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Space–Frequency Ultrawideband
Time-Reversal Imaging
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Abstract—We introduce time-reversal ultrawideband (UWB)
imaging functionals based on the simultaneous utilization of spa-
tial and UWB frequency data acquired by limited-aspect antenna
arrays. The targets are discrete scatterers embedded in homo-
geneous or continuous random inhomogeneous media. Singular
value decomposition is applied to space–frequency multistatic
scattering data matrices indexed by sensor location and frequency
data, and the resulting singular values and vectors are employed
to construct time-domain excitation signals for UWB imaging of
the embedded scatterer(s) via synthetic backpropagation (reverse
migration). Spatial information needed for focusing on the embed-
ded scatterer(s) is provided by either the left singular vectors or
the eigenvectors of the space–space multistatic data matrices. The
resulting UWB imaging functionals can yield statistical stability in
random media.

Index Terms—Decomposition of the time reversal (TR) operator
(DORT), imaging, Multiple Signal Classification (MUSIC), TR.

I. INTRODUCTION

T IME-REVERSAL (TR) techniques [1] involve physical or
synthetic backpropagation (reverse migration) of signals

received by a sensor array (TR antenna array) in a time-reversed
fashion (first-in–last-out sequence) for detection and localiza-
tion of targets. These techniques exploit the invariance of the
wave equation under TR (in lossless and stationary media),
which enables optimal focusing of time-reversed signals around
the original target locations. TR techniques yield superresolu-
tion in inhomogeneous media, i.e., the ability to resolve scatter-
ers beyond the classical diffraction limit, and statistical stability
in random media, i.e., the possibility of constructing imaging
functionals that depend only on the statistical properties of the
intervening (random) media and not on a particular realization.
First introduced in acoustics [1], TR techniques have later found
applications in electromagnetics as well [2]–[12].

The TR operator obtained from the scattering multistatic data
matrix (MDM) plays a fundamental role in TR imaging. In
particular, the eigenvalue decomposition of the TR operator
(DORT) forms the basis of both DORT [13], [14] and TR
Multiple Signal Classification (TR-MUSIC) [15], which are
methods that construct imaging functionals employing com-
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plementary (sub)spaces of the TR operator. For well-resolved
pointlike scatterers, signal-subspace eigenvalues and eigenvec-
tors carry partial information on the location and strength of
the scatterers [13]. Signal-subspace eigenvectors are used by
the DORT method to construct the set of backpropagating
pulses for each array element. DORT has been applied to
both time-harmonic and ultrawideband (UWB) electromag-
netic waves [16]–[20], but its performance deteriorates if the
well-resolvedness criterion is not met. On the other hand,
TR-MUSIC utilizes the noise subspace of the TR operator,
which is orthogonal to the signal subspace and provides better
resolution than DORT in homogeneous background media.
Previous works on TR-MUSIC have included both single- [15]
and multiple-scattering scenarios [5], [21], as well as more
general sensor array configurations [22] and extended targets
[23], [24].

Traditionally, the eigenvalue decomposition of the TR oper-
ator required by DORT and TR-MUSIC is carried out using the
space–space MDMs at a single frequency. The UWB exten-
sions of these methods, viz., time-domain DORT (TD-DORT)
[20] and UWB-MUSIC [25], utilize the same space–space
MDMs and combine them at multiple frequencies to obtain
statistically stable images. However, at each frequency, the
eigenvectors carry an arbitrary and frequency-dependent phase
from the eigenvalue decomposition. As a result, eigenvectors in
the time domain become incoherent, and a preprocessing step
is necessary to obtain coherent time-domain eigenvectors. This
is particularly important in inhomogeneous background media
with strong multiple scattering, where multipath components
need to be coherently combined over the entire bandwidth
at the target(s) location(s). Such preprocessing can be done
by using a power singular value decomposition (SVD) or by
projecting the incoherent eigenvectors onto columns of the
MDM [26]. An alternative way to overcome this problem is
through the application of SVD directly to the space–frequency
MDM (SF-MDM), as practiced here. Instead of utilizing an
MDM at a specific frequency, we combine MDMs obtained
at different frequencies to yield a new MDM whose columns
and rows correspond to space and frequency components of
the received signals, respectively. SF-MDM was first proposed
in [27] in the context of the conventional MUSIC algorithm
[28] to determine 3-D positions and electrical parameters of
focal lesions for biomedical applications. The proposed ap-
plication of SVD to this new MDM yields a set of singular
values and corresponding left and right singular vectors. The
left singular vectors encode the target location in the form of
relative phase shifts among elements. The right singular vectors
encode the frequency dependence of the received signals (target

0196-2892/$25.00 © 2008 IEEE



1116 IEEE TRANSACTIONS ON GEOSCIENCE AND REMOTE SENSING, VOL. 46, NO. 4, APRIL 2008

signatures), which can be directly employed for UWB imaging
without any preprocessing step. In this paper, we introduce new
TR-based imaging approaches using the singular vectors of the
SF-MDM for backpropagation from the TR array antennas.
We analyze the singular values and vectors obtained for var-
ious scattering scenarios involving continuous random media
modeled by spatially fluctuating permittivities with Gaussian
correlation functions. A limited-aspect linear TR array is used
to probe the (random) media with UWB signals for the imaging
of embedded discrete scatterers.

