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Abstract—A three-dimensional (3-D) finite-difference time-do-
main (FDTD) scheme is introduced to model the scattering from
objects in continuous random media. FDTD techniques have been
previously applied to scattering from random rough surfaces
and randomly placed objects in a homogeneous background,
but little has been done to simulate continuous random media
with embedded objects where volumetric scattering effects
are important. In this work, Monte Carlo analysis is used in
conjunction with FDTD to study the scattering from perfectly
electrically conducting (PEC) objects embedded in continuous
random media. The random medium models under consideration
are chosen to be inhomogeneous soils with a spatially fluctuating
random permittivities and prescribed correlation functions. The
ability of frequency averaging techniques to discriminate objects
in this scenarion is also briefly investigated. The simulation
scheme described in this work can be adapted and used to help
in interpreting the scattered field data from targets in random
environments such as geophysical media, biological media, or
atmospheric turbulence.

Index Terms—Buried random objects, FDTD methods, Monte
Carlo methods, random media.

I. INTRODUCTION

NATURAL media such as the atmosphere, snow, vegeta-
tion, rocks, and soils are often inhomogeneous media that

cannot be described in a deterministic manner, so a statistical
model should be employed instead [1]. In analytical studies, sta-
tistical models (random medium models) describe a medium as
an effective or mean permittivity (or permeability) with random
fluctuations that are generated from a prescribed correlation
function. A single realization (assuming spatial ergodicity) or
ensemble of random media with correlation functions chosen
to describe the media of interest are used to study the statis-
tical properties of the scattered and transmitted fields. In these
types of media, the inhomogeneities may be described in a sta-
tistical manner, similarly to random rough surfaces studies [2].
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Understanding wave attenuation, scattering, and phase fluctua-
tions introduced by these random media is important for, e.g.,
remote sensing system design [3] and characterization of com-
munication links [4]. In particular, predictions of radar return
from objects obscured by foliage [5] or buried under snow or
grass [6] are clearly dependent on knowledge of the effects of
such geophysical media on the scattering response. Synthetic
aperture radar (SAR), for example, is a coherent process that
constructs an image of a target based on phase and attenuation
information. When the target is obscured by a random medium,
the scattering characteristics of the medium (clutter) will deteri-
orate the quality of the reconstructed SAR image. Simulation of
the phase fluctuation and attenuation characteristics of random
media can be used to estimate the effect that the medium would
have on radar response. In addition, the results could be used
in principle to help the design of signal processing algorithms
to compensate for the distortion and clutter caused by random
media.

In this work, a three-dimensional (3-D) finite-difference time-
domain (FDTD) scheme [7], [8] is introduced to directly model
the scattered field and radar cross section (RCS) of an object in a
random medium where volumetric-scattering effects are impor-
tant. The random medium parameters in this case will be ap-
proximately based on particular soil models, with subsurface
sensing applications in mind. Soil naturally contains fluctua-
tions in density, material, and moisture that may affect the scat-
tering results. In addition, because the purpose of many appli-
cations is very often to detect objects buried by man, the soil
between the target and the ground surface has usually been pre-
viously excavated and as such, it is not expected to have a strat-
ified or homogeneous profile.

Numerous studies have appeared in literature in recent
years focusing on the modeling of subsurface problems, e.g.,
[9]–[12]. Initial studies concentrated on approximate analytical
techniques [13], whereas more recently, there has been a great
deal of work on numerical methods such as the method of
moments [14] and the FDTD method [15], [9], [16]. FDTD
has been gaining popularity for these applications due to
its ability to model complex geometries with relative ease.
In these studies, the treatment of the background soil (host
medium) has been evolving in complexity, from the simple
homogeneous dielectric slabs [13] to lossy, dispersive media
with discrete particles [17], [18] and random rough surfaces
[19]. Recent work has also been done on an FDTD scheme [20]
that models the soil around the target as a random medium,
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Fig. 1. Object is a 20 cm� 20 cm� 10 cm rectangular PEC, buried 0.6 m
below the surface. 500 MHz incidence (� = 30�).

