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Abstract—Well-logging tools employing tilted coil antennas have
been proposed to provide directional (azimuth) information and
improved estimates of anisotropy when compared to conventional
tools that use horizontal coils. In this paper, we analyze the re-
sponse of logging tools with tilted coil antennas in eccentric bore-
holes crossing cylindrical multilayered formations (earth forma-
tions with invasion zones) by two approaches. The first approach is
based on a pseudoanalytic formulation, previously applied for con-
centric boreholes and extended here to include eccentric boreholes.
The second approach is based on three-dimensional (3-D) numer-
ical simulations using the finite-difference time-domain (FDTD)
algorithm extended to cylindrical coordinates and incorporating
cylindrical perfectly matched layers (PML). The results from the
two formulations are compared for different formations, showing
very good agreement.

Index Terms—Finite-difference time-domain (FDTD), logging-
while-drilling (LWD), oilfield exploration, tilted-coil antennas.

I. INTRODUCTION

THE analysis of electromagnetic logging tools incorpo-
rating transmitter and/or receiver coil antennas that are

tilted with respect to the borehole axis is of great interest in
applications related to oilfield exploration [1], [2]. In contrast
with traditional logging tools that employ horizontal-coil
antennas, tilted-coil antennas can provide directional (az-
imuthal) sensitive data [3], as well as improved estimates
of formation anisotropy. For logging-while-drilling/mea-
surement-while-drilling (LWD/MWD) tools, for example,
sensitivity to azimuthal orientation around the borehole axis
can be employed for improved geo-steering during directional
drilling.

Mandrel, borehole, and (piecewise homogeneous) invasion
effects in tilted-coil logging tools designs can be characterized
using pseudoanalytical formulations. Previous studies have
considered cylindrically symmetric borehole problems [4]. Such
results show that some configurations are well approximated
by (tilted) point dipole antennas, with only minor corrections
necessary, but other configurations can depart significantly
from the dipole response, especially when invasion effects
are considered [4].
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Because of its azimuthal sensitivity, logging tools with tilted
coil antennas are attractive for use in deviated or horizontal
drilling. However, the tool axis is often eccentric to the borehole
axis due to mechanical vibrations and gravitational pull. There-
fore, it is important to study the effect of eccentricity [5] on the
electrical response (and azimuthal sensitivity) of these tools.

In this paper, we analyze the electrical response of well-log-
ging tools using tilted-coil antenna designs in both cylindrical
multilayered and eccentric borehole problems using: i) a
three-dimensional (3-D) cylindrical finite-difference time-do-
main (FDTD) algorithm and ii) a pseudoanalytic formulation
for tilted coils [4] augmented here to include eccentric cases
[5]. Both approaches can incorporate mandrel effects. The
FDTD analysis is computationally more costly, but is able to
include more general formation profiles, containing dipping
beds and arbitrary invasion zones.

II. TILTED-COIL WELL-LOGGING TOOLS

Conventional well-logging tools [6]–[9] usually employ hor-
izontal loop antennas. Conventional tools can extract informa-
tion about the surrounding formation only along the axial (ver-
tical) direction. A tilted-coil LWD/MWD tool consists of tilted
antennas that provide directional sensitivity (azimuthal infor-
mation) as well. Unlike a standard tool, a tilted-coil tool not
only excites fields, but also fields, and can receive
both modes. Therefore, it is advantageous over a standard tool
when mode coupling occurs, such as in eccentric boreholes. A
typical logging tool consists of one tilted transmitter and two
tilted receivers around a cylindrical steel mandrel, as illustrated
in Fig. 1. Here, we consider coil antennas with radius as mea-
sured along the radial direction fixed at 4.5 in. As a result, the
larger the tilt angle, the larger is the actual radius of the loops (by
a cosine factor). Moreover, the loop antennas assume an elliptic
shape, not a circular one, when tilted. The antennas are wrapped
around a cylindrical metallic mandrel with 4 in radius. Both an-
gles (elevation and azimuth) of the antennas can be changed, as
illustrated in Fig. 2. The center of the transmitter antenna is lo-
cated at in. The centers of the first and second receiver
antennas are located at and in, respectively.
The operating frequency is 2 MHz. The parameters of interest
are the phase difference (PD) and amplitude ratio (AR) between
the voltages at the two receiver antennas.

(1)
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Fig. 1. Tilted-coil LWD tool. The tilting of the transmitter and receivers
provides directionality to the tool response.