II. OVERVIEW OF CONVENTIONAL TR IMAGING

In conventional DORT and TR-MUSIC, an active TR array
of N transceivers produces an N × N symmetric (due to reci-
procity) MDM denoted as K(ω), where ω is the frequency. In
this case, each MDM element kij(ω)(= [K(ω)]ij for i, j = 1,
. . . , N) corresponds to the signal received at the ith antenna
when the jth antenna is used as the (sole) transmitter. Such
MDM is denoted as space–space MDM here since each of its
elements is associated with a different array element at a given
frequency. Using this MDM, the TR operator is defined as the
self-adjoint matrix T (ω) = K†(ω)K(ω) [14], where K†(ω) is
the Hermitian conjugate of K(ω). The SVD of K(ω) is given
by K(ω) = U(ω)Λ(ω)V †(ω), where U(ω) and V (ω) are uni-
tary matrices and Λ(ω) is the real diagonal matrix of singular
values λ1(ω), . . . , λN (ω). As a result, the eigenvalue DORT is
T (ω) = V (ω)S(ω)V †(ω), where S(ω) = Λ†(ω)Λ(ω) is the
real diagonal matrix of eigenvalues µ1(ω), . . . , µN (ω), with
µi(ω) = λ2

i (ω). The eigenvectors of the TR operator corre-
spond to the columns of the unitary matrix V (ω)(vi(ω), i = 1,
. . . , N), which are normalized and orthogonal. The signal sub-
space of the TR operator is formed by the eigenvectors with sig-
nificant eigenvalues, i.e., {v1(ω), . . . ,vMs

(ω)}, with λ2
1(ω) >

· · · > λ2
Ms

(ω) ≥ λ2
ts(ω), where Ms represents the number of

significant eigenvalues for some threshold λts(ω). The noise
subspace is formed by the remaining eigenvectors with small
eigenvalues, i.e., {vMs+1(ω), . . . ,vN (ω)}, with λ2

ts(ω) >
λ2

Ms+1(ω) > · · · > λ2
N (ω) ≈ 0. In homogeneous media and

under isotropic scattering, Ms is equal to the number of
pointlike scatterers Mt in the probed domain. This does not
always hold for nonisotropic scattering and/or inhomogeneous
backgrounds [16], [17], [29] requiring different thresholding
criteria to determine the signal and noise subspaces of the
TR operator. Throughout this paper, Mt < N , and isotropic
scattering is assumed.

Once the signal and noise subspaces are determined, forming
the image of the targets requires knowledge of the background
Green’s function vector (steering vector) g(X̄s, ω) at each
search point X̄s in the probed domain [9], [30], which is
given by

g(X̄s, ω) =
[
G(X̄s, R̄1, ω), . . . , G(X̄s, R̄N , ω)

]T
(1)

where G(X̄s, R̄i, ω) is the background Green’s function, and
R̄i(i = 1, . . . , N) is the ith antenna location at the TR array.
In many practical instances, g(X̄s, ω) is not known in an exact
(deterministic) fashion and is modeled instead as a random

variable. As a result, approximate steering vectors should be
used, instead of g(X̄s, ω). In this paper, we utilize g0(X̄s, ω) =
[G0(X̄s, R̄1, ω), . . . , G0(X̄s, R̄N , ω)]T , where G0 is the
Green’s function of a homogeneous medium with the same
mean constitutive parameters (assumed known) of the under-
lying inhomogeneous (random) background medium that yields
K(ω).

