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On Causality and Dynamic Stability of Perfectly
Matched Layers for FDTD Simulations
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Abstract—We investigate the spectral properties of the Carte-
sian, cylindrical, and spherical perfect matched layer (PML)
absorbing boundary conditions. In the case of the anisotropic-
medium PML formulation, we analyze the analytical properties
of the constitutive PML tensors on the complex!-plane. In the
case of the complex-space PML formulation (complex coordinate
stretching formulation), we analyze the analytical properties of
field solutions directly. We determine the conditions under which
the PML’s satisfy (or do not satisfy) causality requirements in
the sense of the real-axis Fourier inversion contour. In the case
of the noncausal PML, we point out the implications on the
dynamic stability of time-domain equations and finite-difference
time-domain (FDTD) simulations. The conclusions have impact
both on the design of PML’s for practical FDTD simulations and
on the use of PML’s as a physical basis for engineered artificial
absorbers on nonplanar (concave or convex) surfaces. Numerical
results illustrate the discussion.

Index Terms—Absorbing boundary conditions, anisotropic me-
dia, dispersive media, FDTD methods, perfectly matched layer.

I. INTRODUCTION

T HE perfectly matched layer (PML) absorbing boundary
condition (ABC), introduced by Berenger [1], [2] is a

very efficient means to truncate the computational domain
in the finite-difference time-domain (FDTD) simulation of
electromagnetic (EM) problems [1]–[11]. Being a material
ABC, the PML retains the nearest neighbor interaction charac-
teristic of the FDTD method, making it particularly attractive
for parallel simulations. It has also been applied to finite-
element method (FEM) simulations [10], [12], [13], elastic-
wave problems [14], and paraxial-wave problems [15] with
similar success.

More recently, the recognition that, via the complex coor-
dinate stretching formulation [3], the PML can be interpreted
as an analytic continuation of Maxwell’s equations (ME’s)
to a complex variable spatial domain (or complex space, for
short) [16], [17], [21], provided the basis for the extension
of the PML to two-dimensional (2-D) cylindrical [20], [21],
3-D cylindrical [22], and three-dimensional (3-D) spherical
coordinates [20], [22] (extensions to 2-D cylindrical coordi-
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nates using different approaches are also considered in [18]
and [19]).

One of the desirable properties of the artificial PML media
in any of these coordinate systems is that it should retain
the causality conditions observed by the original ME’s. This
naturally leads to the study of the analytic properties on
the complex -plane of either the PML tensor constitutive
parameters (in case of anisotropic-medium PML’s [6]–[9],
[12], [13], [18], [22]), or the complex-space ME’s Green’s
functions (in case of complex-space PML’s [3], [5], [10],
[14]–[17], [20], [21]).

In this paper, we study these analytic properties for the
various coordinate system PML’s: Cartesian, cylindrical, and
spherical. The discussion is centered on thespectralproperties
of these PML’s. Therefore, the conclusions do not depend
on the peculiarities of the time-domain implementation (e.g.,
whether or not it utilizes field splitting), but have consequences
on any time-domain implementation. In particular, we point
out conditions under which causality is violated in the sense
of a real-axis inverse Fourier contour and the consequences
of this fact on the dynamic stability of the PML–FDTD
simulations. The conclusions have impact on the design of
PML’s for FDTD simulations and on the use of PML’s as a
physical basis for engineered artificial absorbers on nonplanar
(concave or convex) surfaces. Numerical results are presented
to illustrate the discussion. Throughout this paper, the
convention will be used.

II. CAUSALITY , DYNAMIC STABILITY , AND

FOURIER INVERSION CONTOUR

In this section, we examine the connection between the vio-
lation of causality in the sense of a real-axis Fourier inversion
contour and the dynamic stability of the FDTD algorithm. The
discussion is centered on the analytical properties of the
tensor. For brevity, we restrict our attention to the electric-field
constitutive relation. By invoking the duality principle [23], all
of the following conclusions also apply to the magnetic case.

In the frequency domain, the constitutive relation for the
electric field is written as

(1)

where is the 3 3 permittivity tensor. In the time-domain,
(1) becomes

(2)

Invoking causality, we have that for .
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By writing

(3)

where is a real-valued constant tensor, it is possible to
show [23] that, if the inversion contour of (3) is carried out
along the real -axis, the condition for implies
that the integrand in (3) must be analytic (holomorphic) in
the upper half-plane (zeros are also forbidden on the upper
half-plane; for a more detailed discussion of the connection
between causality and the analytical properties of the
tensor, see [24]–[26]). It should be noted here that when we
refer to causality in the sense of a real-axis Fourier inversion
contour, we are restricting ourselves to theprimitive causality
condition (i.e., the effect cannot precede the cause), as defined
in [26]. The term causality also appears in other contexts.
For instance, it is sometimes used to refer to therelativistic
causality condition, which states that no signal can propagate
with velocity greater than [26].

