
IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. 56, NO. 4, APRIL 2008 1017

Conformal Perfectly Matched Layer for the Mixed
Finite Element Time-Domain Method
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Abstract—We introduce a conformal perfectly matched layer
(PML) for the finite-element time-domain (FETD) solution of
transient Maxwell equations in open domains. The conformal
PML is implemented in a mixed FETD setting based on a direct
discretization of the first-order coupled Maxwell curl equations (as
opposed to the second-order vector wave equation) that employs
edge elements (Whitney 1-form) to expand the electric field and
face elements (Whitney 2-form) to expand the magnetic field. We
show that the conformal PML can be easily incorporated into
the mixed FETD algorithm by utilizing PML constitutive tensors
whose discretization is naturally decoupled from that of Maxwell
curl equations (spatial derivatives). Compared to the conventional
(rectangular) PML, a conformal PML allows for a considerable
reduction on the amount of buffer space in the computational
domain around the scatterer(s).

Index Terms—Finite-element time-domain (FETD) method, per-
fectly matched layers (PMLs).

I. INTRODUCTION

THE finite-element time-domain (FETD) method has been
widely employed for the solution of transient Maxwell

equations in complex geometries [1]–[12]. Compared with
time-domain methods based on regular structured grids such
as finite-difference time-domain (FDTD), FETD has more
geometrical flexibility because it can be based upon simplicial
grids. The main drawback of FETD compared to FDTD is the
need to solve a sparse linear system at each time step.

A. Mixed FETD Versus Second-Order Wave Equation FETD

There are two main approaches to construct FETD schemes
for Maxwell equations. The first approach is based on the dis-
cretization of the second-order vector wave equation [1]–[3]. In
this case, either the electric or the magnetic field is the sole un-
known and only one type of basis function (that may include
high order versions) is employed. Edge elements are typically
used as the basis functions of choice for the electric field because
they conform to a discrete version of the de Rham diagram [13]
and avoid the presence of spurious modes at non-zero frequen-
cies. The second approach to construct FETD for Maxwell equa-
tions is based on the discretization of the two coupled first-order
Maxwell curl equations [5]–[15]. In this case, the electric field
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and the magnetic field are the simultaneous unknowns of the
problem and a mixed set of basis functions is used. In particular,
a mixed FETD algorithm is discussed in [7], [10]–[12].
This algorithm uses edge elements (Whitney 1-form) to expand
the electric field and face elements (Whitney 2-form) to expand
the magnetic field, and employ discrete Galerkin Hodge opera-
tors [12], [16] as mass matrices. Among the desirable character-
istics of this mixed FETD are: (i) It retains conformality
to the discrete de Rham diagram; (ii) it does not admit spurious
solutions of the form (which are present in the second-order
wave equation FETD [5], [17], [18]); (iii) it leads to symplectic
(energy-conserving) schemes under leap-frog time discretiza-
tion [19]; (iv) it provides a natural path for hybridization with
FDTD since the latter can be likewise developed using a mix
of edge/face elements [20]; and (v) it is easily extended to fre-
quency dispersive or anisotropic media because these properties
can be incorporated into separate steps in the time-update that
do not involving spatial derivatives [21].

Even though the mixed FETD utilizes two fields as
unknowns, its computational cost is comparable to the second-
order wave equation FETD formulation. This is because the
sparse linear system solution is only required for the electric
field update in the mixed FETD, with the update of the mag-
netic field being “matrix-free” (explicit). As a result, the size of
the linear system to be solved at each time step is the same as
in the second-order wave equation FETD formulation. More-
over, the mixed FETD involves only first-order time deriva-
tives and hence only one past time-step electric/magnetic field
value is necessary for the time update (using a conventional
leap-frog time discretization). In contrast, time-discretization of
the second-order time derivative necessitates storage of two pre-
vious time-step values.

