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Abstract—It is well known that an electromagnetic field can be
expanded as a weighted sum of Gaussian beams. Convergence
to a given field distribution is guaranteed by adding enough
beams and controlling individual beam characteristics such as
beam waist and propagation direction. At the same time, a
Gaussian beam can be recognized as the field produced paraxially
by a complex point source with imaginary displacement along
the axial beam direction. In this work, we propose a design
methodology for metamaterials (flat transformation media) en-
abling the synthesis of electromagnetic far-field patterns based
on such complex source representations. The methodology is
based on the application of complex transformation optics to
derive constitutive tensors that map point sources in real-space
to effective complex point sources.

I. INTRODUCTION

Gaussian beams can be used as basis elements in an
electromagnetic (EM) field expansion [1], [2]. Convergence to
a desired field distribution can be achieved by adding enough
beams and controlling beam characteristics such as displace-
ment, tilt, and waist. At the same time, a Gaussian beam can
be recognized as the field produced paraxially by a complex
point source with imaginary displacement along the axial beam
direction [1], [3]. A complex point source is an hypothetical
source that is located at a complex-valued coordinate point. It
was recently shown [4], [5] that the effect of complex sources
can be mimicked by certain metamaterials [6].

Transformation optics (TO) unveils a duality between co-
ordinate transformations and material properties [7], [8]. By
exploring such duality, TO-based media have been designed
for diverse applications [9], [10]. More recently, complex
transformation optics (CTO) has been proposed to extend
the range of functionalities of TO [4], [5], [11]–[16]. In
contrast to TO, which is restricted to real-valued coordinate
transformations, CTO is based on complex-valued transfor-
mations. CTO can provide wave amplitude control through
distributed absorption/gain effects [5], [16] in addition to phase
control. CTO stipulates that any coordinate transformation
that displaces the (real-valued) spatial coordinates of a point
source to (equivalent) complex-valued spatial coordinates can
be mimicked by a properly chosen metamaterial.

In this work, we propose a general methodology to produce
arbitrary far-field patterns from point sources placed next to
CTO metamaterial slabs. Each point source is equivalently

Fig. 1: CTO-based engineered metamaterial slab for field synthesis.
The proposed metamaterial slab maps point sources to (effective)
complex point sources that produce Gaussian beams as field solutions
in the paraxial region. By properly designing the metamaterial, indi-
vidual beam characteristics such as displacement, tilt, and beam waist
can be controlled. A desired far-field distribution can be approximated
by a superposition of such beams.

mapped to complex-valued point and, as a result, produces
Gaussian beams. Judicious superposition of such point sources
can be used to produce a desired field distribution. The
proposed methodology yields a direct mapping of EM struc-
ture (metamaterial properties) to function (field synthesis),
as illustrated in Fig. 1. This mapping is (a) predictive, (b)
parametric, and (c) invertible in the sense that the EM field
synthesis is based on the location of the complex point source
which has a biunivocal relation to the required material consti-
tutive parameters [5]. Morevover, the proposed metamaterial is
impedance-matched to free space, which increases the overall
efficiency for wireless power transfer applications for example.

II. BASIC METHODOLOGY AND EXPLORATORY RESULTS

We assume the e−iωt convention. From CTO theory, the
permittivity and permeability constitutive tensors of a pla-
nar metamaterial slab designed to mimic a complex point
source [5] can be written as ε = εΛ and µ = µΛ, with

Λ = diag{sy, s−1
y , sy}

where sy = ∂ỹ/∂y, and the relevant coordinate transformation
is

y → ỹ = r(y) + i
a(y)
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for 0 < y < h assuming a planar metamaterial parallel to the
xz plane with thickness h. The parameter a(y) is a continuous
function with a(y) = 0 for y ≤ 0 and a(y) = a(h) for y > h.
The choice a(y) < 0 for 0 < y < h yields a gain-medium
that amplifies the fields from point sources (or electrically
small antennas) placed near to it. In particular, we obtain a
Gaussian beam in the paraxial region along the negative y
axis when a complex point source is present at y > h. Note
that the coordinate transformation y → ỹ is continuous and the
resulting metamaterial is impedance matched to free space for
all incidence angles [7]. The parameter r(y) can be chosen
so as to increase (if ∂r/∂y > 1) or decrease (if ∂r/∂y < 1)
the electric thickness of the metamaterial. In particular, the
electric thickness reduces to zero for ∂r/∂y → 0, which
means that no phase accumulation would occur along the
longitudinal direction as the wave propagates through the slab
region. Interestingly, the choice ∂r/∂y < 0 can be used to
produce negative refraction [16].

(a) (b)

Fig. 2: Field from a CTO metamaterial slab of thickness d = 2λ.
(a) Single point source on top of the slab. (b) Array of point sources
on top of the slab. See main text for further details.

