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Abstract— We construct a parallel and explicit finite-element
time-domain (FETD) algorithm for Maxwell equations in simpli-
cial meshes based on a mixedE-B discretization and a sparse
approximation for the inverse mass matrix. The sparsity pattern
of the approximate inverse is obtained from edge adjacency
information, which is naturally encoded by the sparsity pattern
of successive powers of the mass matrix. Each column of the
approximate inverse is computed independently, allowing for
different processors to be used with no communication costs
and hence linear (ideal) speedup in parallel processors. The
convergence of the approximate inverse matrix to the actual
inverse (full) matrix is investigated numerically and shown
to exhibit exponential convergence versus the density of the
approximate inverse matrix. The resulting FETD time-stepping
is explicit is the sense that it does not require a linear solve at
every time step, akin to the finite-difference time-domain (FDTD)
method.

Index Terms— Finite elements, FETD, differential forms,
Maxwell equations, parallel computing.

I. I NTRODUCTION

T HE finite-element time-domain (FETD) method has been
extensively used to simulate Maxwell equations in com-

plex geometries [1], [2], [3], [4], [5], [6], [7], [8], [9], [10],
[11]. FETD in simplicial meshes typically requires a linear
solve at every time-step. This is a basic drawback of the
method, and is in contrast to, for example, the finite-difference
time-domain (FDTD) method in rectangular meshes, which is
a “matrix-free” algorithm [12].

In [7], the construction of an “explicit” FETD time-stepping
(“marching-on-time”) algorithm, i.e. with no need for a
linear solve at every time step, was proposed in irregular
meshes. This explicit FETD based on a FE discretization
with mixed basis functions [3], [13] (denoted as “mixedE-B
FETD” [9], [10]) and a SPAI (SParse Approximated Inverse)
algorithm [14] to obtain a sparse approximate inverse mass
(Hodge) matrix.

In this work, we construct a parallel version of the SPAI-
based, explicit FETD scheme in simplicial meshes and ana-
lyze its performance in three-dimensional (3-D) simulations
of Maxwell equations. A key step in the proposed SPAI
approximation is the a priori setup of a sparsity pattern for
the approximate inverse. Here, we employ sparsity patterns
given by successive powers of the mass matrix, which describe
successive high-level adjacencies between the edges of the
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mesh. We examine the convergence of the approximate system
matrix inverse (in general, a combination of mass and stiffness
matrices) and of the approximate mass matrix inverse to their
respective exact inverses (which are full), for different sparsity
levels and time step increments. We show that exponential con-
vergence is obtained for time scales below the Courant limit,
where the system matrix converges to the mass matrix. We
discuss how this exponential convergence is associated with
properties of the Hodge star operator, which is the continuum
equivalent to the mass matrix. Because no communication cost
between processors is incurred in the computation of sparse
approximate inverses, linear (ideal) speed up can be achieved
in parallel processor systems.

II. D ISCRETIZATION

A. Mixed E-B FETD

We write Maxwell equations as [15], [16], [18]

dE = −
∂

∂t
B (1)

d ⋆µ−1 B =
∂

∂t
⋆ǫ E (2)

where E is a 1-form,B is a 2-form, andd is the exterior
derivative operator. The Hodge star (or simply Hodge) op-
erators⋆ǫ and ⋆µ−1 generalize the constitutive relations to
incorporate all metric information as well [19], [20], [21],
[22], [23], [24], [25]. The discretization of the above is done
by expandingE and B in terms on Whitney forms [16],
[17]. By denoting the Whitneyp-form associated with thei-
th p-cell (viz., nodes, edges, faces, volumes forp = 0, 1, 2, 3
respectively) asW p

i , the expansion writes [7], [9]

E =

Ne
∑

i=1

eiW
1
i (3)

B =

Nf
∑

i=1

biW
2
i (4)

where Ne, Nf are the total number of edges and faces of
the 3-D FE mesh, respectively. The semi-discrete counterpart
to (1) and (2) is [7], [9], [10], [13]