Fig. 2. Tilted coil antenna in a multicylindrical layered medium. The
formation is assumed axially symmetric. The source layer is denoted by i = 0.
Outer layers have positive index, while inner layers have negative index. ~n is
the normal unit vector to the coil antenna plane.

where and denote phase and magnitude of the voltage at the
receivers, and the subscripts and refer to receivers 1 and
2, respectively.

III. PSEUDOANALYTIC FORMULATION

An analysis of tilted-coil LWD tools for circularly symmetric
formations has been presented in [4] based on the methodology
developed in [6]. In this paper, we extend this analysis to tilted
coil antennas multicylindrically layered and eccentric forma-
tions using the methodology introduced for dipole sources in
[5]. We assume a time harmonic excitation of the form .

To solve this problem, the electric and magnetic field are first
decomposed into spectral components as

(2)

In terms of the transformed fields, Maxwell equations reduce
to two ordinary differential equations (ODEs) in terms of the
radial variable [6], [10], [11]. The general solution for these
ODEs are

(3)

where is the Hankel function of first-kind [11],
is the Bessel function, , Im and

. The amplitude vectors and are
2 1 column vectors to be determined by enforcing appro-
priate boundary conditions. From (3), the components of the
transformed fields can be obtained as [11]

(4)

where

(5)

and similarly for .
To model tilted coil antennas, a ring source is used (see

Fig. 2). The source position is given by

(6)

By enforcing boundary conditions along the source location,
the following solution for a tilted ring source excitation in a
homogeneous medium is obtained [4]

(7)

where

(8)

where are wave amplitudes that satisfy the boundary condi-
tions at the ring source. As shown, stands for when the
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superscript is or when the superscript is . The voltage at
the receivers can be determined by a line integral of the electric
field along the (loop) receivers positions (see the Appendix).

A. Multicylindrically Layered Medium Case

In this case, we assume a multicylindrically layered formation
along the direction, as illustrated in Fig. 2. We still consider a

-invariant formation. The component of the field in the layer
0 (source layer) can then be expressed as

(9)

where is the wave number in layer
and are 2 2 generalized reflection matrices [6]. These two
matrices can be derived recursively to incorporate (multiple) re-
flections from both inner and outer layers.

The coefficients , the for a tilted-coil antenna in a mul-
ticylindrically layered medium can be obtained by comparing
(7) and (9). This leads to the following linear system

(10)

After obtaining , the , the voltage at the receiver for a
unit current source at the transmitter (transimpedance) can be
calculated as

(11)

with

(12)

where

(13)

and if or otherwise.

B. Eccentric Borehole Case

In practice, due to gravitational pull effects and/or mechan-
ical vibrations, the logging tool axis is often misaligned with the
borehole axis. Therefore, analysis of eccentricity effects is im-
portant. In this section, we apply the methodology developed in
[5] to the case of tilted-coil antennas tools. Fig. 3 illustrates an
eccentric tool located in away from the borehole axis. The seg-
ment joining the borehole and mandrel axes makes an angle
with the positive axis. The prime coordinate system is aligned
with the mandrel axis, while the unprimed system is aligned

Fig. 3. Illustration of eccentric borehole geometry. The tool (mandrel) axis is
located d away from the borehole axis. Nonprimed coordinates are centered
on the borehole axis, while primed coordinates are centered on the mandrel
axis. The transmitter coil antenna is located inside the borehole (mud filled)
region. ��� is the generalized reflection coefficient due to the mandrel. ��N is the
generalized reflection coefficient due to outer formation layers. � is enforced
to be zero, and the primed coordinate system is placed at the corresponding
location with respect to the unprimed coordinate system.

with the borehole axis. The components in the primed system
write as

(14)

where is the reflection matrix at the mandrel given by

(15)

In the region , the solution is given by

(16)

where and are determined from the boundary condi-
tions. This expression can be compared with the solution in
terms of the nonprimed system.

(17)
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where is the generalized reflection matrix at the borehole
wall. Equation (16) and (17) can be matched at the fictitious
boundary condition shown by the dashed circle in Fig. 6. To
match the two equations, Graf’s addition theorem for Bessel
functions [12] is used.

(18)

where represents a solution of Bessel’s equation. Using this
identity, the outgoing wave component of (16) can be written as

(19)

Similarly, the standing wave component of (16) can be written
as

(20)

By comparing these two equations with (17), we have

(21)

(22)

Multiplying (21) with and subtracting from (22) gives
the following linear system, for all .

