essay 13, however, Wright was inquiring after what
'is wanted for the exorcism of anti-zero' (p. 314, reviewer's emphasis). His
considered answer is that a term of the form # I F ( I ) will denote a number
only if the concept F is both sortal and not indefinitely extensible.

So Wright hopes now to make actual what he had previously alleged to
be impossible to imagine. The technical proposal must therefore be that
HP is to be restricted to predicates that (express concepts that) are both
sortal and not indefinitely extensible. But this, of course, raises the question
whether there is an effective method for determining, of any given predicate
F, whether F (expresses a concept that) is both sortal and not indefinitely
extensible. In the absence of any such effective method, the theory will not

4 The use of free logic for logicist purposes has also been explored more recently by
Stewart Shapiro and Alan Weir [2000].
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have been axiomatized. One extreme but unsurprising outcome (were it to
transpire) would of course be that the concept of natural number turns out
to be indefinitely extensible. The effect of Wright's proposed restriction
on HP would then be to limit commitment to just the natural numbers:
cutting back in anxious retreat from anti-zero to precisely the ontology of
the constructive logicist, who by contrast builds it up in full confidence
from zero.

Chapter 25 of ARkL, titled 'On deriving the basic laws of arithmetic:
Or, how to Frege-Wright a Dedekind-Peano', provided completely detailed
derivations (not just proof-sketches) of the Peano-Dedekind axioms, within
a free, intuitionistic relevant logic. Considerable stress was laid on the on-
tological caution being exercised. Commitment was incurred to the natural
numbers seriatim, as necessary existents.5 No commitment was incurred,
however, to any other cardinal numbers. Comparable stress was laid on
the intuitionistic validity of the derivations given, in conformity with the
anti-realist aspirations explained above.

Hale and Wright are therefore in error to claim (TRPS, p. 433) that the
first author to derive the Peano axioms without relying on excluded middle
was John Bell, in his 1999 JSL paper.6

A similar situation obtains with Heck's 1997 JPL paper on so-called fi-
nite Frege arithmetic. Heck was there concerned, as AR&cL had been a
decade earlier, to derive the basic laws of arithmetic while incurring onto-
logical commitment only to the natural numbers. To this end he restricted
Hume's Principle to predicates with finite extensions. His treatment, how-
ever, is still classical. It is therefore natural to conjecture that the system
provided in AR&L is simply the intuitionistic fragment of Heck's finite
Frege arithmetic.7

Perhaps most important, from the philosophical point of view, was the
way in which the theory offered in AR&cL was held to a condition of ade-
quacy, first put forward three years earlier in Tennant [1984], that ensured
that this was a theory explaining the applicability of the finite cardinals
(see p. 234). Let 3nxF(x) be the formula of first-order logic with identity,
defined inductively in the usual way, that says that there are exactly n Fs.
Let 71 be the numeral denoting the natural number n, that is, 's...sO',
with n occurrences of the successor symbol s. Schema N was the following
biconditional, an instance of which is obtained by fixing on a particular
natural number n and open formula F:

#xF(x) = n<^3nxF(x).

5 This picture is offered also by Hale in Essay 7, 'Is Platonism epistemologically bank-
rupt?', first published in 1994.

6 Bell was unaware of AR&L when he wrote his paper (personal communication).
7 Heck was unaware of AR&L when he wrote his paper (personal communication).
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An adequate theory of number would allow one to derive every instance of
Schema N; and the theory of constructive logicism does just that. Schema
N was re-visited in some detail in Tennant [1997a]. Schema N is the very
same schematic principle as the one called Nq, and which, in Essay 13,
p. 322, Wright credits to Hale [1987].8