The eigenvectors of the signal subspace are related to com-
plex conjugates of the Green’s function vectors connecting the
target locations to the TR array via

vp(ω) = ejφsvd(ω) g∗(X̄p, ω)∥∥g(X̄p, ω)
∥∥ (2)

where X̄p is the location of the pth target in the probed domain,
φsvd(ω) is the frequency-dependent phase that comes from the
SVD [30], and the star superscript denotes complex conjugation
[19]. Using these eigenvectors, image functionals peaked at X̄p

are constructed as

Dp(X̄s, ω) =
〈
g(X̄s, ω),v∗

p(ω)
〉

= vT
p (ω)g0(X̄s, ω) (3)

for p = 1, . . . , Ms, where 〈, 〉 represents the standard inner
product. When the central frequency (CF) of operation is
employed, this corresponds to the so-called CF-DORT method
[25]. Alternatively, TD-DORT [20] is obtained by constructing
a time-domain pulse for each array element from a combination
of signal-subspace eigenvectors over the entire bandwidth via
rp(t) = F−1(K†(ω)up(ω)) = F−1(λp(ω)vp(ω)), where F−1

stands for inverse Fourier transform. Once rp(t) is (synthet-
ically) transmitted back into the (approximate) background
medium, the following imaging functional is obtained:

DΩ
p (X̄s) =

〈
g0(X̄s, t), rp(−t)

〉
|t=0

=
N∑

i=1

ri
p(t) ∗t G0(X̄s, R̄i, t)|t=0

=
∫
Ω

λp(ω)vT
p (ω)g0(X̄s, ω)dω (4)

where g0(X̄s, t) = [G0(X̄s, R̄1, t), . . . , G0(X̄s, R̄N , t)]T is
the time-domain steering vector; ri

p and vi
p are the ith element

of rp and vp, respectively; Ω is the bandwidth of operation;
and ∗t denotes time convolution. For well-resolved scatterers,
the cross-range resolution of the DORT method is related to
the classical diffraction limit, which is directly proportional
to the wavelength and propagation distance and inversely pro-
portional to the effective aperture length of the TR array.
When the well-resolvedness criterion is not met, eigenvectors
of the signal-subspace may become linear combinations of the
Green’s function vectors connecting the targets to the TR array,
which degrades the imaging.

On the other hand, even for closely spaced targets, the noise
subspace is still orthogonal to the signal subspace. Therefore,
inner products of the steering vectors with the noise-subspace
eigenvectors would vanish only at the target location(s), which
is a property that can be explored to provide excellent res-
olution capabilities. This is the basis of the TR-MUSIC [9],
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[15], [21], [31] that employs the following imaging functional
(pseudospectrum):

M(X̄s, ω) =

(
N∑

i=Ms+1

∣∣〈g0(X̄s, ω),v∗
i (ω)

〉∣∣)−1

. (5)

Since the preceding equation utilizes a single frequency ωc,
it is referred as CF-TR-MUSIC. For UWB signals, images
obtained at other frequencies are combined to yield the UWB-
TR-MUSIC [25] through

MΩ(X̄s) =


∫

Ω

N∑
i=Ms(ω)+1

∣∣〈g0(X̄s, ω),v∗
i (ω)

〉∣∣ dω




−1

.

(6)

The use of a wide band of frequencies also yields statistical sta-
bility [26] from the self-averaging properties of the preceding
UWB-TR-MUSIC functional.

III. SPACE–FREQUENCY TR IMAGING

Both TD-DORT and UWB-TR-MUSIC utilize the same
space–space MDMs employed by CF-DORT and CF-TR-
MUSIC and further combine them along the available band-
width. However, the eigenvalue decomposition (or SVD)
operation produces eigenvectors with arbitrary frequency-
dependent phases φsvd(ω). As a result, the direct combination
of these eigenvectors does not produce coherent time-domain
signals. Although this is not a problem for UWB-TR-MUSIC
(since only the magnitudes of the inner products are combined
along the bandwidth), TD-DORT excitation signals are severely
affected. As mentioned, preprocessing steps such as employing
a power SVD, projecting the incoherent eigenvectors onto the
columns of the MDM [26], or tracking the phase difference
between adjacent frequency eigenvectors by a phase-smoothing
algorithm [20] are required. In this section, we introduce an
alternative strategy based on the application of SVD to two
new types of MDMs, which incorporate simultaneous sensor
location and UWB frequency data. This is denoted here as
SF-MDM.

A. SF Imaging Using Individual-Based SF-MDMs

Individual-based SF-MDMs are obtained by transmitting a
short pulse from the nth antenna and recording the received
signals from all TR array antennas, which yield an N × M
matrix given by

Kn
SF =




k1n(ω1) · · · k1n(ωM )
...

