
Math 3345 - Spring 2020 - Taylor
Infinity handout

• Some food for thought:

– Is {0, 1}1,2,3 countable?

– Is {0, 1}N countable?

– Is P(N) countable?

• The symbol ℵ0 (read aleph-naught) is used to denote the cardinality of the natural numbers.
ℵ0 is the smallest notion of infinity.

• We proved the following in class which can be found in the book on page 153, Proposition 14.6:

Theorem 1 For each set A, P(A) is equinumerous to {0, 1}A.

In particular, this says that P(N) is equinumerous to {0, 1}N, or that

card (P(N)) = 2ℵ0 .

• On page 175 of your book, you can find the proof of the following:

Theorem 2 R ≈ {0, 1}N.

Combining Theorem’s 1 and 2, we conclude that

R ≈ {0, 1}N ≈ P(N)

or that
card (R) = 2ℵ0 .

• Additional reading: On page 176, it is shown that the real line R is equinumerous to the
Cartesian plane R × R (Cantor, 1877). The continuum hypothesis poses the question of
whether or not R is equinumerous to Rn. It turns out that the continuum hypothesis can
neither be proved or disproved... for more reading, see your book.

• Warm-up exercise: page 165 (15.21)



Notation from last class: Let ∼ be the following relation on R: x ∼ y iff (x − y) ∈ Q. Recall, for
each x ∈ R, the equivalence class of x is defined by [x] = {y ∈ R : (x − y) ∈ R}. Further, R/Q
denotes the set of all equivalence classes.

1. You can verify that ∼ is an equivalence relation on R. List the properties of an equivalence
relation.

2. Find two elements in R that are equivalent and two that are not.

3. Describe the equivalence class of the elements in the previous item. What is the cardinality
of each of these equivalence classes?

4. True or False, if x 6= y and both x and y are irrational, is [x] = [y]?

5. What is the cardinality of R/Q?