B. PML for FETD

Absorbing boundary conditions are routinely employed in
FDTD and FETD simulations of open-domain problems in
order to avoid spurious reflections from the grid terminations.
The perfectly matched layer (PML) in particular has become
a very popular absorbing boundary condition because of its
efficacy and ease of implementation, and because it preserves
the underlying sparsity of the methods. The PML was origi-
nally developed for rectangular FDTD grids (Cartesian PML)
[22]–[27] and later implemented in rectangular FETD grid
terminations [17], [28]–[30].

C. Conformal PML

The original PML concept applied only to Cartesian coordi-
nates (planar interfaces). To extend its range of applicability,
the PML concept was implemented in nonorthogonal FDTD
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Fig. 1. A conformal PML (left) can greatly reduce the amount of buffer space
around the scatterer compared to the Cartesian PML (right).

grids and curvilinear FEM meshes with good results [31]–[33].
However, these implementations were based on an approximate
matching because they assumed of the metric coefficients to be
independent of the spatial coordinates, which is not true in curvi-
linear coordinates. Later, true PMLs—in the sense of providing
reflectionless absorption in the continuum limit—were derived
for cylindrical and spherical mesh terminations in [34]–[38].
and, more generally, for conformal mesh terminations in [39],
[40] based on a complex stretching (analytic continuation) of
the normal coordinate to the mesh termination [41].

A conformal PML is of interest because it can be placed on
the convex hull enclosing the scatterer(s) to reduce the amount
of buffer space in the computational domain. The savings in
memory can be considerable, especially in problems involving
impenetrable scatterer(s), as illustrated in Fig. 1. The conformal
PML can be expressed in terms of dispersive and anisotropic
constitutive tensors that depend on the local principal radii of
curvature of the mesh termination surface [39]. Implementa-
tions of the conformal PML have been considered in non-stag-
gered body-fitted FDTD grids [42], [43], frequency-domain fi-
nite element simulations [44]–[47], and FETD simulations [48],
the latter being restricted to the second-order wave equation
FETD formulation.

D. Objectives and Outline

In this paper, we develop a conformal PML implementation
for the mixed FETD algorithm. As alluded above, the
mixed FETD algorithm provides a simple and natural route to
incorporate the dispersive and anisotropic tensors that comprise
the conformal PML since the update of the constitutive equa-
tions is derived and implemented separately from the update of
Maxwell curl equations. Indeed, in the mixed FETD, the con-
formal PML implementation boils down to a modification in the
calculation of the two Hodge (mass) matrices and .

The proposed conformal PML-FETD formulation is tested in
a number of examples involving transient field scattering from
both impenetrable (PEC) and penetrable (dispersive media) ob-
jects, to verify its efficacy. The late-time stability of the con-
formal PML and the energy conservation properties of the un-
derlying FETD are also verified numerically.

II. MIXED E-B FETD: BASIC FORMULATION

In the mixed FETD, the electric field intensity
and the magnetic field flux density are expanded in terms of
Whitney edge elements , , and Whitney face
elements , , respectively, as follows:

(1)

where and are the unknown expansion coefficients or de-
grees of freedom (DoFs) of the problem, is the number
of interior (free) edges in the problem, and is the number
of faces, respectively. If we define column vectors of DoFs as

and , where the
superscript denotes transpose, the semi-discrete Maxwell equa-
tions can be written as [14], [49]

(2)

(3)

where the matrix and the matrix
are curl incidence matrices (discrete analogues of the exterior
derivative acting on 1-forms) on the primal and dual grids, re-
spectively [49], [50]). The primal grid is chosen as the finite
element mesh itself. Both and are metric-free
matrices whose elements assume only values [15],
[49], [50]. Assuming homogeneous Dirichlet boundary condi-
tions, we have [50]. The column vectors

and rep-
resent (known) electric and magnetic source current densities,
respectively. The column vector is associated with faces of
the primal (finite-element) mesh, while is associated with
faces of the dual mesh [49]. The matrix and the

matrix represent discrete Hodge star opera-
tors, an isomorphism between primal grid variables and dual
grid variables that incorporate all metric information of the mesh
[12], [14]–[16], [49], [50]. In the finite element literature, these
matrices are commonly referred as mass matrices.