. . .
...

kNn(ω1) · · · kNn(ωM )


 (7)

where the ith row consists of uniformly distributed frequency
samples of the Fourier transform of the time-domain sig-
nal at the corresponding receiver: kin(ω) for ω1 ≤ ω ≤ ωM ,
where ωM − ω1 = Ω, with M being the number of sam-
ples. The number M can be chosen in such a way that

the error between kin(ω) and a linear interpolation func-
tion of the samples k̃in(ω) is below a threshold criterion δe,
i.e.,

∫ ωM

ω1
|kin(ω) − k̃in(ω)|dω < δe. Once this is repeated for

each TR array antenna (n = 1, . . . , N), N of these individual
SF-MDMs are obtained. SVD applied to each Kn

SF yields
Kn

SF = Un
SFΛn

SF(V n
SF)†, where Un

SF is the N × N matrix
of left singular vectors, V n

SF is the M × M matrix of right
singular vectors, and Λn

SF is the N × M matrix of singular
values. Note that Kn

SF can be viewed as a mapping from the
frequency to the receiver spaces via Kn

SFvn
SFi

= λn
SFi

un
SFi

,
where λn

SFi
is the ith singular value, vn

SFi
is the ith M × 1

right singular vector that represents the frequency content of
the received signals, and un

SFi
is the ith N × 1 left singu-

lar vector containing spatial (position) information. The left
singular vectors un

SFi
, i = 1, . . . , N , form an orthonormal set

spanning the sensor location space. Similarly, the right singular
vectors vn

SFi
, i = 1, . . . ,M , form an orthonormal set spanning

the frequency space. Once the elements of vn
SFi

are similarly
treated as samples of the continuous function vn

SFi
(ω) (for ω1 ≤

ω ≤ ωM ) obtained by linear interpolation, time-domain signals
can be simply obtained by an inverse Fourier transformation,
i.e., vn

SFi
(t) = F−1(vn

SFi
(ω)). These time-domain signals are

coherent in the sense that SVD applied to SF-MDM does
not create an arbitrary frequency-dependent phase factor as
in (2). Therefore, they can be employed to approximate the
TR array excitation signals sn(t), n = 1, . . . , N , for use in
backpropagation as follows:

sn(t) =
P∑

k=1

λn
SFk

vn
SFk

(t) (8)

where P is the total number of time-domain signals being
included. The number P is chosen by examining the singular
values and the associated singular vectors. Time-domain signals
corresponding to small singular values and erratic behavior
are not included. The resulting time-domain excitation signals
still cannot provide the necessary relative phase shifts (or time
delays) among the TR array antennas (spatial information) in
order for the backpropagated wave to focus on the embedded
scatterer(s). For this end, we need to create a new N × 1 time-
domain vector whose elements employ a time-domain function
with different amplitude weights and time shifts. Therefore, we
define the following vector functional:

f (a, z(t)) = F−1
{[

A0e
jφ0z(ω), . . . , ANejφN z(ω)

]T
}

(9)

where z(t) is the employed time-domain function, and
a = [A0e

jφ0 , . . . , ANejφN ]T is an N × 1 vector determining
the amount of relative time delays and amplitudes. Using the
left singular vectors and the approximated time-domain signal
as inputs to this vector functional yields the required N × 1
time-domain vector as

rn
SFi

(t) = f
(
un

SFi
, sn(t)

)
. (10)

Once this vector is transmitted back to the approximate back-
ground medium, we get the following pseudospectrum for each
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Fig. 1. Singular values of (a) individual-based (Kj=4
SF ) and (b) full

SF-MDMs in homogeneous (HOM) and random (RM) media for a single
scatterer.

search point X̄s in the probed domain:

In
SFi

(X̄s) =
〈
g0(X̄s, t), rn

SFi
(t)

〉
|t=0

=
N∑

k=1

rn
SFik

(−t) ∗t G0(X̄s, R̄k, t)|t=0

=
∫
Ω

(
rn
SFi

(ω)
)† g0(X̄s, ω)dω

=
∫
Ω

(sn(ω))∗
(
un

SFi

)† g0(X̄s, ω)dω. (11)

This procedure is repeated for all n = 1, . . . , N , and the result-
ing images are averaged via ISFi

(X̄s) = 1/N
∑N

n=1 In
SFi

(X̄s).
The final image obtained using this approach is denoted as
SF-image. Alternatively, instead of the left singular vector(s),
eigenvectors obtained from the CF-DORT method can also be
combined with the time-domain singular vectors as follows:

rn
SFi

(t) = f (v∗
i (ωc), sn(t)) . (12)

Once (12) is used in (11), we get

In
SFi

(X̄s) =
∫
Ω

(sn(ω))∗ vT
i (ωc)g0(X̄s, ω)dω. (13)

In the case of well-resolved and pointlike scatterers, CF-DORT
eigenvectors correspond to individual scatterers, and the use
of (12) in (11) allows for selective focusing on individual
scatterers in the presence of others. More details on this can
be found in the Appendix.

B. SF Imaging Using Full SF-MDM

The second kind of SF-MDM is obtained by combining all
the Kn

SF, n = 1, . . . , N , of the previous section into a single
N2 × M matrix

Kfull
SF =




K1
SF
...