but restricted to discrete scatterers (random placement). A 2-D
FDTD study of point scatterers in inhomogeneous (Gaussian)
media has also been recently published [21]. In this work,
our focus will be on the 3-D FDTD simulation of scattering
from objects buried in continuous random media with spatially
fluctuating permittivity. Experimental studies have shown that
soil constitutive parameters are highly sensitive to moisture
[22] and geophysical material [9], so it is prudent to consider
the effects of soil parameter fluctuations. Note that from the
application viewpoint of a subsurface scenario simulation, the
results presented here are incomplete in the sense that we are
intentionally not including effects of any interface roughness
(and the associated surface-scattering clutter). This is done in
order to isolate and better understand the effects of the random
volumetric scattering itself. This is also because FDTD studies
of random rough surfaces have been carried out before [23],
[24]. To analyze a real world subsurface general scenario in
full, however, it is clear that both effects should be considered
and analyzed together.

II. FDTD AND RANDOM MEDIUM MODELS

We consider an FDTD computational domain as show in
Fig. 1, containing a rectangular perfectly electrically con-
ducting (PEC) object buried in a random medium half-space.

The incident field is introduced on a Huygens’ surface A
(see Fig. 1) enclosing both the target and the random medium
half-space, using a total/scattered (T/S) field formulation [7]. To
determine the incident field, we assume a TE or TM plane wave
incident on the half-space, and then calculate it everywhere on
the Huygens’ surface A using the half-space Green’s function
[12]. For the Green’s function used on Huygens’ surface A, we
incorporate numerical dispersion effects to minimize noise in
the scattered field domain [25]. For incident field calculations,
the permittivity of the half-space is taken to be the mean permit-

Fig. 2. Direct layer reflection is suppressed in the results that follow.

tivity of the random medium. The scattered far field is also cal-
culated in a similar fashion (again using the half-space Green’s
function) on the Huygens’ surface B in the scattered field do-
main [16]. The results of the FDTD method to be presented here
do not include the direct reflection from the half-space interface
(free-space/mean permittivity), as illustrated in Fig. 2. The in-
terface return (surface scattering) is removed because we are
only interested in the perturbations to the RCS response caused
by the buried object and random medium. Hence, only the ob-
ject return, volumetric random medium return (fluctuations),
and object-random medium interactions (and their interactions
with the half-space boundary) are included in the far-field re-
sults. If necessary, direct returns from the interface layer can be
easily obtained (even analytically) and included in the simula-
tions. The scattered fields shown here can therefore be consid-
ered as perturbations in the steady-state average return with no
object present.

To be consistent with the T/S field formulation (which uses a
half-space Green’s function), the random medium fluctuations
are truncated in the FDTD simulation so that the incident field
Huygens’ surface A encloses all the scatterers, including the
random medium itself. This truncation introduces an approxi-
mation because the incident field is injected without taking into
account the random fluctuations. In other words, at points where
the incident field is injected at the T/S (Huygens’ A) surface
surrounding the random soil, it is created as if it had propagated
through a homogeneous medium. The truncation is expected to
be more pronounced for larger incident angles (from normal),
because the incident fields travel greater distances through the
homogeneous portion of the half-space. This approximation is
similar to a Born approximation, but less stringent since it is
applied only to the Huygens’ surface A. This same applies for
the scattered field directions, since the approximation is also
used for the Huygens’ far-field transformation surface (Huy-
gens’ surface B).