5. The Problem of Extra Strength
One nagging theoretical worry that is not satisfactorily disposed of, is this:
in what sense can the classical neo-Fregean claim to be furnishing a foun-
dation for, let us say, first-order Peano arithmetic, if the axiomatic prin-
ciple HP and the second-order logic employed put the foundation much
higher in the hierarchy of consistency-strengths than the weaker theory be-
ing 'founded'? (This is to raise once again the worry expressed by Boolos
([1997], pp. 248-249.) Surely one needs to attend more closely here to
the consequences of Godel's incompleteness theorems?—whose lesson may
turn out to be that the search for 'analytic' foundations is misguided. By
adopting a standard, non-free second-order logic, and Hume's Principle in
an unrestricted form, Wright incurred commitment in FCON (as a matter
of analyticity) not only to each natural number, seriatim, but also to the
cardinal number of any concept whatsoever. We know now, however, that
Godel's prescient 'completionary' insight has long since been fully borne
out. The insight in question was that the key to proving stronger and
stronger results in mathematics—and in particular the consistency of each
newly attained system—is to postulate the existence of ever-larger cardinal
numbers. If all these cardinals are, so to speak, available across the board
courtesy of Hume's Principle—and there is no apparent reason why they
should not still be, despite Wright's more recently contemplated restric-
tion on HP—then it would appear that Wright is proposing a foundational
theory of enormous strength, relative to the modest theory that is being
provided with a logicist foundation. This suspicion is confirmed by Boolos's
result that Frege arithmetic (i.e., second-order logic with Hume's Princi-.
pie) is equi-interpretable with second-order arithmetic Z^- The only reason
why Frege arithmetic is not even more powerful than Zi is that the former
system's ontology is being generated solely by the abstractions. There is
no other source of existential postulation, as there would be if one were to
add, say, set theory to the theoretical mix.

Upon such addition further care would be needed when considering the
nature of Wright's transfinite cardinals begotten by Hume's Principle. As
the more recent investigations of Kit Fine ([1998], p. 515) have revealed, any
attempt to combine such an abstractive account of transfinite cardinals with
set theory must resort to treating the abstracted cardinals as urelements

8 Hale deserves credit for arriving at his schema Nq independently. His first statement
of it is in Abstract Objects, published in November 1987. AR&.L appeared in June 1987.
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rather than as sets. Set theory cannot, by itself, provide a set-surrogate for
every transfinite cardinal that would be generated by Hume's Principle.

Wright does of course seek to allay these concerns in Essay 13, pp.
310 ff. Boolos had asked

If numbers are supposed to be identical if and only if the concepts they are
numbers of are equinumerous, what guarantee have we that every concept has
a number?

Now there are two distinct worries that can be read into this. First is the
constructivist worry that one should not incur commitment to anything
that one cannot, in some suitably effective and canonical way, be 'given'.
That is the easier worry for the classicist to allay, as Wright seeks to do by
maintaining that (p. 312)

... the neb-Fregean's intention in laying down Hume's Principle as an expla-
nation is so to fix the concept of cardinal number that the equinumerosity of
concepts F and G is itself to be necessary and sufficient, without further ado,
for the identity of the number of Fs with the number of Gs, so that nothing
more is required for the existence of those numbers beyond the equinumerosity
of the concepts.

The more difficult worry for the proponent of Hume's Principle to allay,
however, is whether HP is consistent. The attitude expressed in the last
quote was indeed the attitude that Wright held even before Boolos's own
proof that second-order logic with Hume's Principle is equi-interpretable
with second-order arithmetic. Before that result was known, Wright's ex-
planation of the neo-Fregean's intention could have been discomfited by the
following analogous claim:

... the Fregean's intention in laying down Basic Law V as an explanation is
so to fix the concept of class that the co-extensiveness of concepts F and G is
itself to be necessary and sufficient, without further ado, for the identity of
the class of Fs with the class of Gs, so that nothing more is required for the
existence of those classes beyond the coextensiveness of the concepts.

Armed now with Boolos's result, which is actually friendly to the neo-
Fregean (in at least removing one's worst fears concerning proneness to
Russell-type paradox), it is worth pausing to appreciate that it was Boolos
himself who was nevertheless still worried by the consistency of such a
strong theory as second-order arithmetic. And of course there are further
worries along these lines. The theory of which HP is the core principle is
supposed to be able to be adjoined to any theory T about anything other
than numbers, without precipitating inconsistency and—a strictly stronger
demand—without enabling one to prove any non-theorems of T expressible
in the language of T. This latter requirement is that HP should always
effect a conservative extension of any theory to which it is adjoined.

In response to Boolos's doubts—doubts which prevent him from being
prepared to call HP analytic—Wright replies that the issue thus joined is
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not really whether HP is analytic, but rather whether HP is true. For, he
says (pp. 312-313):

There's nothing incoherent in the idea that we can be defeasibly justified in
believing or claiming to know that a proposition is true which, if true, is
analytic. The neo-Fregean claim, remember, is that Hume's Principle serves
as an explanation of the concept of cardinal number. // it harbours some
subtle inconsistency, then of course it fails as such an explanation—just as
Basic Law V failed as an explanation of a coherent notion of set. But we can
surely be confident—though by all means with our eyes open—that Hume's
Principle is successful in that regard, and correspondingly confident that it
enjoys the kind of truth possessed by any successful implicit definition—and
hence is analytic in whatever may be the attendant sense.