KN
SF


 =




k11(ω1) · · · k11(ωM )
k12(ω1) · · · k12(ωM )

...
. . .

...
kNN (ω1) · · · kNN (ωM )


 (14)

which is denoted as full SF-MDM. The SVD of the preced-
ing equation gives Kfull

SF = U full
SF Λfull

SF (V full
SF )†, where U full

SF

is the N2 × N2 matrix of left singular vectors, V full
SF is the

M × M matrix of right singular vectors, and Λfull
SF is the

N2 × M matrix of singular values. Matrix V full
SF is similar to

V n
SF; therefore, time-domain signals sfull

SF (t) can be calculated

Fig. 2. (a), (c), (e), and (g) First four (dominant) time-domain right singular
vectors for a single scatterer embedded in a homogeneous media. (b), (d),
(f), and (h) First four (dominant) time-domain right singular vectors for a
single scatterer embedded in a random medium. Both individual-based and full
SF-MDM cases are shown. The insets show the corresponding spectra.
(i) Original excitation signal (first derivative of the BH pulse) and its derivative.
(j) One of the received signals by the TR array (k14(t)).

similarly to (8). As for U full
SF , each of its columns ufull

SFi
,

i = 1, . . . , N , contains N subvectors ufull
SFi,subk

, k = 1, . . . , N ,
with N elements each encoding the relative phase information
of each TR array antennas for backpropagation, i.e., ufull

SFi
=

[(ufull
SFi,sub1

)T , . . . , (ufull
SFi,subN

)T ]T . As shown in the simula-
tions here, for well-resolved and pointlike scatterers, each
subvector of a specific left singular vector corresponds to the
same specific scatterer. By combining these subvectors and
using the time-domain singular vectors, the following N × 1
time-domain vector can be constructed:

rfull
SFi

(t) = f

(
N∑

k=1

ufull
SFi,subk

, sfull(t)

)
. (15)

Once this vector is convolved with g0(X̄s, t), we obtain the
pseudospectrum of the full SF-image via

Ifull
SFi

(X̄s) =
〈
g0(X̄s, t), rfull

SFi
(t)

〉
. (16)
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Fig. 3. (a)–(c) Phase distribution (radians) of the first three left singular vectors in sequence. The relative phase distribution encodes information about scatterer
location(s). These results correspond to a single scatterer in either homogeneous (HOM) or random (RM) media, as sketched in (d), for the individual-based
SF-MDM case.

Fig. 4. Phase distribution of (a) the first (top row results) and (d) second (bottom row results) left singular vectors and corresponding subvectors for a single
scatterer obtained in both (b) and (e) homogeneous and (c) and (f) random media for the full SF-MDM case.

As long as the left singular vectors of the full SF-MDM can be
associated with specific scatterers, selective focusing is possible
with the full SF-MDM without the need for CF-DORT eigen-
vectors. For this end, the phase and magnitude distributions of
the left singular vectors should be examined, and the consistent
ones should be used for spatial information.

IV. RESULT AND DISCUSSION

We employ finite-difference time-domain simulations to syn-
thesize TR operators in both homogeneous and random media
[32]. A grid of Nx × Ny = 200 × 200 cells is used with per-
fectly matched layers [33]. The random medium has a spatially
fluctuating permittivity ε(r̄)=εm+εf (r̄), where r̄=xx̂+yŷ
denotes spatial position and εm = 2.908 (dry sand) [33] is the
average relative permittivity. The fluctuating term εf (r̄) is a
zero-mean Gaussian random variable with Gaussian correla-
tion function C(r̄1 − r̄2) = 〈εf (r̄1)ε∗f (r̄2)〉 = δ exp(−(|x1 −
x2|2 + |y1 − y2|2)/l2s), where δ is the variance and ls is the
correlation length, implemented as outlined in [33]. Only the
TMz case is considered here to provide isotropic scattering.
The linear TR array consists of N = 7 dipole transceivers. Each
dipole is initially fed by a current source J̄i(x, y, t) = ẑri(t),
where ri(t) is the derivative of the Blackmann–Harris (BH)
pulse centered at fc = 400 MHz [Fig. 2(i)]. A spatial cell size
∆x,y = ∆s = 1.37 cm is chosen, corresponding to about λc/32
for the mean permittivity εm. The TR array lies parallel to the
x-direction. The dipoles are separated by λc/2 to reduce mutual
coupling, which is neglected. The central dipole is located at the
origin, i.e., R̄4 = (0, 0)∆s.