The finite size of the random medium introduces further ap-
proximations, in close analogy to the classical truncation error
effect observed in random rough surface simulations [3]. Larger
domain sizes would scatter more power, as we have not normal-
ized the scattered field with respect to the power incident on the
volume. Compared to a larger domain, a finite size domain pro-
duces a smoothing of the scattered cross sections and therefore,
scattering results should be interpreted with proper care. Nev-
ertheless, because the main interest here lies on the interaction
between a buried PEC object and the random medium, a plane
wave excitation over a surrounding finite volume is a useful sce-
nario. A more realistic simulation can use a tapered wave in-
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cidence, but this would greatly increase our computational de-
mands because the plane wave allows a dimensional reduction
of the incident wave injection scheme in the Huygens’ surface A
[7]. In any case, as more computational resources become avail-
able, larger domains and a tapered wave incident scheme can be
introduced with no basic modifications in this method.

The absorbing boundary condition (ABC) used in this
problem is a perfectly matched layer (PML) [26] formulated
with stretched coordinates [27], [28] to match the lossy interior
media and provide reflectionless truncation of the computa-
tional domain. The stretched coordinate PML formulation is
chosen since it can be matched to any arbitrary interior domain,
including anisotropic or layered media, without difficulty.

In our models, the random media correlation lengths are on
the order of a wavelength (resonant regime), so that the fluctu-
ations are directly mapped into the FDTD domain. The permit-
tivity is characterized as

(1)

where and is a function of position
characterizing the random fluctuation . The fluc-
tuation at each position is a Gaussian random variable with zero
mean and with correlation function . The genera-
tion of is implemented in the Fourier domain by passing
a 3-D array of random numbers (with Gaussian distribution and
zero mean) through a digital filter whose response corresponds
to , the Fourier transform (FT) of . is
then the spectral density function of the dielectric fluctuation.
We use the following correlation function:

(2)

where and are the azimuth and vertical correlation lengths,
respectively, and is the variance. The correlation function has
a Gaussian profile in both the transverse and vertical directions.
This correlation function has been used in numerous studies to
characterize a number of geophysical media [6], [5], and [29]. In
absence of experimental data to support a specific choice of cor-
relation function for particular soil models, a Gaussian function
is a preferred choice for its generality and mathematical proper-
ties. We note that any general correlation function can be easily
incorporated into or FDTD model as well.

To create a random medium realization, we begin by defining
the 3–D Fourier Transform pair

(3)

(4)

where . To ensure that the dielectric
fluctuation will be real, we must enforce the following relation:

(5)

or equivalently

(6)

with We also assume

(7)

Let

(8)

where and are independent random arrays of Gaussian
distribution and zero mean satisfying

(9)

to preserve the properties of . The dielectric fluctuation is
then defined as

(10)

Due to the finite size of the FDTD domain, the generation of
random media in this manner has some inherent statistical error
(for instance the spatial average permittivity of finite volume
realization is not equal to theoretical average,). This statis-
tical error decreases as the number of correlation lengths in the
FDTD volume increase and/or as the variance of the fluctua-
tions decreases. For the media types examined in this paper, the
errors are very small (as shown in the next section).

III. N UMERICAL RESULTS

To first validate the numerical model, we compare the FDTD
results against the Born approximation [30]. Given a plane wave
incident on the half-space problem defined in Section II, the
fields in regions 0 (upper, free-space) and 1 (lower, random
medium) satisfy the vector wave equations, respectively

(11)

(12)

where .
We can rewrite the vector wave equations in terms of dyadic

layered Green’s functions, and , as

(13)

(14)

Using the Born approximation to obtain the first-order solu-
tion, we replace in the previous integrals by . This ap-
proximation is applicable when (low contrast).
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Fig. 3. Example random medium permittivity:x̂ � ŷ cross section.

The perturbed part of the scattered field in region 0 is then

(15)
A comparison between the Born approximation results and

the numerical results from a 3-D FDTD simulation for the
bistatic hh RCS (normal incidence) is shown in Fig. 5. With the
application in mind, three types of random media are examined
with correlation lengths of and (
being the FDTD cell size), and relative variances of 0.01 and
0.0625. The average relative permittivity is 2.908. From this
figure, we see that the agreement is excellent, particularly for
random media with smaller correlation lengths and variances,
as expected. The largest error of approximately 3 dB occurs
for the medium with a correlation length of and a variance
of . This is due to the inaccuracy of the Born approx-
imation and the slowly convergent nature of the solution for a
relatively larger correlation length.