When is not analytic in the upper half-plane, causality
can still be preserved, provided the Fourier inversion contour
is takenaboveany singularities [23]. In this case, the medium
will behave as anactivemedium and its response will not be
dynamically stable anymore. The definition of a dynamically
stable system adopted here is such that all its eigenmodes
approach zero as (asymptotically stable) or remain
bounded as (marginally stable).

In FDTD simulations, the fields assume a causal behavior by
the very nature of the method (explicit time-stepping scheme),
regardless of the analytic properties on the frequency domain.
This means that the Fourier inversion contour should always
be taken above any singularities [23]. Therefore, following the
discussion of the previous paragraph, violation of causality in
the sense of real -axis Fourier inversion contour implies a
dynamically unstable FDTD method.

Note that the dynamic stability criterion is distinct from:
1) the numerical stability criterion that should be satisfied by
a particular numerical discretization scheme. For a dynami-
cally unstable system, no convergent numerical discretization
schemes prevent the solutions from growing unbounded. For a
further discussion on this aspect, see [27] (note, however, that
the definition of dynamic stability in [27] is slightly different
from the one adopted here and the anisotropic PML constitu-
tive parameters considered there are frequency independent)
and 2) dynamic stability is also a distinct criterion from the
one incurred by a particular field-splitting of the modified
ME’s on the PML, which may induce a weak well posedness
on the resultant system of equations, as discussed in [28].
Although the weak well posedness is also a characteristic of
the system of partial differential equations in the continuum,
we should stress that it is a distinct property from the dynamic
stability issue discussed here. The discussion here is centered
on thespectralcharacteristics of the PML equations and does
not depend on the particular field-splitting scheme (if any)
employed in the time-domain implementation of the PML.

When is analytic on the upper half-plane, it can also
be definedvia the general time-domain relationship between

and as follows:

(4)

[which is a particular case of (2)], through [24], [25]

(5)

We immediately see that, if the function (generalized
time-domain complex susceptibility kernel) is finite throughout
the range of integration, the integral converges in the upper
half-plane (real-axis excluded) and, therefore, is properly
defined. In some instances, the integral in (5) diverges for

on the real axis or in the lower half-plane, and definition
(5) is invalid at these points. However, the function can
still be defined as the analytic continuation of (5) from the
upper half-plane. It will, in general, contain singularities in
these regions [24], [25]. This is the case, for instance, for an
isotropic media with static conductivity, where the complex
dielectric constant is usually written for real frequencies as
the analytic continuation of (5) containing a pole at the origin

(6)

The discussion in the last paragraph is directly related to
the issue of causality of Cartesian PML’s to be treated in
Section III.

III. CARTESIAN PML ANALYSIS

In this section, we examine the causality and dynamic
stability of the Cartesian PML.

A. Anisotropic Formulation: Analytical Properties
of the Constitutive Tensors

Berenger first proposed the PML in Cartesian coordinates
[1], [2] and, since then, Cartesian-grid FDTD codes have been
implemented and tested in several radiation and scattering
examples [1]–[11]. These examples use different anisotropic
(unsplit) and split-field schemes where no instability have been
observed. Since dynamic instability is usually a dramatic (early
time) effect, we should, therefore, expect the Cartesian PML
to be dynamically stable and causal in the sense of real-axis
Fourier inversion contour. The analysis on this section will
serve to verify this conjecture.

In the anisotropic-medium PML formulation [6]–[9], [12],
the fields inside the PML region obey the ME’s in an
anisotropic medium with properly chosen constitutive tensors.
Therefore, a useful test for violation of causality is to
check if the resultant frequency-domain constitutive tensors

and satisfy, along
with the crossing relation (the star
denotes complex conjugation), the Kramers–Kronig relations
[23]–[25], [28]–[32]. This should also be true for their inverses

and [24], [25].
The Cartesian PML constitutive tensor is given by

(7)
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where, in usual time-domain simulations, the frequency depen-
dence on the complex stretching variables[3]
is given by the expression

(8)

with and in practical situations.
The choice achieves the reflectionless absorption
of propagating modes and the choice achieves
additional (faster) decay of evanescent modes (if they exist).
Note that (8) resembles the expression of a complex dielectric
constant of a conductive media.