A. Single Embedded Target

We first investigate individual and full SF-MDMs obtained
for a single perfect electrically conducting (PEC) target (em-
bedded discrete scatterer) with radius r = 4.12 cm located at
(−2, 100)∆s (i.e., 1.37 m below the TR array and slightly
off the central antenna) in homogeneous (δ = 0 and ls = ∞)
or inhomogeneous random (or simply random) (δ = 0.02 and
ls = 8∆s) media. Fig. 1 shows the resulting singular value
distributions. As observed, the first dominant singular values
obtained in homogeneous and random media are close to each
other for both individual and full SF-MDM cases. Additionally,
as shown in the first row of Fig. 2, the first right singular
vectors exhibit similar time-domain behaviors (except for the
fluctuations due to clutter in the random medium case). On
the other hand, among the remaining (nondominant) singular
values, those obtained in the random medium are considerably
larger than those in the homogeneous medium. In addition,
the corresponding time-domain singular vectors behave quite
differently in homogeneous and random media, as shown in
Fig. 2, because the background inhomogeneities act as distrib-
uted scattering centers (distinct spatial spectra from the discrete
target).

Once the time-domain excitation signals are obtained, they
can be used to excite the TR array antennas with relative phase
shifts construed by the left singular vectors uj

SFi
or ufull

SFi
that

contain spatial information. Fig. 3 shows the phase of the
first three left singular vectors obtained in homogeneous and
random media for the individual SF-MDM case, along with the
TR array and scatterer configuration. Only the first left singular
vectors provide the necessary phase information for focusing
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Fig. 5. Images obtained from a single scatterer in (left column re-
sults) homogeneous and (right column results) random media. (a) and
(b) TD-DORT images. (c) and (d) Individual-based SF-MDM images. (e) and
(f) Full SF-MDM images. The associated cross-range field intensity distribu-
tions are shown in (g) and (h) for homogeneous and random media, respectively.
All plots are normalized.

of the backpropagated wavefield around the target, as shown
in Fig. 3(d). Similarly, Fig. 4 shows the phase distribution of
the first two left singular vectors of the full SF-MDM case.
Note that the corresponding phase distribution of the subvectors
is also shown. As observed, each subvector of the first left
singular vector corresponds to the embedded scatterer. Thus,
backpropagating the approximated signals using these subvec-
tors would yield the necessary focusing around the embedded
scatterer. The remaining left singular vectors are not shown
since they correspond to smaller singular values and therefore
do not provide useful phase distribution.

Fig. 5 shows images using the left and right singular vectors
of both SF-MDMs and using TD-DORT, as well as a compar-
ison of their respective cross-range resolutions. As observed,

Fig. 6. Singular values of (a) individual-based (Kj=4
SF ) and (b) full SF-

MDMs in homogeneous and random media from two embedded scatterers.

Fig. 7. (a)–(h) First four time-domain right singular vectors obtained from
two scatterers embedded in (left column) homogeneous and (right column)
random media for both the individual-based and full SF-MDM cases. The
corresponding spectra are shown in the insets. Two of the received signals by
the MDM are also shown: (i) k11(t) and (j) k14(t).

both individual and full SF-MDMs yield similar images. Al-
though the cross ranges obtained in the homogeneous medium
are close to each other, in random media, the TD-DORT
cross range is slightly better than that from the SF-MDM.
However, a phase-smoothing algorithm is used for TD-DORT,
and with increasing background random media fluctuations, the
resulting time-domain excitation signals become more inco-
herent, hindering the application of TD-DORT (see the next
section). However, by using SF-MDMs, it is always possible
to obtain coherent time-domain excitation signals to be back-
propagated from the TR array, regardless of background media
fluctuations.

B. Multiple Embedded Target

Next, we investigate the individual and full SF-MDMs when
multiple targets are present in both homogeneous and random
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Fig. 8. (a)–(c) Phase distribution of the first three left singular vectors of individual SF-MDMs obtained from two scatterers embedded in both homogeneous
and random media. (d) and (e) First two eigenvectors of CF-DORT and the TR array and (f) scatterer configuration.

Fig. 9. Phase distribution of the (a) first (top row results) and (d) second (bottom row results) left singular vectors and the corresponding subvectors of two
scatterers obtained in both (b) and (e) homogeneous and (c) and (f) random media with full SF-MDM.

media (with stronger fluctuation, δ = 0.04 and ls = 8∆s at
which the generation of TD-DORT excitation signals is not
possible). Specifically, we analyze the singular values and
singular vectors in the case of two identical discrete scatterers
with radii r = 4.12 cm and buried at (32, 70)∆s (first scatterer)
and (−48, 100)∆s (second scatterer).

