
Take Home Midterm Math 3345, Spring 2018 Paul Jasek

PROOF BY CONTRADICTION AND CONTRAPOSITIVE

1. Prove that if n is an even integer, then n2 is an even integer.

We will prove the implication directly. So, we assume that n is an even integer. This means that
we can write n = 2k, where k is an integer. Now, n2 = (2k)2, which implies that n2 = 2(2k2). Since
2k2 is an integer, this implies that n2 is an even integer, by definition. Therefore, we have proven
that if n is an even integer, then n2 is an even integer.

2. Prove that if x is irrational and y is rational, then x + y is irrational.

We will prove this statement, by showing the logicially equivalent contrapositive: if x+y is rational,
then x is rational or y is irrational. To prove the contrapositive, we assume that x + y is rational,
so we can write x + y = m/n, where m and n are integers and n ≠ 0. Now, we consider the two
cases where y is rational or irrational. If y is rational, we can write y = m′/n′ wher m′ and n′ are
integers and n′ ≠ 0. This implies that x =m/n−m′/n′. Now, x = mn′−m′n

nn′ which means x is rational,
because mn′ −m′n is an integer and nn′ is a non-zero integer. This satisfies the condition that x is
rational or y is irrational, so we move on to our next case. If y is irrational, then this satisfies the
condition that x is rational or y is irrational. Therefore, we have proven that if x is irrational and
y is rational, then x + y is irrational.

3. Prove that if x2 = 2, then x is irrational.

By way of contradiction assume that x2 = 2 and x is rational. Now, we can write x = m/n, where
m and n are integers such that n ≠ 0 and m/n is in lowest terms (i.e. n ∤ m). Now, 2 = m2/n2.
Now, we multiply n2 on both sides to obtain 2n2 = m2. This implies that m2 is even, and since
we have shown earlier that multiplication on the even integers is closed, m is also even. Since m
is even, we can write m = 2k, where k is an integer. Now 2n2 = (2k)2. This implies that n2 = 2k2,
which by definition means that n2 is even. Using the same logic as before, this implies that n is
even. So, since n and m are both even, this means that m/n is not in lowest terms. Therefore, we
have reached a contradiction and conclude that if x2 = 2, then x is irrational.
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