Equation (7) is the most general form for an anisotropic
Cartesian PML media and corresponds to a 3-D PML at a
corner interface, where there is a simultaneous stretching on
the three coordinates. This tensor is just the product of three
simpler 3 3 uniaxial tensors

(9)

with

(10)

and analogously for and . In order for
to satisfy causality, each of the tensors must

satisfy it individually (there are no pole-zero cancellations).
Since the frequency dependence of and
is determined by and , the Kramers–Kronig rela-
tions must be satisfied individually by these functions. The
Kramers–Kronig relations are a consequence of the application
of the Cauchy’s theorem to the function in the
upper half-plane [23]. When presented in their usual form
[23]–[26], [29]–[31], the analyticity of over the
entire real axis is implicitly assumed. However, this is not
the case, for instance, in conductive media, in which the
complex dielectric constant has a term and, therefore,
has a pole singularity present at . The Kramers–Kronig
relations for conductive-like media must be properly modified
to account for the deformation of the closed contour in the
Cauchy’s theorem to avoid the pole at the origin by means
of an infinitesimal semicircle above it. This detail has been
overlooked on a previous study on this topic [31]. In this more
general form, the Kramers–Kronig relations read as [24], [25],
[29]

(11)

(12)

where and are the real and imaginary parts of ,
denotes the Cauchy principal value, and the integrals are

carried out along the real axis. The and are to
be interpreted as the limiting values asapproaches the real
axis from above. The last term in (12) is the pole contribution
at the origin and represents the modification from the usual
Kramers–Kronig relations. Whenever the stretching variables

are defined as having a pole at , as in (8), the
Kramers–Kronig relations to be used are as in (11)–(12). To
apply relations (11) and (12) to (8), the following immediate
identifications are made:

so that (11) and (12) become

(13)

(14)

We immediately see that (14) verifies (12). Equation (13) also
verifies (11) since [32]

(15)

and, thus, (13) is true in the upper half-plane. As a result,
(8) obeys the Kramers–Kronig relations, being causal in the
sense previously stated. The fact that, in the real axis, we get
a Dirac delta function from (15) is related to the divergence
of the integral in (5) for real . The expression (8) does not
include the Dirac delta function since it must be treated as
an analytic continuation from the upper half-plane expression
in a similar fashion as in the (6). Such conclusions should be
expected from the resemblance of (8) to the complex dielectric
constant of a conductive medium. Indeed, given a general field
relationship in the frequency domain

(16)

this means to have, in the time-domain,

(17)

where causality and (marginal) stability are evident.
A brief digression should be made at this point. In the case

of the relationship , the marginal
stability in (17) seems to contradict the fact that, for a con-
ductive media, eigenfunctions with faster decay are expected.
The point is that the marginal stability in this case is caused
just by the definition of the itself when incorporating
conduction currents through the complex dielectric constant,
as in (16). For instance, a DC conduction current

gives rise to linearly growing field,
and, similarly, an impulse current
gives rise to a constant field (which is an example of
bounded eigenfunction that does not approach zero at ).
However, this marginal stability is not a property of the ME’s
themselves for conductive media since the term which appears
in the equation for the field (Ampere’s law) is ,
and the pole at is cancelled. In fact, as increases,
the resultant eigenfunctions will have a faster decay since the
factor will have a pole that is shifted downwards
in the lower half complex -plane.

It is a simple exercise to verify that, if and ,
the function also satisfies the Kramers–Kronig relations.
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In this case, since there are no singularities present on the real
axis, the usual form of Kramers–Kronig relations can be used.

In summary, the Cartesian anisotropic PML media with
frequency dependence, given by (8), is causal in the sense of
real-axis Fourier inversion contour and, from the discussion in
Section II, nodynamicinstability should be expected.

B. Complex-Space Formulation: Analytical Properties
of the Field Solutions

For the complex-space PML formulation, the most direct
route to investigate the dynamic stability of the Cartesian
PML is to simply write down the frequency-domain closed-
form field solutions (or the Green’s functions) for the modified
ME’s inside the PML and study its analytical behavior in the
complex -plane. This is because the solutions of the modified
ME’s inside the PML [3] are just the analytic continuation
to complex space of the closed-form solutions of the usual
ME’s [16], [17], [20]–[22]. Under this analytic continuation,
propagating eigenfuctions of ME’s obeying Sommerfeld’s
radiation condition are mapped into exponentially decaying
functions, allowing for the reflectionless absorption of EM
waves. We shall illustrate this with a simple example.

