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Natural Deduction for Restricted Guantification,

Identity and Descriptions.

Neil Tenmnant, University of Edinburgh.
A universally free logic is one which discards the

existence assumptions (I) the universe is non-empty, and
(11) every term denotes. I set forth below a system of first
order logic which is universally free. It treats all terms
(1.e+ names, descriptive terms and functional terms) as
genuine expressions of the language, and not contextually
definecd. Il also treats restricted quantification. It is &
natural deduction system without any axioms, even for identity.

The system results in solution to the problem

(#) Combine an analysis of the logical form of predication
pccording to which terms are genuine expressions of the
language and clearly completo predicates to yield
sentences, with the basic semantical assumption

(A) A term's failure to denote renders any atomic predication

involving it false.

The problem is basically that of providing for scopes of terms
within sentences: e.g. "t is not F" versus "It is not the
case that t is F"o If t does not denmote, then by (A) the
former is false and the latter true.
The solution offered is this: term-insertion, like
quantification, is a variable-binding operation. Just as we
use bound variables to show which argument places of predicates
are sealed off by which completions of quantifiers, so also we
may use them to show which places are sealed off by which
completions by terms. Thus "t is F" bccomes thx, to be read
as "t (exists and) is F'. We can now distinguish between

tx-Fx and -thx, etc.

As & special case of (A), we have that t=t is false
if ¢t does not denote. Thus t=t is tantamount to "t exists".
I therefore take x=x as the logical translation of "x is a
thing".

For any quantifier Q, "Q F's are G's" has logical
form Qx [Fx)Gx . Thus "Every F is G" becomes \/x[ﬁ(](}x and
"Bvery thing is G" becomes Vx[x:x] Gx , thereby restoring to
logic an obvious analogy. But,for fluency in deduction, we
treat "the" as a term-forming operator on single predicates,
rather than as a sentence-forming operator on pairs of
predicates. Thus "The F is G" becomes (7xh)yGy.

The law of self-identity, Vx[x:x] x=x , i8 as

p>p o Substitutivity of
identicals is the only deductive rule needed to prove the
other laws of identity; so first order logic with identity

trivially provable in our system as

needs no axioms.

Syntax. Terms and wffs are defined by the usual simultaneous
recursion; but only varinbles may occupy argument places

Let us say that this
If
the definition is altered to allow terms in general to occupy

after predicate and function letters.
definition is of torms and wffs in tho primitive sensc.

argument places, we have a definition of torms and wffe in_the

widor sense, Henceforth by "term" ("wff") T chall mean term

(vff) in the wider sonse, unless otherwise indicated.
If a wff has an occurrence of a term t in an

argument place, we sny the wff is of theform A(t). Wo define

an abbreviation function on terms and wffs thuss
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e(7xa) = 7xe(A) ;

0
n

o(f(tl...tn)) f(@(tl)...o(tn)) ;
@(F(tl...tn)) F(@(tl).,.@(tn));

o(a2B) = o(a)&2(B) ; e(3x[a]lB)
elsewhere © is the identity mapping.

]
"

o(t_4) O(A;(t)) ;
Ix{e(aYle(s) ;

Thus @(A) is of the form
B(e(t)) if and only if some occurrence of t im A is not within
the scope of or Y For A in the
primitive sense, @(A) is of the form B(@(t)) only if t must
denote for A to be true.

]

-V, D , = in A .

Proofs are cortain trees of closed wff occurrences.

A graphic rule such as

-1

Qooe

AvB c (i)

is really shorthand for the corresponding clause in the

recursive definition of proof, which in this instance is:
If Tfl, sz and Tr3 are proofs of AvB, of C and of C
respectively, depending on Al’ O, and A3 respectively,
then Trl 'IT2 Tr} is a proof of C depending on
Alu(AZ\{A(}:)u(AB\{B}) .

The basis clause is:
Any occurrence of A is a proof of A depending on {A} °

The full set of rules is as follows:

A @fA! AB AXB A&B A B A ADB A AEB
@zA) A AXB A B AvB AvB B B
BAsB A=A *  A(t) A By A Vx[als
A * A =t
Jx[A]B =
t
t=u_A , where At= t
5 u u
t=t —txA s Where txA is a wff in the primitive sense
X
-Ay
1) @)
: . , where A=@(B), B primitive
* *
W T
@) /1) 5
: : . , where A=@(C), C primitive
B_;) B A5y and B=@(D), D primitive
YN c=p
=) 5 @)
AvB o C
G (1)
—1)
? » where A-0(C), B-0(D), C2 and D] are
1'3 primitive, and the name a does not occur
—3 .
Vx[cg]ng 1) in any assumption other than A on which

B depends




=) (1)
Aa B:‘ , where the name & does not occur in
— . .
. 3 x(AlB, in € or in any assumption
. x x
Jx[a)B ¢ ) other than Aa and Ba on which C
C A (at its upper occurrence) depends.
IxA=IxA 17xh=IxA K
= - %
K T=7xA
(1)
s . , where the name a does not occur in any
t  a=t (1) assumption other than A on which a=t
t=7xA: depends.

Let AU[X} be a set of closed wffs in the primitive

sense. Then A} X =._ thero is a proof of X depending on

daf

some subset of A\ .

A theory of truth for the object language above can
be provided in a metalanguage obeying the logic aboves
Conjecture: The system above is complete with respect to the

resulting notion of logical consequence; and admits a

generalization of Prawitz's normalization theorem.
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