Using a leap-frog time discretization in (2) and (3), the FETD
update equations in lossless, nondispersive media can be written
as

(4)

(5)

The solution for and at each time step can be obtained by
either solving a sparse linear system for for each . or by con-
structing a sparse approximate matrix inverse [15]. Since

is sparse and SPD, the linear solve can be done efficiently
using direct (for small- and moderate-size problems) or iterative
(for large-scale problems) solvers. The above update equations
are similar to the leap-frog update equations in FDTD, expect
for the fact that in the latter case, is diagonal and the inver-
sion is trivial.
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If we denote and as the row and column indices respec-
tively, the (Galerkin) Hodge matrices are given by the following
integrals

(6)

(7)

where is the computation domain, and and are per-
mittivity and permeability tensors, respectively. In 3-D, (6) and
(7) are volume integrals.

In the 2-D cases considered in what follows, (6) and
(7) become area integrals, while and are still a 1-form
and a 2-form, respectively. As a result, all the above formulas
still apply using the proper definitions for the two-dimensional

and [16].1 On the other hand, in the 2-D case
(not considered here), is a 0-form and hence it should be
expanded instead by nodal or “grad-conforming” elements
(Whitney 0-forms), while is a 1-form and hence it should
be expanded by curl-conforming edge elements. A discussion
on the proper choice of basis functions to expand each of the
fields in various dimensions and polarizations is given in [16].
Moreover, a complete classification table for the differential
forms representing each field (associated with the proper choice
of basis functions) is presented in [15].

III. CONFORMAL PML-FETD FORMULATION

The permittivity and permeability tensors of the conformal
PML in the case are given in terms of the stretching vari-
ables and in local coordinates indicated in Fig. 2 as
follows [39], [42]:

(8)

where

(9)

(10)

A local ( -invariant) orthogonal Darboux frame [39] with unit
vectors , , and is utilized in (8)–(10). This is locally equiv-
alent to a cylindrical coordinate system with the origin located
at the (local) center of curvature of each point M along the PML
interface [39], cf. Fig. 2.

In 2-D, a face-based discretization for the PML tensors is
used with indexed as and indexed as , where

is the face index. The PML parameters can be similarly in-
dexed as , , , , and .

1For example, the Whitney form �� is a �-directed vector function that is
uniform over each face, representing a 2-D ‘volume’ form [16].

Fig. 2. Conformal PML geometry and parametrization. The point �� along the
radial direction inside the PML is given in terms of the local coordinate � as
�� � ��� � �� � ����, as illustrated. Note that the coordinate system depicted
here is a local one, with the (local) radius of curvature � at the free-space/PML
boundary being a function of the point M along the PML interface [39].

A. Electric Field Update

In order to obtain the electric field update, a set of algebraic
manipulations are performed on the Hodge matrix . If we
denote face as , the domain of integration in (6) can be
decomposed as a sum over the ’s so that

(11)

Substituting (8) in (11) and separating components yields

(12)

with given by

(13)

and similarly for . A further simplification can be per-
formed by considering the Hodge matrix-vector multiplication
in (4) and defining an electric flux density vector2 .
Substituting (12) in this definition for , we get

(14)

Although the above summations run over all faces, the inner-
products and produce non-zero values only for
two faces per edge. If we denote these faces as and for
each edge , and denote , the summation
above can be rewritten as

(15)

2Note that, inside the PML, the electric flux density defined in this manner
incorporates PML stretching variables.
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Each term in (15) can be considered separately, by taking the
stretching variables out of the summation and writing

(16)

where

(17)

and

(18)

and similarly for , , , , , and , with
. Note that four different equations per edge need

to be considered because each edge touches two faces and each
face possibly has two different frequency dependencies (along

and ). Substituting (9) and (10) into (17) and rearranging
terms, and can be related through

(19)

The time-domain discretization of (19) is inverse Fourier trans-
forming and approximating time derivatives using central differ-
ences with time step . The resulting update equation is given
by

(20)

and similarly for , , . If we denote the factor multi-
plying in the above equation as and the overall
contribution from the (known) past time step field values as

, (20) can be written more compactly as

(21)

Substituting (18), (21), and the corresponding expressions for
, , in (16), and writing the result in a matrix form,

we obtain

(22)

where

(23)
with and
similarly for , , , and
with .