We take the 2-D Green’s function for a cavity enclosed by
perfect electric conducting (PEC) walls at
(which can be thought of as the FDTD computational domain
when using hard boundary conditions), which is written as

(18)

for where

(19)

. By inserting a Cartesian
PML before the box walls, will be analytically
continued to the complex plane through the following mapping
on the coordinates (see [16], [17], [21]):

(20)

where is on the physical (real) space and in
the physical space. From (20), we see that the boundaries of the
box are complex valued inside a PML layer
and, because of this, the reflection coefficient can be made very
small [16], [17]. The function in (18) has an infinite number
of poles located along the real-axis (natural frequencies of
the cavity). With the mapping (20), these poles are translated

to the roots of the equation

(21)

which are always located on the real axis or lower half-plane
for and .

In addition to this, it should be noted that is an entire
function (no poles) and that the branch points induced by
the factors in (19) (which give rise to simple poles
in (21) for this 2-D case) are also on the lower half-plane.
Consequently, the resultant PML Green’s function is also
analytic over the entire upper half-plane and causality in
the sense of real-axis Fourier inversion contour is preserved.
This is true for any observation point inside the physical
or PML domains. A similar situation occurs in the 3-D
case. Consequently, and similarly to the anisotropic-medium
PML, the complex-space PML in Cartesian coordinates is
dynamically stable.

IV. CYLINDRICAL PML ANALYSIS

In this section, we examine the causality and dynamic
stability of the cylindrical PML. For brevity, the discussion
will focus only on those aspects differing from the previous
analysis of the Cartesian case.

A. Analytical Properties of the Anisotropic Medium
and Complex-Space Formulations

The cylindrical PML is considered in [16]–[22]. In [20], [21]
it is derived for the 2-D case through an analytical continuation
(complex stretching) on the radialcoordinate. Through this
analytic continuation, the propagating eigenfunctions of ME’s
in cylindrical coordinates obeying Sommerfeld’s radiation
condition (Hankel functions), which originally have only an
algebraic decay on , are transformed into functions with
exponential decay. In [22], the equations for complex-space
3-D case are presented, where a simultaneous stretching on
the and coordinates is effected. The anisotropic cylindrical
PML 3-D formulation is also presented in [22] (first derived
graphically in 2-D in [18]), along with the pertinent field-
mapping equations that relate the complex-space PML and
anisotropic PML fields.

In cylindrical coordinates, the constitutive tensor
for the anisotropic PML formulation is given by [22]

(22)

In the above, and are the stretching parameters in the
- and -directions respectively, in direct analogy with the

Cartesian case

(23)

(24)
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with and . The variable is a “pseu-
dostretching” parameter in the coordinate that accounts for
the modification in the metric coefficient after the stretching
in the -direction

(25)

where is on the physical (real) space and
in the physical space. The tensor in (22) can also be written
as the product of three simpler 3 3 uniaxial tensors

(26)

with

(27)

and analogously for and .
In order for to satisfy causality, each of the

tensors in (26) must satisfy it individually. Since the tensors
and have the same analytical properties of the Cartesian

PML tensors studied before, we shall limit ourselves to study
the analytical properties of the tensor. The frequency
dependence of (and is determined by

and , and, therefore, we must focus our attention on
these factors (dependence on the “pseudostretching”) and the
amount they differ from the Cartesian case. Again, to ensure
causality in the sense of a real-axis Fourier inversion contour
for , we must ensure (necessary condition) that there
are no poles due to or above the real axis. For , this
is evident, as the only pole is at , and it can be shown
that this function satisfies the Kramers–Kronig relations of the
form (11) and (12). However, a major difference arises in
the angular factor . It is due to the fact that the factor

in the imaginary part of may, at certain instances, be
negative. This is in contrast to the correspondingfactors in
the imaginary part of , , , or , which are also chosen
to be positive to achieve absorption. Due to the fact thatis
positive, when used in (25) for a concave cylindrical PML (at
the outer boundary), we will still have . However, for
a convexcylindrical PML (inner boundary), we have ,
as the integral in (25) is carried overdecreasingvalues of

. The net effect of this is that the factor will then
have poles in the upper half-plane, and the resultant
will be noncausal in the sense of real-axis Fourier inversion
contour. As a consequence (from the discussion in Section II),
we should expect dynamic instability on FDTD simulations
when employing a convex PML on cylindrical coordinates.
Note that we may enforce on convex surfaces if we
choose at the convex PML. However, in this case, it
would be the factor which would give rise to singularities
in the upper half-plane (this is also related to the fact that, in
order to have absorption in the radial direction, has to be
positive, irrespective of the concave or convex geometry).