Ce = −
d

dt
b (5)

C
T [⋆−1

µ ]b =
d

dt
[⋆ǫ]e (6)

where

e = [e1, · · · , eNe
]
T (7)

b =
[

b1, · · · , bNf

]T
(8)

(9)
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are the arrays of degrees of freedom (unknowns),C is the
incidence matrix (or, less generically, the curl matrix) rep-
resenting the discrete exterior derivative acting on 1-forms
(see, e.g. [23]), and the discrete Hodge matrices[⋆ǫ], [⋆−1

µ ]
are symmetric positive-definite matrices given by the volume
integrals [7], [22]

[⋆ǫ]ij =

∫

Ω

ǫ W 1
i ∧ ⋆W 1

j (10)

[

⋆−1
µ

]

ij
=

∫

Ω

1

µ
W 2

i ∧ ⋆W 2
j (11)

where∧ is the wedge (exterior) product andΩ represents the
integrand support. The matrixC depends only on the mesh
connectivity, i.e., it has a purely“topological” character, with
elements assuming values in{−1, 0, 1} only [18], [23], [26].

By approximating the time derivatives by staggered central-
differences, the following leap-frog time update scheme re-
sults [9], [13]

bn = bn−1 − ∆tCen− 1

2

(12)

[⋆ǫ]en+ 1

2

= [⋆ǫ] en− 1

2

+ ∆tCT [⋆−1
µ ]bn. (13)

where n is the discrete time index. This is a conditionally
stable update where the maximum time step∆t is found by
requiring the eigenvalues of the associated system matrix (or
the root loci of the associatedz transform) to be within the
unit circle of the complex plane. This leads to the stability
condition [27], [28]

∆t ≤
2

√

max(λX)
(14)

whereλX is the eigenvalue set of the matrix

X = [⋆ǫ]
−1

C
T

[

⋆−1
µ

]

C. (15)

B. Vector-Wave-Equation FETD

The discretization described in the previous section uses
both electric and magnetic fields as unknown and expands
them using a mixed set of basis functions. More traditionally,
FETD discretizations have been done using the second-order
vector wave equation in terms of the electric field vector~E,
that is

∇× {
1

µ
∇× ~E} + ǫ

∂2

∂t2
~E = 0 (16)

followed by a projection of the electric field onto a discrete
vector space spanned by (vector) edge elements~W 1

i (proxies
of Whitney 1-formsW 1

i [16]) as

~E =

Ne
∑

i=1

ei
~W 1

i (17)

and by Galerkin’s testing [2], [29] to give the semi-discrete
equations

M
d2

dt2
e + Se = 0 (18)

wheree is the same vector as in (7) and the elements of the
mass matrixM and the stiffness matrixS are given by the

volume integrals

Mij =

∫

Ω

ǫ W 1
i ∧ ⋆W 1

j (19)

Sij =

∫

Ω

1

µ
dW 1

i ∧ ⋆ dW 1
j (20)

which can be expressed alternatively as

Mij =

∫

Ω

ǫ ~W 1
i · ~W 1

j dV (21)

Sij =

∫

Ω

1

µ
(∇× ~W 1

i ) · (∇× ~W 1
j ) dV (22)

wheredV is a volume element. Note thatM = [⋆ǫ].
There are various consistent ways to perform the time

discretization of the above. Backward- and central-differences
are among the simplest choices [2]. The resulting time updates
are respectively written as

(

M + ∆t2S
)

en+1 = 2Men − Men−1, (23)

and
Men+1 =

(

2M− ∆t2S
)

en − Men−1. (24)

The update scheme (23) is unconditionally stable, whereas
update (24) is conditionally stable with maximum time step
given by [2]

∆t ≤
2

√

Max(λX)
(25)

whereλX is the set of eigenvalues of the matrix

X = M
−1

S. (26)

This stability condition is equivalent to that of (14) because
S = C

T
[

⋆−1
µ

]

C, see [22] for example. Note also that by
eliminating the magnetic field in (5) and (6), we get the semi-
discrete wave equation

[⋆ǫ]
d2

dt2
e + C

T
[

⋆−1
µ

]

Ce = 0 (27)

which is equivalent to (18).