B. Magnetic Field Update

The magnetic field update can be derived along similar lines
as the electric field update. The final update equation for the
magnetic field is written in matrix form as

(24)

where and are analogous to and respectively.
The column vector represents magnetic field in-
tensity. The matrix is defined as the diagonal matrix given
by the matrix product

(25)

where and are both diagonal matrices representing
inner-product and coefficient matrices analogous to and

, respectively. Since is diagonal (explicit update), no
linear solve is required in the magnetic update.

C. Curl Equations and Full Update

The update equations for and are explicit and can be
obtained directly from a leap-frog time discretization of (2) and
(3) with as

(26)

(27)

A complete time step update for the electromagnetic fields con-
sists of applying (27), (24), (26), and (22) in sequence.

For the 3-D implementation, two basic changes are necessary
in the development above. First, the tensor in (8) should be re-
placed by the more general tensor derived in [39], in terms of
the two principal radii of curvature of a general (doubly-curved)
surface. This would produce three terms, instead of two in (24)
and (14). Second, since an edge contacts more than two faces in
3-D, extra terms would appear in (15).

IV. RESULTS

The accuracy of the proposed PML-FETD is examined via
several test cases. Unless specified otherwise, the common
parameters used in the following examples are as follows.

problems are considered in 2-D with an magnetic point
source excited by an ultra-wideband (UWB) time-domain
excitation of the form

for
and otherwise (a Blackman-Harris pulse derivative),
where is the speed of light. The central wavelength in free
space is , which corresponds to a central frequency
of 500 MHz. The time step is chosen according to the length
of the shortest edge and is given by ,
with Courant number . A mesh generation algorithm
with a maximum face element area constraint
for all faces , is used, where is the resolution
of the mesh in terms of an edge length. A sparse incomplete
Cholesky factorization with a drop tolerance value is
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used to solve (22). The shape of the PML boundary is de-
scribed by analytical functions, while the radius of curvature
required in the calculation of the conformal PML parameters is
calculated numerically using a set of grid points much denser
than the finite-element nodes. This implies that the error in
the (numerical) calculation of the local radius of curvature is
negligible vis-à-vis other sources of error. A polynomial profile
of order is used for the PML stretching variable

. The maximum value of the PML conductivity profile is
determined by the standard criterion used for FDTD [51]. This
criterion may not be optimal for FETD, but a detailed study on
the optimal PML conductivity profile for FETD is beyond the
objectives here.

A. Scattering From a PEC Circular Cylinder

In this Section, the scattered field from a PEC circular
cylinder is calculated using the conformal PML-FETD and
compared against both FDTD and analytical results. The
center of the cylinder is located at
and the cylinder has a radius . An average
edge length of is used for the finite element
mesh, which is shown in Fig. 3(a). The source is located at

and the magnetic field is probed
at . The scattered field is given by

, where is the magnetic field cal-

culated with circular cylinder present and is the magnetic
field calculated in free-space. The number of (rectangular)
faces in the reference FDTD simulation is chosen the same
as the number of faces in the FETD simulation. A staircase
approximation is used to model the circular cylinder in FDTD.

The analytical solution is obtained from the Green’s function
for this problem, which is expressed in terms of a Hankel-Bessel
series over the azimuth index [52, pp. 574–667], with the first 50
terms included. The time-domain source excitation is first con-
verted to frequency-domain by a Fourier transformation. The
frequency resolution is increased by zero padding with a length
that is 10 times the total number of time steps. The source spec-
trum, at each frequency, is multiplied by the analytical solution
at that frequency. The final time-domain result is obtained by an
inverse Fourier transformation.

