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ON AND 3 

By N. TENNANT 

IN his paper 'A reply to Bjiirlof's objection' in ANALYSIS 38.3, June 
1 978 pp. 122-4, Peacocke considers extending his 'criterion of logical 

constanthood that applies ... to primitive expressions that are assigned 
semantic properties directly by the axioms of a truth theory' to apply to 
non-primitive expressions that are definable in terms of the primitive 
ones. He summarizes his discussion as follows: 

'3' defined in terms of 'r' may be a logical constant relative to a truth 
theory for an object language with an ontology of natural numbers; but 
equally my criterion pronounces it as such. On a narrower notion of 
logical constanthood, one might require that an expression be a logical 
constant in the original sense with respect to all truth theories that differ 
from one another only in the richness of the ontology of the object 
language. In that sense, Hilbert's e-operator is not plausibly a logical 
constant, nor do I make it one, nor is '3' so generally definable in terms 
of 'e'. 

Note that Peacocke's criterion cannot be applied to yield an affirmative 
or negative answer if the expression concerned is primitive but is not 
'assigned semantic properties directly by the axioms of a truth theory'. 
This particularly affects the e-operator, since Peacocke claims dog- 
matically that the natural axiom for e in a homophonic theory, namely 

s(exA)=ea(s(x/a) satisfies A) 
has its truth conditions 'left unfixed' in the metalanguage-a meta- 
language, remember, in which e is primitive. 

It is Peacocke's final claim, however, that is most seriously in error, 
given a proper understanding of what it is for one operator to be 
'generally definable' in terms of another (in this connection, see Smiley, 
'The independence of connectives', Journal of Symbolic Logic 27, 1962). 
I wish to claim 

(i) Hilbert's e-operator is plausibly a logical constant. Either the 
natural axiom above should make it so, or Peacocke's criterion must 
be admitted to have too narrow a range of application, and 
(ii) 3 is generally definable in terms of e. 
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Take a first order language without quantifiers. Let e be the only 
variable-binding operator in the vocabulary, forming terms from 
formulae. Adjoin to the usual rules of natural deduction for the con- 
nectives and identity (as given, for example, in my Natural Logic, 
Edinburgh, 1978) the single rule 

A, 
AX AsxA 

This rule does not extend the deducibility relation among e-free sen- 
tences. 

The existential quantifier can then be defined as follows: 
3xA =df AXA, 

so the rule above is the introduction rule for 3. The corresponding 
elimination rule: 

AX a 

3xA B 
B 

(where a does not occur in 3xA, B or any assumption other than Ax 
on which the upper occurrence of B depends) comes out in the wash 
simply as 

AX A/sxA 

' alxA 
B 

where the slash notation indicates that throughout the proof free 
occurrences of a are replaced by occurrences of sxA, re-labelling 
bound occurrences of names as necessary. (For the notion of free and 
bound occurrences of names in proofs, see Natural Logic, p. 66.) 

The universal quantifier can also be defined: 
VxA =, A,,A 

The introduction rule for V: 

A 
?xA~ 

(where a does not occur in any assumption on which A depends) is 
derived thus: 

' alex-A 
a 

Ax-A 
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and the corresponding elimination rule: 

VxA 
AX 

is derived by the proof 
(I) 

-At 
ex-A X-A A 

A 
-(I) 

At 

With appropriate adjustments, these considerations hold for a universally 
free system as well. 

On the strength of these observations alone E must be regarded as a 
logical constant. It is governed by a single, simple rule and is the sole 
operator appearing in quite legitimate definitions of the ordinary 
quantifiers. Any criterion of logical constanthood must square with the 
intuition that a defining expression is a logical constant if it can feature 
as the only primitive expression in definitions of other logical constants. 
Aversion to the natural axiom for e in a homophonic truth theory must 
be due to lack of familiarity with an e-language. 

Unless e is a logical constant, it is nothing. Peacocke must then 
explain how we get something out of nothing. 

Universty of Edinburgh 
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