
Math 3345 - Spring 2018 - Taylor
Review suggestions for the Final Exam

There will be one problem on the final exam from the last week of class. This will either be
from lecture and/or homework 13...stay tuned. The remainder of the exam problems will be taken
directly from this sheet.
* indicates a challenge problem; there will be one such problem for extra credit on the exam

1. Hand-out from Friday, April 13: problems 2, 3, 4a, and problem on the back of the sheet.

2. (a) Let f : A→ B. State the definition of f injective and f surjective.

(b) Find an explicit bijection from Z to N and prove that it is both surjective and injective.

3. Prove the following Lemma (the proof was done in class; hint: use f(A) as a bridge):

Lemma 1 Let A and B be finite sets, and let f be a function from A to B.
(a) If f is injective, then |A| ≤ |B|.
(b)* If f is surjective, then |A| ≥ |B|.

4. (a) Let A and B be finite sets. Assume that g is an injection from A to B and that h is an
injection from B to A. Prove that A and B have the same size.

(b) *Let A and B be sets. Assume that g is an injection from A to B and that h is an
injection from B to A. Prove that A and B have the same size.

5. (From Assignment 12)

(a) page 160-161, exercises 1 and 3.

(b) *Let n ∈ N and k ∈ N
⋃
{0}. Why is

(
n
k

)
is an integer?

(c) Let p prime and x ∈ R. Prove that

(1 + x)p ≡ (1 + xp) mod p.

6. page 127 exercise 15 (from Assignment 10)

7. (From Assignment 11)

(a) page 137, exercise 13 (images of functions)

(b) page 142, exercise 28 (Cartesian Products/ Set Containment)

(c) page 148, exercise 9 (Counting)

8. (From Union and Intersection Exercises Handout and book:)

(a) (page 142 exercise 27:) Suppose that C(1, 1) = {1}, C(1, 2) = {2}, C(2, 1) = {2}, and
C(2, 2) = {1}. Find

2⋂
i=1

2⋃
j=1

C(i, j) and
2⋃

j=1

2⋂
i=1

C(i, j),

and show that they are not equal.



(b) (page 143 Example 12.39:) Let C(1, 1), C(1, 2), C(2, 1), and C(2, 2) be sets. Using that
the intersection is distributive over the union, expand

2⋂
i=1

2⋃
j=1

C(i, j).

9. (From Union and Intersection Exercises Handout and book:) Determine

(a)
⋂

n∈N
(
0, 1

n

)
(b)

⋂
n∈N

[
0, 1

n

)
(c)

⋃
n∈N

[
1
n , 1
)

(d)
⋃

n∈N
(
1
n , 1
]

10. Sets

(a) page 104, exercise 2

(b) page 108, prove Proposition 10.19

(c) page 108, exercise 10, 12, 13

(d) page 110, exercise 17

(e) page 118, know definition 10.42

(f) page 126, exercise 12

11. (From Assignment 9)

(a) Binomial Theorem: Suppose that W (x) is a polynomial with integer coefficients. Sup-
pose that for some n ∈ N and q ∈ N, q divides W (n). Prove that q divides W (n + q).

(b) page 108- 109, exercises 11 -16

(c) From “Some notes on modular arithmetic” (on our website) pages 38 - 46: Read the
example on the bottom of page 45. Compute 298(mod33) in two ways.

12. *(From Assignment 8- solved in review session by Erika)

(a) Let a1, · · · , ak, b ∈ Z. Assume that for each i ∈ {1, . . . , k}, ai and b are relatively prime.
Prove that

g.c.d

(
k∏

i=1

ai , b

)
= 1

13. Cartesian Products Review Let A, B, C, and D be sets. Recall

(x, y) ∈ (A×B) ⇐⇒ x ∈ A and y ∈ B.

(a) Prove that

(C ×D) \ (A×B) = [(C\A)×D]
⋃

[C × (D\B)] .



Solution:

(x, y) ∈ (C ×D) \ (A×B)

⇐⇒ (x, y) ∈ (C ×D) and (x, y) /∈ (A×B)

⇐⇒ (x ∈ C and y ∈ D) and (x /∈ A or y /∈ B)

⇐⇒ [(x ∈ C and y ∈ D) and (x /∈ A)] or [(x ∈ C and y ∈ D) and (y /∈ B)]

⇐⇒ [(x ∈ C\A and y ∈ D)] or [(x ∈ C and y ∈ D\B)]

⇐⇒ (x, y) ∈ [(C\A)×D]
⋃

[C × (D\B)]

(b) In the same style of the argument above, prove that

(A×B) ∩ (C ×D) = (A ∩ C)× (B ∩D) .

14. *Follow the writing rules that Erika discussed in class. Erika covered Sections 1-3 of the
Mathematical Writing (Knuth) document available on our website. Write a proof of Lemma
1 on page 7 of the Mathematical Writing (Knuth) document. This was discussed in class with
Erika.

15. From Midterm I: problems 1 and 3a

16. From Midterm II: geometric series, problem 3a, and problem 5 from Midterm II (this last
item was discussed in class with Erika).