Fig. 3(b) shows that the scattered field obtained by the con-
formal PML-FETD agrees very well with both FDTD and ana-
lytical results. The normalized residual error in FETD is calcu-
lated as

(28)

and similarly for FDTD. The residual error is shown in Fig. 3(c).
It is seen that the error in the FDTD result is larger than the
FETD error for the resolution considered, with peak levels of

44 dB and 28 dB for FETD and FDTD, respectively. This is
despite the fact that the edge length in the FDTD grid is smaller
than the average edge length of the FETD grid (0.77 cm versus
1.00 cm).

Fig. 3. Scattered field and normalized residual error for a point source illumi-
nating a circular PEC cylinder. (a) The finite element mesh comprises 33,487
edges and 22,046 faces. The source and the probe location are located at the
right of the scatterer, indicated by small � and � symbols, respectively. (b)
The time-domain response of the conformal PML-FETD method and the FDTD
method agree very well with the analytical result. (c) Due to staircasing approx-
imations, the error in the FDTD result is on average about 10 dB larger than the
error in the FETD result for the mesh considered.

B. Conformal PML: Reflection Error

The accuracy of the proposed conformal PML is further
demonstrated by calculating reflection errors using different
number of layers in the PML region. In this case, an
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Fig. 4. Reflection error versus (a) time and (b) position along the PML
boundary, for various � : (a) The PML reflection levels are progressively
reduced for larger � , with � � ��� �� obtained for � � ��.
(b) The PML reflection errors peak at 90 , where the radius of curvature is
minimum because a smaller radius reduces the average distance of nearby
PML boundary points to the probe location. The finite-element mesh used in
this example has 12,748 edges and 8,428 faces.

oval-shaped computational domain with size
is extruded with , 8, 16, 24. The finite element
mesh for is depicted in the inset of Fig. 4. The
average edge length is chosen as . The reflection
error as a function of time is obtained by placing the point
source at and probing the field at

. In order to estimate the reflection error
as function of position along the conformal PML boundary,
the source and probe locations are chosen at different points
along the computational domain both at a distance 6 cm away
from the PML boundary and 4 cm away from each other. A

FETD simulation with the same mesh extruded by an appro-
priate larger number of free-space layers (so that the spurious
reflection can be windowed out from the results) is used as ref-
erence. The extruded part of the mesh (corresponding to PML
or free-space) consists of convex quadrilateral tiles composed
of two triangular faces each. These tiles are orthogonal in the
Darboux frame local coordinates and [39]. A separate
reference result consisting of the same mesh terminated by a
PEC boundary (and with no extrusion) is used to normalize the
reflection coefficient. If we denote the magnetic field values
at the probe locations in the simulations with the PML mesh,
free-space extruded mesh and the PEC-terminated mesh as

, and , where is the time step index, the
reflection error is calculated as follows:

(29)

Fig. 4 shows the reflection errors with respect to time and
angular position along the PML boundary for different .
The angular axis in Fig. 4(b) refers to the location of the
source-probe pair in a cylindrical coordinates system centered
at . Fig. 4 clearly shows that de-
creases as is increased with peak reflection levels of 49
dB and 68 dB are observed for and ,
respectively. Fig. 4(b) shows that the reflection errors peaks
at 90 . This is because the smaller radius of curvature at that
angle reduces the average distance of nearby PML boundary
points to the probe location.