Such dynamically unstable behavior can also be expected
from a direct analysis of the properties of the formal complex-
space Green’s functions of the cylindrical PML. Analogously
to the Cartesian case, the solutions of the modified ME’s
(frequency domain) inside the cylindrical PML are just the
analytic continuation of the solutions of the usual ME’s in
cylindrical coordinates with the and coordinates mapped,
as in (20), with stretching parameters defined by (23) and (24)
[16], [17], [22], so that and .

For example, the 2-D Green’s function for a point source at
inside a PEC cylinder of radius is given by [23]

(28)

so that, when backed by a concave cylindrical PML, the field
maps to

(29)

where is defined as in (25). Note that is also complex
valued. The effect of the cylindrical PML is to make the
reflected field [summation term in (29)] exponentially small
[16], [17]. Furthermore, this analytic continuation preserves
the analyticity on the upper half-plane of the resultant field in
(29). This is because the singularities of (28) are due to branch
points (located on the real axis) of the and zeros of the
denominator functions (all on the real axis) [33]. When

, as in (25), with , all singularities are translated
down to the lower half -plane, so that the upper half-plane
is kept free of any singularity for (29).

In contrast, the 2-D Green’s function for a point source at
locatedoutsidea perfect conducting cylinder of radius

is given by

(30)

so that the solution when the perfect conducting cylinder is
“coated” by a convex cylindrical PML is given by the analytic
continuation

(31)

This analytic continuation does not preserve analyticity in the
upper half-plane as the variable now has . The
zeros of the denominator functions located in the lower
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Fig. 1. Contour map of the magnitude of the functionH(1)
7 (z) on the

complex plane. Darker regions represent smaller values. The zeros on the
lower half-plane and the branch cut on the negative real axis are clearly
visible.

half-plane are translatedupwardsin the complex -plane and
will eventually appear as poles on the upper half-plane of the
reflected field terms in (31). Fig. 1 illustrates the location of
the complex zeros of the function . Branch points of
the functions on the real axis will also eventually be
translated to the upper half-plane. The lack of analyticity on
the upper half-plane makes these solutions grow unbounded in
the time domain (dynamically unstable behavior), as discussed
in Section II.

For generality, we have been focusing on the spectral
analysis, but from an analysis of the resulting PML equations
in time domain, it is observed that the unstable behavior
is usually associated with update equations involving the
angular derivatives. This can be seen as a consequence of
the way the stretched differential arc lengths behave under
stretching for the convex and concave situations. Although
the stretched differential arc lengths and

have positive imaginary parts for both the convex
and concave cases, resulting in attenuation for- and -
directions in both cases, the stretched angular arc length
has a positive imaginary part for the concave PML and a
negative imaginary part for the convex part (the resultant
effect, in the concave PML case, is a complex “stretch-
ing” on the angular coordinate, but translates, in the convex
PML case, to a “squeezing” on the angular coordinate). The
negative imaginary part of gives rise to a temporal
operator of the form with , associ-
ated with equations where the operator appears. This
temporal operator induces exponential growth in time (as
opposed to operators with obtained with a positive
imaginary part of in the concave case, which induce
exponential decay). In connection with this, we note that
the singularities in the upper half-plane are solely caused
by the angular tensor in (26) . Finally, since the

-dependence of the fields necessarily obeys a fundamen-
tal periodic boundary condition, the fields cannot present a
definite growing/attenuative behavior in the-direction (in

(a)

(b)

Fig. 2. Configurations for the stability test of the PML–FDTD algorithm in
cylindrical and spherical coordinates. The computational domain surrounds a
cylindrical or spherical perfectly conducting scatterer (coated or not coated
by a covex PML). (a) Configuration A. (b) Configuration B.

other words, the angular spectrum must be real and discrete).
Instead, the exponential growing behavior should be present
in the time dependence.

B. Numerical Results for the Cylindrical PML

To illustrate the previous discussion, numerical results of
cylindrical grid FDTD simulations with convex and concave
cylindrical PML are presented, corresponding to the configu-
rations of Fig. 2(a) and (b).

Fig. 3 shows the normalized field from a line
source radiating in the presence of a perfectly conducting
circular cylinder and computed using a cylindrical grid 2-D
PML–FDTD algorithm. The time-stepping scheme is the same
as the one described in [20] (complex-space formulation). The
space discretization follows the usual staggered-grid central-
differencing scheme in cylindrical coordinates [34]. The line
source is located at and the field is
sampled at , where is the (free space)
wavelength corresponding to the central frequency of the
excitation pulse. The conducting cylinder is centered at the
origin and has a radius . The excitation pulse is
the first derivative of the Blackman–Harris pulse with central
frequency MHz. The time step used is ps.