The corresponding singular values are shown in Fig. 6.
Compared to the single scatterer case in Fig. 1, the major
difference occurs in the homogeneous medium case, where
the small singular values are relatively more significant in
Fig. 6. This is caused by multiple scattering between the two
scatterers that increases the associated singular values. This is
also verified by examining the time-domain singular vectors.
Fig. 7 shows the first four significant right singular vectors.
Additionally, two MDM elements k11(t) and k14(t) are also
shown, where the scattered signals from the two scatterers
and the multiple scattering can be distinguished. In the case
of well-resolved scatterers and weak multiple scattering, SVD
applied to the SF-MDM can extract the contribution from each
scatterer individually. However, when multiple scattering is
stronger, the extracted signal by the SVD is masked by the
multiple scattering contribution. The remaining time-domain
singular vectors correspond to multiple scattering contribu-

tions and scattering from background inhomogeneities. The
time-domain excitation signals can again be approximated
by considering the time-domain behavior of the right sin-
gular vectors. Similar to the single scatterer case, the time-
domain singular vectors obtained with full SF-MDM have
less ripples, as compared to those obtained with individual
SF-MDM.

Once the excitation signals are generated, they should be
backpropagated with appropriate phase shifts. However, as
shown in Fig. 8, the left singular vectors of the individual
SF-MDM case cannot provide the necessary phase shifts since
none of them corresponds to a specific embedded scatterer,
as opposed to the single scatterer case. As a result, selective
focusing on the desired scatterers using these left singular
vectors is not feasible. One solution is to combine the spatial
information encoded by the CF-DORT eigenvectors with the
time-domain singular vectors of SF-MDMs. For this end, the
first two CF-DORT eigenvectors are shown in Fig. 8(d) and
(e), where it is observed that they provide the necessary phase
shifts required to selectively focus on each of the targets in both
homogeneous and random media.

Alternatively, the left singular vectors of full SF-MDM can
also be employed for selective focusing. As shown in Fig. 9, the
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Fig. 10. Images obtained for two scatterers embedded in a homogeneous
background medium. SF-image using the (a) first and (b) second left singular
vectors of the individual-based SF-MDM, using the (c) first and (d) second left
singular vectors of the full SF-MDM, and using the (e) first and (f) second
eigenvectors of CF-DORT.

subvectors corresponding to the first left singular vector have
the necessary phase shifts for focusing on the first scatterer in
both homogeneous and random media. In contrast, the subvec-
tors of the second left singular vector are associated with the
second scatterer only in the homogeneous case. Note that, in
this case, the second scatterer is further away than the first scat-
terer and that the background fluctuations δ are stronger than
those in the single scatterer case (δ = 0.04 versus δ = 0.02).
As a result, the second left singular vector does not adequately
discriminate the scattering contribution of the second scatterer
from the background clutter. It should be pointed out that, in this
highly scattering case, TD-DORT cannot yield the necessary
time-domain signals to focus on the second scatterer as well,
even if the phase-smoothing algorithm is applied. However,
coherent time-domain signals can still be approximated with
the SF-MDMs. Fig. 10 shows images obtained using the first
two left and right singular vectors of the individual and full
SF-MDM cases and the first two eigenvectors of CF-DORT
in homogeneous media. The SF-images using the left singular
vectors of the individual SF-MDM case show spurious sec-
ondary peaks. On the other hand, SF-images using the subvec-
tors of the full SF-MDM case and CF-DORT eigenvectors are
better localized around the selected scatterer. This illustrates

that selective focusing around the desired scatterers in the
presence of others is possible with the use of the full SF-MDM
and CF-DORT eigenvectors. In the context of TR imaging
using DORT, selective focusing is possible for well-resolved
scatterers with negligible multiple scattering. This condition
is also necessary for the SF imaging to provide satisfactory
selective focusing since both the left and right singular vec-
tors are adversely effected by the multiple scattering between
targets.

V. CONCLUSION

In this paper, we considered TR imaging techniques that
employ two unconventional MDMs with simultaneous spatial
and UWB frequency information on the scattered field. Such
MDMs are denoted as SF-MDM to distinguish them from
those of the conventional TR-imaging methods, which normally
encode spatial information only (space–space MDM). Applica-
tion of SVD to SF-MDMs provides new sets of singular values
and singular vectors that can be employed to generate signals
for UWB imaging of targets in inhomogeneous random media.
The required spatial information for target focusing is provided
by either the left singular vectors or the eigenvectors of the
space–space MDM.

SF imaging yields TR-based imaging functionals with a
performance comparable to TD-DORT. In scenarios with strong
multiple scattering (clutter) where TD-DORT cannot provide
coherent time-domain signals, SF imaging can adequately ex-
tract target signatures to generate time-domain excitation sig-
nals for backpropagation. In principle, target signatures from
SF imaging could be employed for classification purposes as
well, but that analysis is beyond the scope of this paper.