In the following, we study the effects of the random media
on the RCS of a buried object. We employ a 3-D FDTD com-
putational domain measuring 7474 74 cells overall, where
the random soil comprises 6464 64 cells. This results in a
problem with approximately 4.19 million unknowns. For 1000
time steps, it takes approximately 250 CPU seconds to run each
realization on an AlphaServer DS20E (667 MHz with 4 GB
RAM). The discretization size is chosen to be 1.224 cm or
in free-space, which corresponds to approximately within
the soil layer (mean permittivity) for a 500 MHz pulse (center
frequency). The source used in this work is a Blackmann–Harris
pulse [31].

The soil model chosen for this simulation has an average rel-
ative permittivity of 2.908 and a conductivityof 1.14 10
S/m, which have both been experimentally determined [5] for
a typically dry ground. In this study, the standard deviations of
the soil permittivity are chosen to be 10% and 25% of the mean,
resulting in variances of 0.01 and 0.0625, respectively. These
values roughly correspond to moisture content (water volume)
fluctuations of a few percent, with a mean moisture content ap-
proximately less than 5% [9], [22] (note that the soil conduc-

Fig. 4. Example random medium permittivity:ŷ � ẑ cross section.

Fig. 5. Comparison of the FDTD results and the Born approximation for the
three medium types.

tivity has a small variance in the models also, but we have de-
termined that its effect on scattering can be neglected in our ex-
amples). Fig. 3 depicts the plane cross-section when the
correlation length is 20 cells in both directions. Fig. 4 shows the
– plane cross-section for the same domain with the same cor-

relation length.
Three types of random media are considered with different

variances and correlations, henceforth referred to as type 1 (
, ), type 2 ( , ), and

type 3 ( , ). The conductivity of the
media is kept constant. For the types of media in this study, the
actual (numerically generated) permittivity means vary slightly
(less than a few percent) for each of the different types of media.
The actual variances are for type 1, for type
2, and for type 3. The actual material parameters vary
slightly due to the statistical error of the finite size random media
generation (as mentioned in the previous section). The buried
object is placed at a depth such that the random medium scat-
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Fig. 6. ^h^h bistatic RCS (normal incidence) of random media scattering
without object.

tering amplitude is on the order of the object scattering am-
plitude. As a result, the RCS from the object will be obscured
by the clutter of the random medium. Monte Carlo analysis of
the RCS for an ensemble of random media is subsequently per-
formed to extract the bistatic RCS return of the object for normal
incidence. The object chosen is a rectangular PEC object, ap-
proximately 20 cm 20 cm 10 cm in size, buried 0.685 m
below the surface. 100 realizations are used to obtain the co-
herent part and the incoherent part of the total RCS, as follows:

(16)

The coherent component of the RCS extracts (averages out) the
scattering of the object alone, which is constant over each real-
ization (recall that the direct layer reflection is purposely not in-
cluded). The incoherent component is due to the scattering from
the random medium fluctuations, which vary over each realiza-
tion, and produces the variance of the scattered field.

Fig. 6 shows a typical (one realization) bistatic RCS (normal
incidence) for each type of random medium with no object
present. These results show that in this resonant regime, the
scattering from the random medium increases as either the
variance or the correlation length of the permittivity fluctua-
tions increase. Fig. 7 shows RCS results for the same random
medium realization, now with the buried object present. For
the type 1 medium, it is apparent that an object is present,
because the peak return is almost 10 dB greater. For the type
2 medium, the RCS over most scattering angles is slightly
greater when the object is present, although for a few scattering
angles it is actually less (due to destructive interference). In
the type 3 medium, the clutter almost completely obscures
the object RCS, and as such the presence of the object has
little effect. The bistatic RCS was examined for many random

Fig. 7. ^h^h bistatic RCS (normal incidence) of random media scattering with
object.