So: according to Wright, Frege was presumably 'defeasibly justified' in
'claiming to know' that Basic Law V is true—which, if true, is analytic. But,
one may ask: what sort of justification could Frege possibly have offered for
the knowledge-claim that was subsequently defeated by Russell's Paradox?
The only plausible answer is that it was the first-person phenomenology
that Gottlob Frege himself enjoyed when introspecting his own grasp of
meanings.

For we have to remember that Frege was not in any position to claim
that he was (with Basic Law V) simply regimenting and systematizing
a widespread, well-tested, reliable, pre-existing mathematical practice of
proving the existence of classes as conceptual abstracts. He was, rather,
pioneering a whole new way of thinking. In this regard what Frege did
with classes was quite unlike what Gentzen, for example, subsequently did
in regimenting and systematizing our patterns of logical inference using
connectives and quantifiers. Gentzen did an excellent job, mainly because
there was a stable practice of reliable deductive inference standing in need
only of the sort of systematization that he provided. We can say that
Gentzen did a better job of logical systematization than Frege did (on
the connectives and quantifiers); but we cannot say that Gentzen did a
better job on the connectives and quantifiers than Frege did on classes,
because in that case Frege was simultaneously trying to invent a practice
and systematize it.

By contrast with what Frege attempted in the Grundgesetze using Basic
Law V, and with what Wright attempted in FCON using Hume's Principle,
the constructive logicist can claim a certain immediate, intuitive appeal
for the rules whereby she introduces and eliminates dominant occurrences
of 0, # o r s o n e a t a time, on one side of an identity sign. The rules
are utterly straightforward, carrying not a hint of reflexive paradox. The
introduction rules are in harmony with the elimination rules. Their validity
will be recognized by anyone familiar with both the substantival and the
adjectival use of number words in association with sortal predicates. The
rules in question allow one to derive the Peano-Dedekind axioms using only •
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free intuitionistic relevant logic. Such austere logical means show that the
Peano-Dedekind axioms are themselves justified by the very constructive
content of their constitutive notions.

The logical means are minimized whereby logicism is to be advanced as a
satisfactory philosophical and foundational view of arithmetic. (With rules
in this preferred form, one is no longer bothered by pathologies such as
Wright's 'Nuisance Principle', which is of the same general form as Hume's
Principle, but which, though consistent, holds only in finite domains.) Our
knowledge of the basic truths about natural numbers is rooted, on the con-
structive logicist account, in our grasp of their constituent concepts, and
in nothing else. Yet, happily, we can also satisfy ourselves that the natu-
ral numbers thus grasped are applicable to any region of human thought
about any kinds of things that can be discriminated, individuated, and re-
identified. On any metaphilosophical cost-benefit analysis, this is a number-
theoretic logicism worth buying into. It allows extension to the infinite, but
does not demand it. One does not have to be a classicist in order to be a
logicist; indeed, the constructive outlook arguably makes for a better brand
of logicism.
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Reviewed by MARK VAN ATTEN*

This book is a collection of essays, each by either Hill or Rosado Had-
dock, that appeared between 1982 and 1999 (except for chapter 9,- which
is published here for the first time). They all deal with Husserl's views on
mathematics, with strong, but not exclusive, emphasis on the comparison
with Frege. Husserl is the authors' preference.

It is pointed out, in the introduction, how Husserl was in closer scientific
contact with Weierstrass, Cantor, and Hilbert than Frege and Russell ever
were. The historical essays that follow, taken together, make a convincing
case that, philosophically, Husserl was operating as an equal among all
mentioned.1 With the possible exception of Hilbert, however, the traffic of
ideas seems to have been one-way. For example, there is no evidence that
Cantor was influenced by Husserl. The chapters on Cantor and Husserl (6,
7, and 8) are nevertheless of great importance.

Two main systematic points are argued for in this collection. The first
is that, against Frege, Husserl was correct to insist that both the state of
affairs (Sachverhalt) and the situation of affairs (Sachlage) are legitimate
objects2 and that each of them is a better candidate for the reference of a

* Institute of Philosophy, Kardinaal Mercierplein 2, B-3000 Leuven, Belgium.
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1 For Hill's views on Husserl and Frege, see also her recent paper in Axiomathes [2002].
2 E.g., '5 + 2 < 6 + 3' and '6 + 3 > 4 + 3' refer to different states of affairs but to the