III. E XPLICIT AND PARALLEL FETD

The time stepping schemes described in the previous Sec-
tion require a linear solveat every time step in simplicial
meshes. This is a major computational bottleneck and, hence,
it is highly desirable to developexplicit updates, where no
linear solve is necessary during time-stepping.

The most “direct” way to produce an explicit FETD update,
starting from (12) and (13), would be to simply write

bn = bn−1 − ∆tCe
n−

1

2

(28)

e
n+1

2

= e
n−

1

2

+ ∆t [⋆ǫ]
−1

C
T [⋆−1

µ ]bn. (29)

where[⋆ǫ]
−1 is obtained numerically. This is of course wholly

impractical for large problems not only because the compu-
tational cost of obtaining[⋆ǫ]

−1 is too high, but also because
[⋆ǫ]

−1 is in general a full matrix.
Reference [13] discusses the use of a sparse approximation

for [⋆ǫ]
−1 as a route to derive an explicit FETD. Here,

we describe an embarrassingly parallel algorithm to compute
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the sparse approximation, and show an implementation the
resulting algorithm in simplicial meshes. We explain the con-
vergence results obtained in view of the Hodge star operator
properties.

A. Parallel Computation of Approximate [⋆ǫ]
−1

Consider the generic linear system

Ax = b (30)

The SPAI algorithm approximates the sparse inverseÂ
−1 by

minimizing Frobenius norm‖ · ‖F of the error matrixEr =
AÂ

−1 − I, and it is implemented here as follows:

1) Prepare the sparsity patternP of the approximated
inverse matrix. This step will be discussed in more detail
in the next section below.

2) Select thek-th column of P, denoted asmk and the
k-th column of the identity matrix, denoted asek.

3) Build a column index vectorJ from the indicesj such
that mk(j) 6= 0.

4) Build a row index vectorI such that it removes the zero
rows of A(i,J ).

5) Prepare a submatrixA(I,J ) = Ā.
6) Prepare subvectors̄ek = ek(I) andm̄k = mk(J ).
7) Findmk that minimize‖Ām̄k− ēk‖2. This can be done

by a least square method to solve an over determined
system equation.̄Am̄k − ēk.

8) Insert calculated̄mk into original columnmk of P by
mk(J ) = m̄k

9) By repeating the above procedure for all columnsk, P

becomes the approximate inverseÂ
−1 sought.

This above procedure is embarrassingly parallel because itis
done for eachk column column independently. The resulting
FETD update writes

bn = bn−1 − ∆tCe
n−

1

2

(31)

e
n+1

2

= e
n−

1

2

+ ∆t [⋆̂ǫ]
−1

C
T [⋆−1

µ ]bn. (32)

where[⋆̂ǫ]
−1 is the sparse approximation of[⋆ǫ]

−1, obtained
as above. Since both (31) and (32) involve spatial stencils of
limited span, this time-stepping procedure itself can alsobe
parallelizable, similarly to high-order FDTD algorithms having
extended spatial stencils. Note that the above computation
for [⋆̂ǫ]

−1 may lead to a slightly asymmetric matrix due
to numeric round-off error. Symmetry can be enforced a
posteriori by letting[⋆̂ǫ]

−1 → 1/2
(

[⋆̂ǫ]
−1 + [⋆̂ǫ]

−T
)

, where
[⋆̂ǫ]

−T is the transpose of[⋆̂ǫ]
−1. Enforcing exact symmetry

in [⋆̂ǫ]
−1 is important for the stability of the resulting FETD

algorithm [27].