The cylindrical grid is terminated at , where a hard
boundary condition is set . In all simulations, the
FDTD algorithm includes an eight-layer concave cylindrical
PML region before the grid termination (at the outer bound-
ary). The PML thickness is for a cell size
in the radial direction. A quadratic taper on is used, varying
from zero up to . For simplicity, everywhere.
The solid line in Fig. 2 shows the result when using only
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Fig. 3. 2-D cylindrical-grid FDTD solution with eight-layer cylindrical
PML. The solid line represents the case with the concave cylindrical PML
only. Both the direct and reflected pulse due to the inner PEC cylinder are
visible. No reflected fields due to the grid ends at the outer boundary are
visible. The dashed line represents the FDTD simulation with the convex
cylindrical PML coating the inner PEC cylinder. The dramatic early-time
instability incurred is evident.

a concave cylindrical PML before the outer boundary. This
corresponds to the configuration depicted in Fig. 2(a). Both
the direct pulse and nonspurious reflected pulse due to the
inner perfect conducting cylinder are visible. No spurious
reflection due to the outer boundary is visible. The dotted line
is the result of the simulation when an eight-layer convex
cylindrical PML is placed around the inner cylinder. This
corresponds to the configuration depicted in Fig. 2(b). The
same value of is used for the concave and convex
PML’s in this case. A reflected wave from the (PML coated)
inner cylinder is nonetheless present and, more importantly,
the instability of the resultant FDTD algorithm in this case
is dramatic. It occurs soon after the wave reaches the convex
PML (early-time effect).

Fig. 4 shows the results of the same simulation, but also
with smaller values for in the convex cylindrical PML.
This illustrates that the growth rate of the electric field inside
the convex cylindrical PML is proportional to , as
expected.

C. Imposing Stability a Posteriori: The Quasi-PML

The conclusions above have impact on the design of EM
PML absorbers both as tools for numerical simulations and on
their use (anisotropic-medium formulation) as a physical basis
for engineered artificial absorbers [35].

An alternative to avoid the singularities in the upper half-
plane for the convex case would be toimpose in (25)
for the inner boundary (irrespective of . In this manner,
a dynamically stable scheme can be obtained. However, the
resultant cylindrical interface is not perfectly matched anymore
(since (25) is not true anymore). It should, more appropriately,
be called a quasi-PML [36]. This approximation behaves as a
true PML only in the limit , when the cylindrical
PML reduces to the Cartesian PML. From our preliminary

Fig. 4. Same simulation as the previous figure, but using different values for
��;max in the convex PML. The growth rate of the fields gets smaller as the
value of��;max is decreased (smaller stretching).

experience, the two important features exhibited by a quasi-
PML when compared to a true PML (when the latter is
applicable) are: 1) a nonzero reflection coefficient in the
continuum limit and 2) the need for a more finely tuned profile
to achieve the best results.

Still, a quasi-PML may have practical applications when
, for both numerical simulations and as a physical basis

for engineered artificial absorbers.

V. SPHERICAL PML ANALYSIS

In this section, we examine the causality and dynamic
stability of the spherical PML. The focus is on those aspects
that differ from the previous cases.

A. Analytical Properties of the Anisotropic Medium
and Complex-Space Formulations

The spherical PML is considered in [16], [17], [20], and
[22]. In [20], it is derived through an analytical continu-
ation (complex stretching) on the radial coordinate. The
anisotropic spherical PML formulation is presented in [22],
along with the pertinent field-mapping equations that relate
the complex-space PML and anisotropic PML fields.

In the spherical system, the constitutive tensor
for the anisotropic PML formulation is given by [22]

(32)

In the above, is the stretching parameter in the-direction,
in direct analogy with the Cartesian case

(33)

with and . The variables and are “pseu-
dostretching” parameters in theand angular coordinates
that account for the modification in the metric coefficient after
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the stretching in the -direction

(34)

where is on the physical (real) space and ,
in the physical space.

Since , the constitutive tensor in (32) can be
simplified to

(35)

Following the same reasoning used in the Cartesian PML
and cylindrical PML cases, it can be shown that has
no poles in the upper half-plane for aconcavespherical PML
and, therefore, the resultant FDTD scheme will be dynamically
stable in this case.

In the case of aconvexspherical PML, we note that, due
to the pole cancellation in the angular terms and in
(32), the tensor has no poles in the upper half-plane.
However, its inverse has poles in the upper half-
plane due to the factor in the radial term of (35), and,
therefore, dynamical instability should be expected on FDTD
simulation using a convex PML on spherical coordinates.

