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Abstract

We prove that for an arbitrary measurable set A ⊂ R2 and a σ-finite Borel measure µ on the plane,
there is a Borel set of lines L such that for each point in A, the set of directions of those lines from

L containing the point is a residual set, and, moreover, µ(A) = µ
({⋃

` : ` ∈ L}). We show how this

result may be used to characterise the sets of the plane from which an invisible set is visible. We also
characterise the rectifiable sets C1, C2 for which there is a set which is visible from C1 and invisible
from C2.

1. Introduction

In 1952, R. O. Davies proved that an arbitrary measurable set A ⊂ R2 can be
covered by lines in such a way that the set of all points covered by these lines has
the same Lebesgue measure as A (see [2]).

The natural identification between lines and points in the projective plane allows
us to define a set of lines to be measurable, Borel, of measure zero, if its (dual) set
of points in the projective plane is measurable, Borel, of measure zero, respectively.

Given a set of lines L and a direction d, we denote by Ld the set of lines with
direction d which belong to L. We say that L contains zero many lines in direction d
if the set of points

⋃
Ld is of Lebesgue measure zero. By Fubini’s theorem, this

holds if and only if on taking a line ` of direction orthogonal to d, the intersection
of ` and the elements of Ld forms a set of linear measure zero on `.

Since a measurable set A has measure zero if and only if it intersects almost
every line through a given point in a set of (linear) measure zero, it is easy to see
that a set of lines L has measure zero if and only if it contains only zero many lines
in almost every direction.

Using this remark, we can state the dual of the theorem of Davies mentioned
above: for an arbitrary measurable set of lines L, there exists a set of points P such
that every line of L intersects P , and the set of all lines through the points of P
not belonging to L has measure zero, that is, in almost every direction there are
only zero many lines intersecting P which do not belong to L. A higher-dimensional
version of this result can be found in [3].

The main result of Section 2 is that Davies’ theorem (and its dual) holds not only
for Lebesgue measure, but for every σ-finite Borel measure of the plane.

(
That is,

for every set A ⊂ R2 and for every σ-finite Borel measure µ of the plane, there exists

a set of lines L such that the set L∗ def
= {⋃ ` : ` ∈ L} covers A, and µ(A) = µ(L∗).

)
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Moreover, we also show that this set L can be chosen in such a way that, in addition,
for each point in A, the set of directions of those lines from L containing the point
is a residual set. (Recall that a set is called residual if its complement is of first
category.) Similarly, in the dual case, for every set of lines L, there exists a residual
set of points on each line of L with the required property.

In Section 3 we give some applications of Davies’ theorem to invisible sets. A set
is said to be invisible if almost every projection of it has measure zero; a set is visible
if it is not invisible. A set is invisible from a point if almost every line through this
point does not hit the set.

J. M. Marstrand proved that the set of points from which an invisible set of
finite length is visible has Hausdorff dimension at most 1. He also gave an example
which shows that it can be 1 (see [4]).

As a generalisation of this result, P. Mattila in [5] proved that for an arbitrary
invisible set (without assuming finite length), the set of points from which the set is
visible has capacity zero, and it is purely unrectifiable. Mattila asked whether the
set of the points from which an invisible set is visible is invisible. This question is
answered in the negative in [1].

In this paper we characterise the sets of the plane from which an invisible set is
visible, and show how easily the previous results (purely unrectifiable, not necessarily
invisible, and so on) follow from our characterisation.

One can see immediately that a set is invisible if and only if it is invisible from
almost every point of the ideal line of the projective plane. Using this observation,
we can define invisibility from rectifiable sets: a set is said to be invisible from a
rectifiable set C if it is invisible fromH1-almost every point of C , whereH1 denotes
the 1-dimensional Hausdorff measure. By the theorem of Mattila above, if a set is
invisible from the ideal line, then it must be invisible from every rectifiable set C .
K. J. Falconer posed the problem of finding those rectifiable sets C1, C2 for which
there exists a set which is visible from C1 and invisible from C2. In Theorem 13 we
characterise the rectifiable sets C1, C2 with this property.