B. Sparsity Pattern Computation

The SPAI algorithm above requires the sparsity pattern of
the approximate inverse to be determined a priori. A simple
approach to construct such sparsity pattern using mesh con-
nectivity information based on powers of the mass matrix was
suggested in [7] and further discussed in [13]. An equivalent
approach was also considered in detail in [30]. As seen
from (21), the sparsity pattern of the Hodge matrix[⋆ǫ] =

M encodes information about the nearest-neighbor adjacency
between edges in the FE mesh. Moreover, sparsity patterns of
Hodge matrix powersMk, k = 1, 2, . . . encode successively
high-level adjacencies between edges. It is reasonable to
choose these very sparsity patterns for the approximate inverse
Hodge matrix because not only⋆ǫ but also ⋆−1

ǫ are strictly
local operators in the continuum. Ask increases, we trade the
sparsity for accuracy in the computation of the approximate
inverse, as illustrated in the following section.

C. Convergence of the Sparse Approximate Inverse

Fig. 1 illustrates the convergence of the sparse approximate
inverse (using sparsity patterns ofM

k, k = 1, . . . , 4) to the
true inverse by measuring Frobenius norm of the error matrix
Er defined before, with

A = M + ∆t2S, (33)

which is the linear system matrix in (23) and, for∆t = 0,
recovers the linear system matrixM = [⋆ǫ] in (13) and (24).
The three-dimensional finite element mesh used to generate
Fig. 1 results has a total of 643 edges and is shown in
Fig.2. It discretizes a rectangular domain of size3 × 4 × 5
m3 with Dirichlet boundary conditions (for the electric field).
From Fig. 1 we observe that the sparse approximate inverse
converges very quickly to the true inverse for small∆t ask
increases. In particular, the convergence is exponential when
∆t = 0 in (33), which is the case of primary interest here
for when the system matrix in the explicit update (13) is
recovered.

The Courant limit given by (14) (and equal to 0.673783
ns in this example) is also indicated in Fig. 1. This limit of
course does not apply to (23), which is an unconditionally
stable update. It simply serves to indicate here how small
the time step should be vis-à-vis the average mesh size to
obtain exponential convergence, and also that this remains
roughly invariant with mesh size, provided the mesh is as
uniform as possible. Because the time step size for exponential
convergence is much smaller than the Courant limit, it follows
the use of such sparse approximate inverse is less suited for
an implicit scheme such as (23). This can be explained by
comparing (16) and (18): the matrixS+ 1

∆t2
M corresponds to

a discrete version of the differential operator∇× 1

µ
∇×+ǫ ∂2

∂t2
.

The inverse of the latter (Green’s function) exhibits a long-
range, 1/r algebraic decay (as opposed to⋆−1

ǫ , which is
strictly local as noted before)1.

D. Parallel Speedup

The speedup provided by parallelization is shown in Fig. 3.
The graph indicates the reciprocal time for constructing the
approximated inverse of a205, 9202 mass matrix withk = 3,
versus the number of processors in the cluster. The cluster
employed in this result is made of identical dual-socket, dual-
core 2.6 GHz AMD Opterons processors with 8 GB RAM

1In this case, other sparsity patterns relying, for example,on heuristics
about the underlying Green’s function may be better suited to provide
approximate inverses. These would be inevitably less precise though, and
primarily applicable only as preconditioners [14], [31], [32].
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Fig. 1. Linear-scale and log-scale plots of‖AÂ−1 − I‖F , for A =
M + ∆t2S. Note that for∆t → 0 (left region), the system matrixA
converges to the mass matrix. In this regime, the convergence of the matrix
norm‖AÂ−1−I‖F is exponential with increasingk, as clearly seen from the
logarithm scale plot. The vertical line indicates the Courant stability limit (14)
for ∆t.
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Fig. 2. Finite element mesh of a3× 4× 5 m3 rectangular domain used for
the convergence study in Fig. 1.

each. We can see that the reciprocal time increases linearly
(ideal speedup) as we add more processors in the the cluster,
as there is no need for the processors to communicate with
each other during the approximate inverse computation.