Fig. 8. Ensemble averaging of^h^h bistatic RCS at 0 incident anglel = l =

3� and� = 0:01.

medium realizations, and these characteristics were observed
throughout. In all of the following cases, the bistatic RCS is
studied for a TE wave ( scattered fields) at normal incidence.

Fig. 8 shows the Monte Carlo result of the object buried in a
random medium of type 1. Shown is the coherent average RCS,
incoherent average RCS, and the RCS of the object in the homo-
geneous (mean) medium. The coherent averaging reduces the
contribution of the random medium to the RCS, clearly showing
the RCS of the object (up to statistical errors). For this random
medium, the coherent averaging RCS is very close to that of the
object alone, deviating less than 0.5 dB in the worst case. The
incoherent averaging, on the other hand, shows the variance of
the scattered fields of the random medium, in this case a max-
imum of 32.5 dB around 5, or 7.55 dB below the scattering
from the object itself at that angle.

Fig. 9 shows the Monte Carlo result for the object buried in a
random medium of type 2. The coherent averaging of the RCS



MOSSet al.: FINITE-DIFFERENCE TIME-DOMAIN SIMULATION 183

Fig. 9. Ensemble averaging of^h^h bistatic RCS at 0 incident anglel = l =

3� and� = 0:0625.

Fig. 10. Ensemble averaging ofĥĥ bistatic RCS at 0 incident angle,l =

l = 3� and� = 0:0625, no object present.

reconstructs the profile of the object quite well, with a max-
imum deviation of 1.5 dB. The incoherent return is on average
about the same as the RCS of the object. In other words, the
variance of the RCS contribution from the random medium is
approximately that of the RCS from the object alone. With these
large fluctuations, determining the presence of the object in this
medium is more difficult. The averaging results are not as good
as the previous case due to the larger scattered fields from the
random medium itself and statistical error.

For comparison, Fig. 10 shows the Monte Carlo results for the
type 2 medium with no object present. From this figure, we can
see that the coherent averaging for the co-polarized field results
in an RCS which is 13 to 25 dB lower than the incoherent part.
The incoherent average of the random medium with the object is
between 0.1 dB and 0.5 dB greater than without the object, due
to the interactions between the object and the random medium.

Fig. 11. Ensemble averaging ofĥĥ bistatic RCS at 0 incident angle,l =

l = 7� and� = 0:0625.

With no object present, ideally one could expect the coherent av-
erage to be zero, but again the inherent limitations (finite domain
size, numerical dispersion, numerical round off error, etc.) of the
numerical simulation affect the results. In particular, numerical
dispersion affects the randomness in such a way that the statis-
tics of each individual medium are changed in a unique fashion.
Note that for each realization, the areas of the lattice that have
a higher permittivity are more affected by dispersion than the
areas of lower permittivity and hence the overall effect cannot
be averaged out: one cannot obtain the scattered field error from
the numerical dispersion in the homogeneous half-space alone.

Fig. 11 shows the Monte Carlo results for the bistatic RCS for
a medium of type 3. In this case, we can see that the incoherent
average of the field is approximately 5 dB greater than the RCS
of the object. As such, detecting the object in this environment
could be very difficult. The coherent average of the scattered
field does not converge well to the object RCS, with an approx-
imate 2 to 4 dB difference in magnitude. The shape is closer to
the object RCS at larger observation angles, but diverges greatly
between 40 and 20 degrees. However, compared to the RCS
of a single random medium realization, or the coherent average
without the object present, it is still noticeable that an object is
present.

Fig. 12 shows the Monte Carlo RCS ensemble averaging con-
vergence for each type of medium, in the backscattering direc-
tion. The slower convergence of the type 3 medium is due to the
stronger scattering effects of the random medium, and the re-
sulting difficulty in averaging out the coherent part of the RCS.