2. Davies’ theorem for Borel measures

For a given parallelogram P and an interval of directions I , let AP, I denote the
set of lines through the points of P in directions belonging to I . For a set of lines L,
let L∗ denote the set of all points covered by the lines of L, and for a set of points A,
let A∗ be the set of lines through the points of A.

Our main result is the following theorem.

Theorem 1. Let µ be a σ-finite Borel measure on the plane. Then for an arbitrary
measurable set A ⊂ R2, there exists a Borel set of lines L such that:

(i) through each point of A there are residually many lines of L (that is, the set
of directions of those lines in L containing the point forms a residual set);

(ii) µ(L∗) = µ(A).
Similarly, for an arbitrary σ-finite Borel measure µ on the space of lines, and for

an arbitrary measurable set of lines L, there exists a Borel set of points A such that:
(i) each line of L intersects A in a residual set;
(ii) µ(A∗) = µ(L).

We remark that if L is Borel, then L∗ is analytic, thus L∗ is measurable with
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respect to any Borel measure. Similarly, if A is Borel, then A∗ is measurable with
respect to the measure µ.

It is enough to prove the first part of the theorem, since the second part is just
its dual. Moreover, it is enough to prove the first part for an open set A. Indeed, any
measurable set A can be covered by a Gδ set

⋂∞
n=1 Gn of the same measure (where

G1 ⊃ G2 ⊃ · · · are open), and if the conditions of the first part of Theorem 1 are
satisfied for the sets G1, G2, . . . and for the sets of lines L1, L2, . . ., then the conditions
are also satisfied for A =

⋂∞
n=1 Gn and L =

⋂∞
n=1 Ln.

We use the following lemma, which is a sharpened version of Davies’ theorem:
not only does the covering set L∗ have the same measure as the measure of A, but
L∗ \ A intersects every line through a given point in a set of (Lebesgue) measure
zero.

Lemma 2. Let A be an open set of the plane, and let x be a point not belonging
to A. Then there exists a Borel set of lines L such that:

(i) L contains residually many lines through each point of A;

(ii) L∗ \ A intersects each line through x in a set of (Lebesgue) measure zero.

The dual of this lemma is the following.

Lemma 3. Let L be an open set of lines, and let X be a line not belonging to L.
Then there exists a Borel set of points A for which:

(i) each line of L intersects A in a residual set;

(ii) through each point of X there are only zero many lines from A∗ \ L.

Without loss of generality, we can assume that X is the ideal line of the projective
plane. Then the points of X are the directions, and we can formulate Lemma 3 more
easily as follows.

Lemma 4. For an arbitrary open set of lines L, there exists a Borel set of points A
for which:

(i) each line of L intersects A in a residual set;

(ii) in each direction there are only zero many lines which intersect A and do not
belong to L.

To prove this, we shall use the following lemma, a proof of which may be found
in [1].

Lemma 5. For every parallelogram P , positive number ε and intervals of directions
I, J with cl(I) ⊂ int(J), there are subparallelograms P1, P2, . . . such that:

(i) each line which intersects P and whose direction belongs to I also intersects
one of the subparallelograms (that is,

⋃
n APn, I = AP, I );

(ii) the projection of
⋃
n Pn has Lebesgue measure less than ε in each direction

not belonging to J .

Proof of Lemma 4. We choose positive numbers εn for every finite sequence
of natural numbers n = n1n2 · · · nk such that

∑
n=n1n2···nk εn < 1/2k . Let P1, P2, . . .

be rational open parallelograms, and let I1, I2, . . . be rational open intervals of
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directions, for which APj , Ij ⊂ L for every j, and for every line ` ∈ L, the system of
parallelograms

{Pj : ` ∈ APj , Ij}
gives a Vitali covering of `, that is, all the points of ` are covered by an arbitrarily
small parallelogram from this set.