E. Eigenmode Convergence Analysis

We next study the convergence of the field solution
by first considering the dominant eigenmode solution in a
two-dimensional rectangular cavity with perfectly conducting
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Fig. 3. Reciprocal of the processing time to obtain the approximate inverse of
the Hodge matrix as a function of the number of processors. Inthis example,
the Hodge matrix considered has205, 9202 elements andk = 3. The speedup
observed is linear (ideal) because the processors do not need to communicate
with each other.

(PEC) walls. We examine the accuracy of the results for
different mesh refinements and parametersk. This is a simple
geometry that admits exact solutions, which can be used as
reference. The solution for the dominant mode is obtained
directly from the associated eigenvector of the finite element
system matrix. In other words, a time-stepping is not utilized
in this case. Furthermore, as there is no geometrical error
stemming from a discrete rendering of the cavity, the errors
due to the sparse approximate inversion of[⋆ǫ] and thespatial
discretization of the field can be better isolated.

We first compute the sparse-approximate-inverse error or “i-
error”, on the electric field for variousk and mesh refinements.
Note that dominant eigenmode distribution, TE10, depends
solely on the aspect ratio of this cavity, which is chosen as
0.9. Thei-error is computed assuming as reference the solution
employing the direct (numerically exact, full matrix) inverse ,
that is

∫∫

S

‖ ~Es − ~Ed‖2

‖ ~Ed‖2
dxdy (34)

where ~Es is the finite element solution using sparse approxi-
mate inverse[⋆̂ǫ]

−1, and~Ed is the finite element solution using
exact inverse[⋆ǫ]

−1 .
Fig. 4 shows the convergence of thei-error for various

values of k and different mesh refinements. Five irregular
simplicial meshes are considered, withd = 8h, 16h, 32h,
64h, and128h, whered is the shortest side of the cavity and
h is the average edge length of the mesh elements. We observe
an exponential convergence of the results with increasingk,
in agreement with Fig. 1 in the∆t → 0 limit. Table I lists the
numerical values of the correspondingi-errors.

We next compute the discretization error, or “(i+s)-error”.
This is the error computed by using the analytical solution as
reference, that is

∫∫

S

‖ ~Es − ~Ea‖2

‖ ~Ea‖2
dxdy (35)

where ~Ea represents the exact TE10 eigenmode of the rect-
angular cavity. The(i + s)-error includes the error caused
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Fig. 4. Plot of thei-error on the (dominant mode) electric field for various
k, showing exponential convergence irrespective of the meshresolution.

TABLE I

i-ERROR ON DOMINANT EIGENMODE

d k = 1 k = 2 k = 3 k = 4

8h 0.0012541424 0.0000439891 0.0000007233 0.0000000784
16h 0.0001642943 0.0000048964 0.0000001870 0.0000000032
32h 0.0004281827 0.0000120741 0.0000004573 0.0000000113
64h 0.0006355718 0.0000198796 0.0000006479 0.0000000164
128h 0.0006213499 0.0000213711 0.0000006286 0.0000000309

by approximate inverse computation of[⋆̂ǫ]
−1 and the error

caused by the (spatial) finite element discretization itself.
Fig. 5 plots the(i + s)-error under variousk and different

mesh refinements, for the same five simplicial meshes as
before. Note that due to the exponential convergence of the
approximate inverse, the error caused by the spatial discretiza-
tion quickly dominates the(i + s)-error ask in increased. In
particular,k = 3 is sufficient for allh considered. Table II
lists the corresponding numerical values.
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Fig. 5. Plot of the(i + s)-error on the (dominant mode) electric field for
variousk and mesh refinements. Note thatk = 3 suffice for all resolutions
considered (i.e.,k = 4 does not reduce the total error further).