APPENDIX

In this appendix, we discuss some underlying assumptions
for SF imaging and examine the impact of some geometrical
and frequency parameters on the optimal range of applicability.
As discussed in the main text, the two foremost assumptions
are the scatterers are pointlike and well resolved, which are
also the conditions assumed for conventional DORT. Given
these assumptions, one can substitute (2) into the TD-DORT
spectrum in (4) to write

DΩ
p (X̄s)=

∫
Ω

λp(ω)ejφsvd(ω) g
†(X̄p, ω)g0(X̄s, ω)∥∥g†(X̄p, ω)

∥∥ dω. (17)

The TD-DORT functional in this form takes the inner product
〈g0,g〉 = g†g0, where both g0 and g are evaluated at the
same frequency ω, and multiplies it by the product of the
associated singular value λp(ω) and the arbitrary phase factor
ejφsvd(ω). This product is integrated along the bandwidth, and
the process is repeated for all search points X̄s in the probed
domain. The main drawback in this procedure is the phase inco-
herency introduced by the arbitrary frequency-dependent phase
φsvd(ω). The remedy proposed here is the use of SF-MDMs
and their possible combination with space–space MDM eigen-
vectors (more specifically, CF-DORT eigenvectors). Let us
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analyze the SF imaging functional when (2) is substituted into
(13). This yields

In
SFp

(X̄s) =
∫
Ω

(sn(ω))∗
g†(X̄p, ωc)g0(X̄s, ω)∥∥g†(X̄p, ωc)

∥∥ dω. (18)

In this case, the issue arising from the arbitrary frequency-
dependent factor is no longer present, because sn(t) is coherent
and has a continuously varying phase (due to the SVD applied
to the SF-MDM). However, while the background steering
vector g0 present in the inner product factor is evaluated
along all the frequencies of the bandwidth, g is evaluated only
at the CF of operation ωc. To examine the impact of this
dichotomy, we write g0(X̄s, ω) in terms of g0(X̄s, ωc). In a
homogeneous medium, the scalar Green’s function between
two points X̄s = r̄ and R̄i = r̄′ that are sufficiently apart
can be written as G0(r̄, r̄′, ω) = G0(r̄, r̄′, ωc)e−j(k−kc)|r̄−r̄′|,
where k = ω

√
µε and kc = ωc

√
µε. Defining |X̄s − R̄i| =

dsi = dav
s + ∆dsi, where dav

s = 1/N
∑N

i=1 dsi is the average
distance between the search point and the TR array elements
and ∆dsi is the deviation of each element from dav

s , allows us
to write

G0(X̄s, R̄i, ω) = G0(X̄s, R̄i, ωc)e−j∆kdav
s e−j∆k∆dsi (19)

where ∆k = k − kc. Once the preceding equation is substituted
into g0(X̄s, ω), we get

g0(X̄s, ω) = e−j∆kdav
s




G0(X̄s, R̄1, ωc)e−j∆k∆ds1

...
G0(X̄s, R̄N , ωc)e−j∆k∆dsN


 .

(20)

If ∆k∆dsi 
 1, i = 1, . . . , N , then g0(X̄s, ω) becomes

g0(X̄s, ω) ≈ e−j∆kdav
s g0(X̄s, ωc). (21)

Substituting the preceding equation in (18) yields

In
SFp

(X̄s) =
∫
Ω

(sn(ω))∗ e−j∆kdav
s

g†(X̄p, ωc)g0(X̄s, ωc)∥∥g†(X̄p, ωc)
∥∥ dω

(22)

which is peaked at X̄s � X̄p if ∆k∆dsi 
 1. If dsi/a � 1,
where a is the effective aperture length of the TR array, i.e.,
for target(s) sufficiently far from the TR array, then ∆dsi/a ∝
a/dsi 
 1, and ∆k∆dsi 
 1 may hold even under wideband
operation. In this case, since the inner product factor taken at
the CF is weighted and integrated afterward, the resulting cross
range is close to that of the CF-DORT method, whereas a better
range resolution is achieved because of the integration along
the bandwidth. Another possibility is to employ narrowband
operation, where ∆k → 0. In this case, both range and cross-
range resolutions are close to those of CF-DORT.

Even if ∆k∆dsi 
 1 does not hold, (18) can still be used as
an alternative to (17). However, a tradeoff is present between
the arbitrary phase factor and the inner product taken at differ-
ent frequencies. Note that this occurs in addition to, of course,
the degradation on performance expected in both (17) and (18)

that is caused by any background medium inhomogeneities
(clutter) since the inner product factor combine both the exact
and approximate background Green’s function vectors.
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