The convergence of with respect to is slower
in this FETD implementation than what is observed in typical
FDTD simulations. The slow convergence of PML in FETD
versus FDTD has also been observed elsewhere [17], [21]. Since
those papers are based on rectangular PML, it suggests that such
feature is related to the finite-element method itself, rather than
to conformality aspects. The discretization of the PML conduc-
tivity profile is one of the major sources of PML reflection error
and one important difference of FETD in this regard is that it
does not posses the staggered nature of the FDTD grid. Stag-
gering allows for FDTD to effectively assign twice the number
of PML conductivity jumps: one set at electric field locations
and the other set at magnetic field locations. This error can be
mitigated by using a relatively fine mesh resolution. In this ex-
ample, we employ on average 60 edges per (central) wavelength.
However, there is a fundamental trade-off here because an in-
crease in the mesh resolution—for a given —reduces the
overall PML thickness and hence the overall attenuation within
it.

C. Scattering From Oval PEC Coated With Metamaterial

Although the basic formulation presented in Section II corre-
sponds to free-space, it is easy to extend the mixed FETD
to media having inhomogeneous frequency-dependent tensors

and , as detailed in [21].
In this Section, the scattered field from an oval-shaped PEC

scatterer coated with a doubly-dispersive isotropic metamate-
rial layer as shown in Fig. 5(a) is considered. The mesh for this
example has average edge lengths of 1 cm and 0.3227 cm in
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Fig. 5. (a) Finite element mesh for an oval-shaped PEC scatterer coated with a
doubly-dispersive material. The mesh has 28,556 edges and 18,741 faces. The
source and the probe are located at the right of the scatterer and indicated by
small � and � symbols, respectively. A Cartesian PML implementation for
this problem would require a mesh about 1.9 times larger. (b) Scattered fields
calculated by FETD and FDTD, showing very good agreement.

the free space and metamaterial regions, respectively. The mesh
shown in Fig. 5(a) has 28,556 edges and 18,741 faces. This is ap-
proximately 1.9 times less than would be required using a Carte-
sian PML for the same problem. The frequency response of the
metamaterial layer is described by a two-species Debye model
for both the permittivity and the permeability. The permittivity
model writes as

(30)

with parameters given by , , ,
, , and . The

two-species Debye model for the permeability has parameters
, , , ,

. The source is located at and
the probe at .

Fig. 6. (a) The finite element mesh used to calculate the monostatic RCS of
the ogive cylinder has 103,367 edges and 67,881 faces. A Cartesian PML im-
plementation for this problem would require a mesh about 2.3 times larger. (b)
Monostatic RCS of the ogive with size �� � �� calculated by FETD, fre-
quency-domain finite elements, and method of moments (MoM) [53].

Fig. 5(b) shows the scattered fields obtained by the conformal
PML-FETD, compared to a reference FDTD result using Carte-
sian PML, showing very good agreement.

D. Monostatic-RCS: Ogive Cylinder

We next calculate the monostatic radar cross-section (RCS)
of an ogive-shaped PEC object with a geometrical singularity as
depicted in Fig. 6(a). The mesh shown in Fig. 6(a) has 103,367
edges and 67,881 faces. A mesh of similar density employing a
Cartesian PML would require approximately 230,000 edges and
150,000 faces, more than twice the size of the mesh using the
conformal PML. RCS calculations for similar geometries were
studied using a Cartesian PML-FETD based on the second order
wave equation in [29], [30].

For the RCS calculation, a plane-wave excitation is realized
following a methodology similar to the plane-wave injection de-
scribed in [51, pp. 201–212]. The scattered field is transformed
to the frequency domain and the far-field is obtained by using
a near- to far-field transformation. These operations are carried
out at a contour in the tiled portion of the mesh that would nor-
mally separate different layers of the PML region. The PML
stretching however, is offset by three layers in this case so that
both the plane wave excitation and the near- to far-field trans-
formation are done in the free-space region. The plane wave is
injected through equivalent electric and magnetic source terms

and , where is the
outward unit vector normal to the injection contour at . The
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Fig. 7. The main plot shows the discrete energy for �� time steps inside an
oval shaped cavity terminated by PEC. The energy is constant except for small
periodic fluctuations due to the leap-frog approximation in the time integration.
This shows the energy-conserving property of the proposed method. The inset
shows the normalized magnetic field magnitude in the PEC- and PML-backed
cavity simulations, showing the late-time stability of the PML.