Next, we consider a three-dimensional cavity example with
time-stepping. Note that the FETD update (31) and (32) has
a truncation error of second order,∆t2, and a cummulative
numerical dispersion error. We excite the electric field using a
spatially-uncorrelated random field distribution (white noise)
at t = 0 and examine the cavity spectrum by taking the FFT
of the computed FETD time-domain data. The settings of the
FETD simulation are as follows. The size of prepared PEC

TABLE II

(i + s)-ERROR ON DOMINANT EIGENMODE

d k = 1 k = 2 k = 3 k = 4

8h 0.0451671408 0.0433014775 0.0431448067 0.0431737723
16h 0.0076124376 0.0075139275 0.0075237090 0.0075209606
32h 0.0034503909 0.0017692151 0.0017521090 0.0017515103
64h 0.0026455523 0.0005574514 0.0004663317 0.0004656869
128h 0.0025342864 0.0004113815 0.0001429546 0.0001412352

cavity is 9 × 10 × 11 m. The simplicial (tetrahedral) mesh
has d = 64h, whered again refers to the shortest side of
the cavity andh to the average length of the mesh element
edges. The corresponding incidence matrix[C] has433, 798×
259, 580 elements (this is also an indicator of the mesh size,
as the number of rows and columns in[C] corresponds to
number of facets and edges of the mesh, respectively). For
this mesh, the ratio of fill-ins of[⋆̂ǫ]

−1 relative to the fill-ins
of [⋆ǫ] for k = 0, 1, 2, 3, 4 are equal to 0.0627, 1.00, 5.40,
17.19, 39.96, respectively (these numbers are close to what
should be expected for three-dimensional simplicial meshes
in general).

The FETD results below employsk = 3. The time in-
crement∆t is such thatc∆t = 0.0625 m, wherec is the
speed of light in m/s. The frequency resolution of the FFT
is sufficiently fine not to perturb the underlying accuracy of
the finite element discretization. To guarantee a given spectral
resolution of∆f , we haveN∆t ≥ 1/∆f , whereN is the
total number of time steps (FFT samples) [11]. The simulation
employs N = 16 × 106, yielding ∆f = 1 × 10−6c Hz.
This largeN (and fine spectral resolution) is beyond what
is necessary in most applications, but it serves to also verify
the late-time stability of the proposed FETD algorithm.

Fig. 6 depicts the spectral amplitude of the cavity field
computed by FETD using (28)–(29). Fig. 6(a) shows the
spectrum in a frequency range that includes the thirteen
lowest eigenfrequencies. The vertical red lines indicate the
exact eigenvalues. Excellent agreement is obtained between
the computed and exact eigenvalues. Fig. 6(b) shows a zoomed
view of the spectrum around the frequency range34−37 GHz.
The splitting of two degenerate eigenfrequencies near 37 Ghz
is visible in this plot. This splitting is caused by the irregular
mesh discretization, which slightly perturbs the symmetryof
corresponding eigenmodes.

IV. CONCLUSION

We have discussed a parallel and explicit (with leap-
frog time-stepping) FETD algorithm that utilizes a sparse
approximation of the inverse of the Hodge (mass) matrix. The
sparsity pattern of the approximate inverse is pre-computed
using powers of the Hodge matrix itself, which encode edge
adjacency information of the mesh. The sparse approximate
inverse matrix computation is performed independently for
each column and in a parallel way with no communication
costs, and hence ideal (linear) speed-up with the number of
processors. The approximate inverse of the Hodge matrix is
shown to converge exponentially to the true (full) inverse
with increasing number of adjacency levelsk (fill-in factor).
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(a) Spectral amplitude of the cavity field computed by FETD. The eigenfre-
quenciesf i

n are extracted from the spectral peaks and indicated by the crosses.
The vertical lines represent the exact eigenfrequenciesf i

e, for i = 1, 2, . . .,13.
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(b) Zoomed view of the 34–37 GHz frequency window, showing the splitting
of the degenerate eigenfrequencies near 37 GHz caused by discretization.

Fig. 6. Spectral amplitude of the electromagnetic field inside a three-
dimensional cavity computed by FETD using (28)–(29) withk = 3.

The exponential convergence is explained by invoking the
(strictly) local nature of the inverse Hodge star operator (in
the continuum limit). Numerical results involving two- and
three-dimensional problems have illustrated the efficacy of the
proposed algorithm.
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