Monte Carlo averaging techniques do well to statistically
characterize the random medium scattering effects and can be
useful in the design of filters for clutter suppression. However,
typical Monte Carlo results (ensemble averages) are theoretical
in nature since only one realization can be observed in practice.
Therefore, it is important to investigate whether other averaging
techniques that can in principle be used in the field to aid in the
detection of targets in continuous random media. The closest
type of averaging technique one could make would be to shift
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Fig. 12. Ensemble average convergence,^h^h normal incidence.

Fig. 13. Frequency averaging of TE bistatic RCS at 0incident angle,l =

l = 3� and� = 0:0625.

the observation beam around the target to obtain distinct (albeit
still correlated) realizations [32]. In that case however, the
object would be shifting its relative position as the observation
beam is moved and this would need to be taken into account in
any detection algorithm.

Frequency averaging is a technique that can be used in
real-world detection problems to discriminate buried objects.
The targets must be relatively shallow, due to frequency de-
pendence on penetration depth. The FDTD technique is suited
to investigating frequency averaging techniques, but care must
be exercised to avoid difficulties at higher frequencies due to
numerical dispersion effects. To investigate the potential of fre-
quency averaging in our examples, we average thebistatic
RCS over frequency for a single realization of the type 2 and 3
random media considered earlier. The center frequency is 420
MHz, and we extract results from 300 MHz to 540 MHz at 10
MHz intervals (note that variations in medium permittivity with
frequency are not considered here). Fig. 13 shows the results for
the type 2 random medium, comparing the frequency averaged

Fig. 14. Frequency averaging of TE bistatic RCS at 0incident angle,l =

l = 7� and� = 0:0625.

RCS to the center frequency RCS (in the random medium and
the homogeneous medium). The averaged RCS is much closer
to the RCS of the object alone, and has effectively removed
much of the random medium clutter. The RMS difference
between the frequency averaged RCS and the object RCS is
2.47 dB, whereas for the center frequency RCS has a RMS
difference of 7.7 dB. Fig. 14 shows the frequency averaged
RCS for the type 3 medium. The averaging in this case does
not perform as well due to the larger permittivity fluctuations,
but still reduces some of the clutter. The RMS difference from
the object RCS is 4.37 dB for the frequency averaged RCS, and
8.17 dB for the center frequency RCS. Both of these cases have
shown that frequency averaging does help discriminate the
buried object in our examples. Frequency averaging is difficult
to apply to these cases (in the resonant regime), as the higher
frequencies have a much stronger scattering response from the
random medium, while the lower frequencies show a weaker
response from the target.

Other techniques such as the angular correlation function
(ACF) [19] can also be applied to this kind of problem to aid in
target detection under strong clutter conditions. Further studies
can be undertaken to determine if this or other techniques are
successful in removing the clutter under strong volume-scat-
tering effects.

IV. CONCLUSION

A 3-D FDTD scheme has been introduced to model elec-
tromagnetic scattering from objects below random media. The
random medium under consideration was chosen to be an inho-
mogeneous soil with a spatially fluctuating random permittivity
and prescribed correlation function. Limitations on the model
imposed by the computational domain size (available computa-
tional resources) were discussed. The effect of the volumetric
scattering from the random media on the RCS of a buried ob-
ject was studied. Monte Carlo averaging was performed on three
types of random media with and without an object present for
bistatic RCS (normal incidence). The coherent averaging was
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used to closely reconstruct the RCS profile of the object in a ho-
mogeneous medium, and accuracy was better for random media
with smaller permittivity variances and correlation lengths (near
the resonance regime). The incoherent averaging was used to
determine the basic statistical properties of the random medium
scattering, e.g., the variance of the random medium scattered
fields. Frequency averaging was also performed, and was suc-
cessful in averaging out part of the random medium clutter in our
examples. Further studies of other postprocessing techniques
such as ACF may be performed to determine their effectiveness
in reconstructing the RCS response under these conditions.
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