(23)

By solving this linear system, can be determined. This
gives both and . Note that, in numerical calculations,
the infinite sum on the azimuthal indexes and needs to be
truncated. For a given accuracy, the number of modes depends
on the borehole size and on the degree of eccentricity. In the re-
sults that follow, we use 20 azimuthal modes after ensuring from
convergence tests that inclusion of additional modes has negli-
gible effect in the results. The voltage of the receivers can then be
computed using (11) with the kernel now given by

(24)

Note that since the eccentric problem is not invariant along
anymore, has none of the symmetry properties present

in the circularly symmetric case. For example, the summation
over cannot be folded as done in (12).

IV. FDTD MODELING

The FDTD method [13] can also be extended to analyze
this problem [14]–[17]. To avoid staircasing errors in the
discretization of the mandrel and antennas geometries along
the azimuthal direction, the FDTD is implemented in a 3-D
cylindrical grid [17]. To simulate an open-domain problem,
an absorbing boundary condition should be used. The 3-D
anisotropic-medium cylindrical PML [18] is chosen here for
this purpose. In this implementation, the PML is represented by
a (cylindrical layered) anisotropic medium inserted at the outer
zones of the cylindrical computational domain with permittivity
and permeability tensors given by
and where is
diagonal tensor (in the cylindrical system) given by

(25)

where is the analytic continuation of to a complex domain,
and are complex stretching variables defined as

(26)

(27)

(28)

where . In all FDTD simu-
lation results presented, a cubic profile is used for the stretching
variables.

To model eccentric boreholes, a face-based locally conformal
FDTD scheme is employed to model the interface between the
borehole and formation and minimize staircasing error. In this
approach, a weighted average is used to obtain effective conduc-
tivities at interface cells. The average is applied to fields normal
to the dual grid faces where the curved interface intersects. By
applying Ampere’s equation (in integral form) along dual grid
cell faces of the FDTD grid and approximating the electric field
as uniform over each dual grid cell face, the effective conduc-
tivity can be written as the weighted average

(29)

where and are the fractional area of the dual grid cell
faces corresponding to conductivities and , respectively
(e.g., mud and formation conductivities).

To extract frequency data from early time FDTD data and
avoid excessive simulation times, we employ an extraction al-
gorithm described in [19]. Nonuniform discretization is adopted
along the radial direction of the cylindrical grid, with smaller
grid cells used close to the mandrel and larger grid cells used at
the outer regions. This allows the simulation of larger domains
with less computational cost and without sacrificing geometric
modeling accuracy. Further details on these FDTD extensions
can be found in [17].



1062 IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. 54, NO. 4, APRIL 2006

Fig. 4. Comparison between 3-D FDTD and pseudoanalytical results. The tool
is located in a homogeneous formation with either � = 0:1 mho/m or 1.0
mho/m. Three different tilt angles for the transmitter are considered for each
conductivity choice: 0 , 20 , and 45 . Pseudoanalytic results are represent by
symbols and FDTD results by solid curves.

Since the antennas can tilt in both elevation and azimuth an-
gles, the FDTD grid is not fully conformal to the antenna geom-
etry along the direction. A staircasing approximation along the

direction is currently being used to model the tilted antennas.

V. RESULTS

A. Homogeneous Formations

We first show results for tilted-coil tools in homogeneous
formations. We chose two different formation conductivities,

mho/m and 1.0 mho/m. For each conductivity value,
we simulate three different transmitter tilt angles ( ,
and 45 ). The receivers are tilted along the same direction as the
transmitter.

Fig. 4 compares 3-D FDTD and pseudoanalytic results. The
FDTD solution uses a grid with
cells. As mentioned before, the 3-D grid employs nonuniform
grid cells in the direction. For mho/m, the radial

Fig. 5. Comparison between 3-D FDTD and pseudoanalytical results for a
tool located in a cylindrical borehole surrounded by a homogeneous formation.
Two pairs of borehole mud and formation conductivities are considered:
� = 10=0:1 mho/m and � = 0:0005=1:0 mho/m. Three
different transmitter tilt angles are considered for each pair of conductivities:
0 , 20 and 45 . Pseudoanalytic results represent by symbols and FDTD
results by solid lines.

cell sizes vary from cm close to the mandrel to
18.7670 cm at the outer end. For mho/m, the cell
sizes vary from cm to 7.11 cm to capture the smaller
skin depth. Good agreement is observed between FDTD and
pseudoanalytical results.

B. Homogeneous Formations With Mud Layer

We next consider a cylindrical borehole in a homogeneous
formation. The conductivity of the borehole mud is assumed
uniform. The radius of the borehole is 5 in. Two different cases
are considered, one with low mud conductivity and high forma-
tion conductivity, and the other with the reverse scenario. For
each scenario, we consider three different transmitter tilt angles,
equal to 0 , 20 and 45 . The receivers are tilted in the same di-
rection as the transmitter.