magnetic field vector associated with the plane-wave excitation
is given in the time-domain by

(31)

where is the unit vector for incidence
angle . The parameter is simply a time-offset for the FETD
pulse excitation so that all fields in the computational domain
are equal to zero for . The time-domain excitation is
again the Blackman-Harris pulse derivative. The contour com-
prised of edges that separate the tiled and non-tiled regions of
the mesh (original PML boundary that is now offset by three
layers) is used to insert the electric current source. The mag-
netic current source is applied at the two faces that touch each
of these edges (with equal weights). The near- to far-field trans-
formation is applied at a contour two cells away from the plane
wave injection contour. in 2-D, the RCS is calculated using the
following:

(32)

with

(33)

(34)

where is the wavenumber, denotes the near-to-far
field transformation contour, is the infinitesimal arclength
along , and are the frequency-domain scattered
electric and magnetic fields evaluated along , is the
Fourier transform of , and is the unit
vector pointing towards the observation point. The lengths of

the major and minor axes of the ogive are and , respec-
tively. The average edge length of the finite element mesh is
chosen as .

Fig. 6 shows the monostatic RCS calculated by the con-
formal PML-FETD, compared against frequency-domain finite
element results and method of moments (MoM) results [53],
showing again very good agreement.

E. Late-Time Stability and Energy Conservation

For a time-domain method based on a leap-frog update, there
are necessary conditions on the matrices , , ,
and for (conditional) stability and energy conservation
to hold, as discussed, e.g., in [54]. In order to numerically
demonstrate late-time stability and energy conservation here,
a scenario with the same domain boundary shape of Fig. 4(b)
but scaled down four times (for faster update) is used (the
average edge length is kept the same). The source is placed
at and the magnetic field is probed
at . Stability is tested by considering
two different cases: (i) a cavity problem simulated by a mesh
extruded by eight layers of free-space directly terminated by a
PEC boundary, and (ii) a cavity problem simulated by the same
mesh but where now the eight extruded layers constitute the
PML. The total number of steps used in both cases is . The
discrete energy is calculated by

(35)

Fig. 7 shows the discrete energy with respect to time in the
PEC-backed cavity problem where it is clearly seen that energy
is conserved. Note that the increase in the oscillations is just an
artifact of the logarithm scale chosen for the abscissa. The inset
of Fig. 7 shows the time history of the magnetic field magnitude
at the probe location. After time steps, the magnetic field
magnitude in the PML-backed case is about 150 dB down
from that in the PEC-backed problem due to PML losses. The
very small residual field value that remains is comprised of high-
frequency components (with wavelength close to the average
edge length) that are not well absorbed by the PML. No late-time
instabilities or spurious linear growth [17], [18] are observed.

It should be pointed out that a conformal PML cannot be de-
ployed over grid terminations having convex portions as viewed
from inside the computational domain (i.e., with negative local
radius of curvature under the present convention). In that case,
the conformal PML would exhibit a dynamically unstable be-
havior. This is discussed in some detail elsewhere [43], [55].

V. CONCLUDING REMARKS

We have developed and implemented a conformal PML ab-
sorbing boundary condition for the FETD simulation of tran-
sient Maxwell equations in open-domain problems. The under-
lying FETD algorithm is based on a (mixed) expansion of the
electric field in terms of edge elements and of the magnetic field
in terms of face elements. The time discretization employs a
leap-frog time update akin to FDTD except for a linear solve
required for the electric field update.
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The conformal PML produces significant computational sav-
ings by minimizing the buffer space in the computational grid
around the scatterer(s). The accuracy and capabilities of the con-
formal PML-FETD have been demonstrated through several ex-
amples involving PEC scatterers and (doubly-)dispersive mate-
rials. The late-time stability and energy conservation properties
of the method have also been verified numerically.
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