If P = Pn, I = In and ε = εn have been defined for a finite sequence of natural
numbers n = n1n2 · · · nk , then we define Pnj , Inj for every j ∈ N by the following
procedure.

First we choose rational open subparallelograms P 1, P 2, . . . of P = Pn and
rational open subintervals I1, I2, . . . of I = In such that for every ` ∈ AP, I , the
system of subparallelograms

{P j : ` ∈ APj , Ij}
is a Vitali covering of the segment ` ∩ P . Then we choose positive numbers εj

for which
∑

j ε
j < ε = εn, and we choose rational intervals of directions Jj for

which cl(Ij) ⊂ int(Jj) and
∑

j |Jj \ Ij | < ε. Then we apply Lemma 5 for all
parallelograms P j , intervals Ij , Jj and numbers εj . The result is a countable system
of subparallelograms of P , say Pn1, Pn2, . . .. For every m for which the parallelogram
Pnm is the result of Lemma 5 applied for P j, Ij , Jj , εj , let Inm be the interval Ij .

The set {P j : ` ∈ APj , Ij} is a Vitali covering of `∩P for every ` ∈ APj , Ij , and, by
conclusion (i) of Lemma 5, ` must intersect one of the subparallelograms obtained
by applying the lemma for P j, Ij , Jj , εj . Thus the set

{Pnm : ` ∈ APnm, Inm}
covers a dense open subset of the segment ` ∩ P . From this it follows immediately
that

⋃
n=n1n2···nk Pn intersects every line ` ∈ L in a dense open set, hence the Gδ set

A
def
=
⋂
k

⋃
n

Pn=n1n2···nk

intersects every line ` ∈ L in a residual set, thus it satisfies (i) of Lemma 4.

On the other hand, if ` 6∈ L, then for every fixed sequence n, either ` does not
hit Pn, or the direction of ` does not belong to In. In the latter case, the direction
of ` does not belong to

⋃
m1m2···ml Jnm1···ml provided that l is large enough, and hence⋃

m1m2···ml Pnm1···ml intersects at most
∑

m1m2···ml εnm1···ml many lines parallel to `. This
implies (ii) and completes the proof of Lemma 4, and hence also the proofs of
Lemmas 2 and 3.

Proof of Theorem 1. Let K1 ⊂ K2 ⊂ · · · be compact subsets of R2 \A for which
µ
(
(R2 \ A) \⋃n Kn

)
= 0, and let µn be the restriction of µ to the set Kn. It is enough

to prove that there is a set of lines Ln such that assumptions (i) and (ii) of the first
part of Theorem 1 hold for Ln and µn instead of L and µ; then (i) and (ii) also hold
for
⋂∞
n=1 Ln and µ. That is, we can assume that µ has a compact support K disjoint

from A.

We choose countably many open balls B(xn, rn) for which

A ⊂⋃
n

(
B(xn, rn) \ {xn})

and B(xn, 2rn) ∩ K = ? for every n. It is enough to prove that there exists a set of
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lines Ln such that (i) and (ii) hold for B(xn, rn) \ {xn} and µ instead of A and µ. That
is, we can assume that A = B(x, r) \ {x} and B(x, 2r) is disjoint from K .

For the sake of brevity, we assume that A = B(0, 1) \ {0} and B(0, 2) ∩ K = ?.
We apply Lemma 2 for this set A and x = 0, and let M be the set of lines thus
obtained.