Fig. 5 compares 3-D FDTD and pseudoanalytical results. For
the FDTD simulation, we use a grid with
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Fig. 6. Comparison between 3-D FDTD and pseudoanalytical results for a
tool located in an eccentric cylindrical borehole surrounded by a homogeneous
formation. Two pairs of borehole mud and formation conductivities are
considered: � = 10=0:1 and � = 0:1=10:0 mho/m. The
parameter d represents the eccentricity of the tool in inches (see Fig. 3). Both
transmitter and receivers have tilt angle equal to 45 . Pseudoanalytical results
are represented by symbols and FDTD results by solid curves. See more details
in the text.

cells. For the case
mho/m, varies from 0.635 cm to 22.52 cm. For the
case mho/m, varies from 0.635 cm
to 7.11 cm. The comparison between the FDTD results and the
pseudoanalytical results shows again very good agreement.

C. Eccentric Boreholes

To better illustrate eccentricity effects, a larger borehole size
is chosen in this case, together with a larger conductivity con-
trast between mud and formation. The radius of the borehole
is chosen equal to 12 in. Two formation conductivity cases are
considered, as shown in Fig. 3. The transmitter tilted angle equal
to 45 . The eccentricity angle is chosen to be . The re-
ceivers are again tilted in the same direction as the transmitter.

Fig. 6 compares 3-D FDTD and pseudoanalytic results.
For mho/m, we use a FDTD grid with

cells and varying from 0.635

cm to 2.25 cm. For mho/m, we use a grid
with cells and varying from
0.635 cm to 18.76 cm. Very good agreement is again observed
between the two approaches.

VI. CONCLUSION

We have discusssed the analysis of tilted-coil logging tools in
multilayered and eccentric borehole problems using both a pseu-
doanalytical approach and a brute-force 3-D FDTD numerical
scheme. Comparisons between the two approaches for well-log-
ging tools in different borehole and formation scenarios have
yielded very good agreement. These two approaches are, in a
sense, complementary to each other. In terms of computational
requirements, the pseudoanalytical approach is considerably less
costly than FDTD modeling. As such, it can be used for a fast
turnaround analysis of tool response in simple formations. On the
other hand, FDTD is flexible enough to account for highly com-
plex (inhomogeneous) formations, with arbitrary invasion zone
profiles, bed boundaries, and dipping bed angles. As such, FDTD
can be used to evaluate in more detail the impact of particular for-
mation feature(s) on the response of a given tool. In terms of the
main limitations of each approach, the cylindrical FDTD method
applied to tilted antennas is restricted by the grid geometry and
staircasing approximation. In order to yield good results, the cell
size along the direction need to be fine enough to capture the
tilted antenna geometry. For the pseudoanalytical formulation, if
the mandrel eccentricity is very large, the linear system given in
(34) can become ill-conditioned. In practice, however, this is not
expected to occur in usual well-logging tool geometries because
borehole and tool radii are not too dissimilar.

This paper has considered boreholes in isotropic formations
only. One of the advantages of tilted coil antenna tools is in ob-
taining improved estimates of anisotropy. The response of tilted
coil tools in eccentric borehole through anisotropic formations
will be considered in a future work.

APPENDIX

PSEUDOANALYTICAL FORMULATION: NUMERICAL

CONSIDERATIONS

A. NumericalIntegrationforMulticylindricallyLayeredMedia

The integral in (11) has slow (algebraic) convergence. How-
ever, the difference , where is the homogeneous
case integral, converges exponentially. can be computed an-
alytically using the radiation integral

(30)

where

(31)

(32)

and is the position of the antenna in the -direction. After
numerical integration of can be added to it to obtain .
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B. Condition Number for Eccentric Boreholes

The condition number of the linear system given by (23) can
deteriorate for certain ranges of the integrand during the evalu-
ation of the integral in (11) for eccentric cases. This can be cir-
cumvented by similarly extracting the homogeneous solution.
From (23), can in general be decomposed as

(33)

where the first term corresponds to the homogeneous formation
contribution. The second term is the eccentric borehole forma-
tion contribution with being a free parameter to be optimized.
With this decomposition, the linear system in (23) becomes

(34)

for all . The condition number of this system can be modified
by choosing an appropriate . The and components of the
field contributed by the eccentric term are given by

(35)

where

(36)

are given in (5) and (15).
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