Fig. 2 depicts computational results of the EM field pro-
duced by sources placed on top of a CTO metamaterial slab
with Λ = diag{−0.5i, 2i,−0.5i} in 2-D (TM problem). The
slab has thickness d = 2λ, where λ is the wavelength. Fig.
2(a) shows the spatial distribution of Ez in the xy plane
for a single point source present at the location indicated by
a star (the inset shows the consequent field distribution in
free-space). The emergence of a Gaussian beam for y < 0
along the paraxial direction can be clearly observed. The
waist and other properties of the beam can be adjusted by
changing the metamaterial parameters. Fig. 2(b) shows the
field distribution produced by an array of five point sources in
the position indicated by the gray trace. A Gaussian beam is
again observed, but now tilted because of the array factor. The
array source produced a sidelobe which is also amplified by
the CTO slab. Although not shown here, the beam can also be
directly tilted by varying the metamaterial parameters along
the lateral (transversal) direction.

III. CONCLUSION AND LOOK AHEAD

We explored the application of complex transformation op-
tics to derive metamaterial slabs that map point sources in real
space to effective complex point sources. Each complex point
source generates a Gaussian beam paraxially. Consequently,
a desired far-field EM pattern can be obtained based on a
standard Gaussian beam expansion where individual Gaussian
beam properties (displacement, tilt, and waist) could be further
adjusted by locally varying the metamaterial parameters. The
proposed metamaterials correspond to doubly-anisotropic gain
media and hence pose fabrication challenges. In practice,
approximate metamaterial blueprints may be considered to
achieve a satisfactory compromise between performance and
ease of fabrication. The present CTO methodology can in
principle be generalized [17] to obtain metamaterials over
curved surfaces with analogous functionality.

REFERENCES

[1] K. Tap, “Complex source point beam expansions for some electromag-
netic radiation and scattering problems,” Ph.D. dissertation, The Ohio
State University, 2007.

[2] J.J. Maciel and L.B. Felsen, “Gaussian beam analysis of propagation
from an extended aperture distribution through dielectric layers, Part I-
plane layer,” IEEE Trans. Antennas Propag., vol. 38, pp. 16071617,
1990.

[3] G. A. Deschamps, “Gaussian beam as a bundle of complex rays,”
Electronics Lett., vol. 7, pp. 684-685, 1971.

[4] Savoia et al., Complex-coordinate non-Hermitian transformation optics,
J. Opt, vol. 18, 044027, 2016.

[5] H. Odabasi, K. Sainath, and F. L. Teixeira, “Launching and controlling
Gaussian beams from point sources via planar transformation media,”
Phys. Rev. B, vol. 97, pp. 075105, 2018.

[6] F. L. Teixeira, and W. Chew, “Complex space approach to perfectly
matched layers: a review and some new developments,” Int. J. Numer.
Model, vol. 13, pp. 441-455, 2000.

[7] F. L. Teixeira, and W. Chew, “Differential forms, metrics, and the
reflectionless absorption of electromagnetic waves,” J. Electromagn.
Waves Appl., vol. 13, no. 5, pp. 665-686, 1999.

[8] F. L. Teixeira, and W. Chew, “Lattice electromagnetic theory from a
topological viewpoint,” J. mth Phys., vol. 40, pp. 169-187, 1999.

[9] J. B. Pendry, D. Schurig, D. R. Smith, “Controlling electromagnetic
fields,” Science, vol. 312, pp. 1780-1782, 2006

[10] H. Chen, C. T. Chan, and P. Sheng, “Transformation optics and meta-
materials,” Nature Mat., vol. 9, pp. 387396, 2010.

[11] H. Odabasi, F. L. Teixeira, and W. Chew, “Impedance-matched absorbers
and optical pseudo black holes,” J. Opt. Soc. Am. B, vol. 28, no. 5, pp.
1317-1323, 2011.

[12] W. Li and J. Guan,“Transforming complex space: a general strategy
to compensate loss of transformation optical media,” J. Electromagn.
Waves Appl., vol. 27, no. 7, pp. 834-845, 2013.

[13] K. Sainath and F. L. Teixeira, “Perfectly reflectionless omnidirectional
absorbers and electromagnetic horizons,” J. Opt. Soc. Am. B, vol. 32,
pp. 1645-1650, 2015.

[14] S. Savoia, G. Castaldi, and V. Galdi , “Complex-coordinate non-
Hermitian transformation optics,” J. Opt. vol. 18, no. 4, 044027, 2016.

[15] L. Xiang and Z. Zhang, “A novel circular patch antenna of generating
vortex beams based on complex transformation optics,” 2017 IEEE Int.
Symp. Antennas Propag., pp. 1269-1270, San Diego, CA, 9-14 July,
2017.

[16] H. Odabasi and F. L. Teixeira, “Generalized Veselago-Pendry lenses
via complex transformation optics,” Opt. Express, vol. 27, no. 18, pp.
25670-25677, 2019.

[17] F. L. Teixeira and W. C. Chew, “Analytical derivation of a conformal
perfectly matched absorber for electromagnetic waves,” Microwave Opt.
Tech. Lett., vol. 17, no. 4, pp. 231-236, 1998.