Let M∗ denote the analytic set of points covered by the lines of M, and let
M∗∗ = M∗ \ B(0, 1). We consider the space

(R2, µ)× (R, λ),

where λ is the Lebesgue measure on the line, and we consider the subset

{(x, t) ∈ R2 ×R : tx ∈M∗∗}.
Since M satisfies condition (ii) of Lemma 2, all the vertical sections of this subset
have Lebesgue measure zero. This means that almost every horizontal section has
measure zero. Therefore we can choose a number u such that 1/2 < u < 1 and
µ
({x : ux ∈ M∗∗}) = 0, and put t = 1/u. So 1 < t < 2 and µ(tM∗∗) = 0. We claim

that tM satisfies the conditions of Theorem 1.
Since M contains residually many lines through the points of B(0, 1) \ {0},

tM contains residually many lines through the points of

t B(0, 1) \ {0} ⊃ B(0, 1) \ {0} = A,

thus (i) holds. On the other hand, since B(0, 2) ∩K = ? and t < 2, we have

µ(tM∗) = µ(tM∗ ∩K) = µ
(
tM∗ \ B(0, t)

)
and

tM∗ \ B(0, t) = t
(
M∗ \ B(0, 1)

)
= tM∗∗.

Since µ(tM∗∗) = 0, statement (ii) is proved.

3. Invisible sets

In this section, all the sets mentioned are analytic, and all the measures are
σ-finite Borel measures.

Definition 6. An analytic set is said to be invisible if almost every projection
of it has measure zero; a set is visible if it is not invisible. A set is invisible from a
point if almost every line through this point does not hit the set.

Remark 7. Our definition for invisible sets is slightly different from the standard
one. Usually, a set is said to be invisible from a point if and only if almost every line
through this point does not hit the set, except possibly for the point itself. Thus a set
is not necessarily visible from its points, while by our definition it must be visible.
However, we shall study how large the set from which an invisible set is visible can
be, and an invisible set is ‘small’ (it has capacity zero, is purely unrectifiable, and
so on), thus it will make no difference in our results whether or not we count the
points of the invisible set itself.

Note that a set A is invisible if and only if A∗ has measure zero, where A∗ denotes
the set of all lines through the points of A. From this observation, the next theorem
follows very easily.
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Theorem 8. For every set B ⊂ R2, the following two statements are equivalent.

(i) There exists an invisible set A which is visible from all the points of B.

(ii) It is possible to put lines through the points of B such that there are lines in
positively many directions through all the points of B, but in every direction
we have only zero many lines.

Proof. Condition (i) implies condition (ii) immediately, since if an invisible set
A is visible from B, then the set of all lines connecting A and B has this property.
On the other hand, if condition (ii) holds for a certain set of lines L, then by the
dual of Davies’ theorem, there exists a set of points A which intersects all the lines
of L (that is, A is visible from B), but the set of all lines intersecting A has the same
measure as the measure of L, that is, it is a null set (thus A is invisible).

This theorem implies the following.

Theorem 9. For an arbitrary set B ⊂ R2 and measure µ on B, the following two
statements are equivalent.

(i) There is no invisible set which is visible from positively many points of B with
respect to µ.

(ii) Almost every marginal of µ is absolutely continuous with respect to the
Lebesgue measure.

(Recall that the marginals of a planar measure µ are the linear measures µd defined
by µd(A) = µ

({P ∈ R2 : Prd(P ) ∈ A}), where A ⊂ R and Prd denotes the projection
to a line of direction d.)

Corollary 10. If an invisible set is visible from the points of a set B, then B is
purely unrectifiable and has capacity zero.

Proof. If an invisible set is visible from the points of B, then there is no measure
µ on B whose marginals are absolutely continuous. Now, it is easy to see that for
every rectifiable set C , the marginals of the 1-dimensional Hausdorff measure on
C are absolutely continuous in almost every direction (in fact, they are absolutely
continuous in all but countably many directions), so B must be purely unrectifiable.
Similarly, all the measures of finite energy have absolutely continuous marginals in
almost every direction (see, for example, [6, Chapter 9]), thus A also has capacity
zero.

Corollary 11. There exists an invisible set A and a visible set B for which A is
visible from all the points of B.

Proof. Let D be a Borel set of directions for which both D and its complement
have positive measure, and let L1 be the set of all lines of directions belonging to D.
By the dual of Davies’ theorem, there exists a set B which intersects all the lines
of L1, thus B is not invisible. On the other hand, in directions not belonging to D

there are only zero many lines intersecting B; let the set of these lines be L2. Now, B
and L2 satisfy condition (ii) of Theorem 8, thus there exists an invisible set A which
is visible from all the points of B.
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For the characterisation of those rectifiable sets C1, C2 for which there exists a
set which is visible from C1 and invisible from C2, we first require a definition.