This is also predicted by a direct analysis of the field solu-
tions in the frequency domain. Analogously to the Cartesian
and cylindrical cases, the solutions of the modified ME’s
inside the spherical PML are just the analytic continuation
of the solutions of the usual ME’s in spherical coordinates,
with the coordinate mapped as in (20) with stretching
parameters defined by (33) [16], [17], [20], [22], so that

. When using a convex spherical PML, the analyticity
of the solutions in the upper half-plane is again not preserved.
The important distinction from the cylindrical case discussed
in Section IV is that the Hankel and Bessel
functions are replaced by its spherical counterparts and

. Although not having branch points on the real axis as
, thedenominatorfunctions in the spherical case

still have zeros on the lower half-plane, as illustrated in Fig. 5.
These zeros will eventually appear as poles on the upper
half-plane of the field solutions under complex stretching.

The same observations made about the quasi-PML in cylin-
drical coordinates also applies to the spherical case. The in-
ner/outer domain differentiation is a major asymmetry present
on the cylindrical or spherical PML and has no analogy in
the Cartesian PML. The spatial domain enclosed by an inner
boundary on the cylindrical or spherical is of finite extent,
in contrast to the Cartesian and outer boundaries cases. A
wave propagating into an inner cylindrical or spherical domain
eventually emerges back on the outer domain, but the converse
is not true. Moreover, astrictly concave or planar PML cannot
completely coat a body of finite size.

Fig. 5. Contour map of the magnitude of the functionh(1)2 (z) on the
complex plane. Darker regions represent smaller values. The zeros on the
lower half-plane are clearly visible.

Fig. 6. 3-D spherical-grid FDTD solution with eight-layer spherical PML.
The solid line represents the case with the concave spherical PML only. Both
the direct and reflected pulse due to the inner PEC sphere are visible. No
reflected fields due to the grid ends at the outer boundary are visible. The
dashed line represents the FDTD simulation with the convex spherical PML
coating the inner PEC sphere. The dramatic early-time instability incurred is
evident.

B. Numerical Results for the Spherical PML

In what follows, some numerical results for FDTD simula-
tions using the spherical PML are presented to illustrate the
previous discussion.

Fig. 6 depicts the normalized field from a Hertzian
dipole radiating in the presence of a perfect conducting sphere.
The field is computed using a spherical-grid 3-D PML–FDTD
algorithm. The time-stepping scheme is the same as the one
described in [20] (complex-space formulation). The space
discretization and the treatment of the singularities of the
spherical coordinate system follows [37]. The-polarized
Hertzian dipole is located at and
the resultant field is sampled at ,
where is the (free-space) wavelength corresponding to
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Fig. 7. Same simulation as the previous figure with another simulation using
a smaller value for�r;max in the convex PML. Similarly to the cylindrical
case, the growth rate of the fields becomes smaller as the complex stretching
is decreased.

the central frequency of the excitation pulse. The perfectly
conducting sphere is centered at the origin and has
a radius . The spherical grid is terminated at

, where a hard boundary condition is set (zero
tangential fields). The FDTD algorithm includes an eight-layer
concave spherical PML region before the grid ends. The PML
thickness is for a cell size in the radial
direction. A quadratic taper on is used, varying from zero to

. For simplicity, is set equal to one everywhere. The
excitation pulse is the first derivative of the Blackman–Harris
pulse with central frequency MHz. Due to the high
grid curvature on the simulation region, a very small time step
has to be used: ps. The solid line in the Fig. 6 shows
the result when using only a concave spherical PML before
the outward boundary. This corresponds to the configuration
depicted in Fig. 2(a). Both the direct pulse and nonspurious
reflected pulse due to the inner perfect conducting sphere are
visible. No spurious reflection due to the outer boundary is
visible. The small oscillations after the passage of the direct
pulse are due to the numerical dispersion effects caused by
the coarse grid density adopted. The dotted line is the result
of the simulation when an eight-layer convex spherical PML
is placed around the inner sphere. This corresponds to the
configuration depicted in Fig. 2(b). The same value of
is used for the concave and convex PML in this case. As in
the cylindrical case, we observe the dramatic instability of the
resultant FDTD algorithm, with an exponential growth soon
after the wave reaches the convex spherical PML.

Fig. 7 shows the results of the same simulation using also
a smaller value for in the convex spherical PML. The
instability is still present, but appears later.