Definition 12. A point P is said to be surrounded by C if almost every line
through P intersects C . We say that a rectifiable set A is surrounded by C if
H1-almost every point of A is surrounded by C .

Theorem 13. Let C1, C2 be rectifiable sets. Then the following two statements
are equivalent.

(i) There exists a Borel set A which is visible from C1 and invisible from C2.

(ii) C1 is not surrounded by C2.

It is easy to see that all the points of the plane are surrounded by the infinite line,
hence this theorem implies that there is no rectifiable set from which an invisible set
is visible.

The proof of Theorem 13 is based on the following definition.

Definition 14. Let C be a rectifiable set on the plane, and let H1 denote the
1-dimensional Hausdorff measure. We denote by D the set of directions, and let
λ be the natural measure on D. Let L be a set of lines. We define the measure

µC(L)
def
= (H1 × λ)(L∗), where

L∗
def
=
{

(x, d) ∈ C × D : the line through x in direction d belongs to L
}
.

Remark 15. One can see immediately that a set A is invisible from a rectifiable
set C if and only if µC(A∗) = 0, where A∗ denotes the set of lines through the points
of A. So we have to characterise the rectifiable sets C1, C2 for which there exists a
Borel set A such that A∗ has positive measure with respect to µC1

and is a null set
with respect to µC2

. First, we characterise the rectifiable sets C1, C2 for which there
exists a set of lines which has positive measure with respect to µC1

and zero measure
with respect to µC2

.

Theorem 16. Let C1 and C2 be rectifiable sets. Then µC1
� µC2

if and only if C1

is surrounded by C2.

Proof. If C1 is not surrounded by C2, then through positively many points of
C1 there are lines in positively many directions which do not hit C2. This is a set of
lines which has positive measure with respect to µC1

and zero measure with respect
to µC2

.

On the other hand, suppose that C1 is surrounded by C2, and for a set of lines
L we have µC1

(L) > 0. We show that µC2
(L) > 0.

Since C1 is surrounded by C2, the set of all lines which do not intersect C1 or
C2 has measure zero with respect to µC1

, thus we can assume that every element of
L intersects both C1 and C2. Similarly, there are only countably many lines which
intersect C1 or C2 in a set of positive length, thus we can assume that all the lines of
L intersect C1 and C2 in a set of zero length only. Finally, there are only countably
many points c2 ∈ C2 through which there are lines of L in zero many directions
which cover a positive subset of C1, thus we can assume that C2 does not contain
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any point with this property. Now we consider the set{
(c1, c2) ∈ C1 × C2 : there is an element of L through the points c1, c2

}
with the measure H1 × H1. Since µC1

(L) > 0, there are positively many points
c1 ∈ C1 through which there are lines of L in positively many directions, and
since almost every point of C1 is surrounded by C2, these intersect C2 in a set of
positive length. That is, the set above has positively many vertical sections of positive
measure. Thus there are positively many horizontal sections of positive measure,
that is, there are positively many c2 ∈ C2 for which the set of lines through c2 hits C1

in a positive set. By our assumption above, this implies that we have lines through
these points in positively many directions, which is a subset of L of positive measure
with respect to µC2

. This completes our proof.

Proof of Theorem 13. By Remark 15 and Theorem 16, it is enough to show
that whenever µC1

(L) > 0 and µC2
(L) = 0 for a set of lines L, we have a set A for

which the set of lines A∗ satisfies µC1
(A∗) > 0 and µC2

(A∗) = 0. But this is immediate
by applying the first part of Theorem 1 for L and µC2

: we obtain a set A for which
L ⊂ A∗ (thus µC1

(A∗) > 0) and µC2
(A∗) = µC2

(L) = 0.
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