VI. RELATION BETWEEN ANISOTROPIC MEDIUM PML
AND COMPLEX-SPACE PML FIELDS

Although, for clarity, we have addressed the anisotropic-
medium and complex-space formulations for the PML sep-
arately here, their dynamic stability properties are indeed

intimately connected. The results obtained also seem to suggest
that. Such connection is best appreciated by writing down
explicitly, for the three coordinate systems considered, the
formulas relating the resulting fields inside the PML in the two
formulations [22]. They have the very simple generic form

(36)

where stands for the coordinates, , and
stands for the stretching or pseudostretching variables in

the appropriate directions, as defined before. The superscripts
“ ” and “ ” in (36) stand for anisotropic PML and complex-
space PML fields, respectively. If we interpret the complex
stretching as a stretching on the metric of space [38], then we
conclude that the stretching or pseudostretchingvariables
in (36) are just the factors that multiply the original metric
coefficients to give the new (stretched) metric coefficients
on each direction. This interpretation, in view of the metric
invariance of ME’s [38], [39], also explains the reason why
there exist two different PML formulations. As discussed
before, from the knowledge of the closed-form solutions in
free-space , we may directly write down the closed-
form field solutions inside the complex-space PML
through a simple analytic continuation on the spatial variables
of given by (20), (25), or (34). If we denote such
analytic continuation more compactly as , then we have

(37)

By combining (36) and (37), we may also write the field
solutions inside the anisotropic PML in closed-form in terms
of the free-space solutions

(38)

Multiplying (36) by and transforming back to the time
domain, we have

(39)

where and are functions depending on the stretching
parameters. In the physical domain, , , and the
fields coincide.

VII. CONCLUSIONS

The analytic continuation (complex coordinate stretching) of
ME’s to complex space is a powerful method to achieve the
reflectionless absorption of EM waves in different coordinate
systems. Through this approach, it is possible to extend the
PML concept to different coordinate systems and even to other
classes of linear-wave phenomena, such as scalar (Helmholtz
equation) [40], paraxial [15], and elastic wave problems [14].

In this paper, we have pointed out some limitations of this
approach. In particular, the complex stretching should preserve
analyticity on the upper half of the complex-plane to ensure
that causality is not violated.

We have addressed the connection between the violation of
causality in the sense of a real-axis Fourier inversion contour
and the dynamic instability of the resultant time-stepping
scheme in the FDTD method.
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We have shown that the original Cartesian anisotropic
PML does indeed satisfy the Kramers–Kronig relations and,
therefore, does not violate causality in the sense of real-axis
Fourier inversion contour. In addition, the resultant fields on
the complex-space formulation preserve the analyticity on
the upper half-plane and, as a result, the Cartesian PML is
dynamically stable.

In the cylindrical and spherical case, the anisotropic-medium
formulation of theconcavePML has constitutive tensors free
of singularities and zeros on the upper half-plane. For the
convexanisotropic PML (i.e., at inner boundaries), however,
the resultant constitutive tensors contain singularities and/or
poles on the upper half-plane. For the complex-space formu-
lation of the concavePML (i.e., at outer boundaries), both
in cylindrical and spherical coordinates, analyticity of the
frequency-domain field solutions on the upper half-plane is
preserved. In theconvexcase, however, the field solutions
contain singularities in the upper half-plane. These solutions
are noncausal in the sense of a real-axis Fourier inversion
contour. The lack of analyticity on the upper half-plane implies
a dynamically unstable FDTD scheme with solutions that may
grow unbounded. This is illustrated with numerical results
from 2-D cylindrical grid and 3-D spherical grid FDTD
simulations.

We have also pointed out that the anisotropic PML fields and
complex-space PML fields are related through a set of simple
equations. Furthermore, from the knowledge of the closed-
form free-space solutions, both fields can be written in closed
form.

To avoid dynamical instability in the convex case, a quasi-
PML might be an alternative for large radius of curvature.
In principle, the analysis presented here does not completely
rule out the case for a convex PML on cylindrical and
spherical surfaces. Instead, it points out that the same method
used to derive a concave PML cannot be naively applied to
obtain a convex PML. The conclusions obtained are based on
the particular frequency dependence chosen for the complex
stretching variables , which is the one prevalent in the
literature. However, other choices are also possible to obtain
different functional dependences on(at the cost of increased
complexity on the resultant time-domain equations). It is
of interest to investigate whether, by doing so, it might be
possible to derive a stable PML on convex surfaces. Finally,
the analysis presented here provides the basis for alocal
analysis of the analytical properties and dynamical stability
of the conformal PML on a general orthogonal curvilinear
coordinate system [41].
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