
Math 3345 - Winter 2018 - Taylor
Suggested Study Materials for Midterm I

The following is a list of review topics and exercises to help you be successful in preparing for the
first midterm. You can expect the level of difficulty of problems on the midterm to be similar to
those that appeared in class and in the homework. Presentation is important; reading proofs from
the book and working the practice exercises will help you improve your presentation. In addition to
working the problems below and attending the review session, it is suggested that you read through
your class notes and your previous homework assignments 1-4.

Truth tables, Propositional Calculus, Quantifiers, Negation

1. Let P and Q be statements. Prove by means of a truth table the following logical equivalences:

(a) (P =⇒ Q) ≡ ¬P ∨Q
(b) ¬(P ⇒ Q) is logically equivalent to P ∧ ¬Q
(c) ¬(P ∨Q) ≡ ¬P ∧ ¬Q,

(d) P ∧ (Q ∧R) ≡ (P ∧Q) ∧R,

(e) P ∨ (Q ∧R) ≡ (P ∨Q) ∧ (P ∨R).

2. State De Morgan’s Laws and rewrite the following statements using De Morgan’s Laws.

(a) ¬((x > 1) ∧ (x < 3))

(b) ¬
(

((x > 1) ∧ (x < 3)) ∨ ((x ≥ 4) ∧ (x < 7))
)

Simplify your answer by rewriting ¬(x > 1) as (x ≤ 1), etc. Your answer should contain no
“¬” symbols.

3. Suppose that P ∨Q is true and ¬Q is true. Explain why it follows that P must be true.

4. Write the contrapositive and the converse of each of the following statements:

(a) If it is raining, then the ground is wet.

(b) If a = 5 then a2 = 25

(c) If a 6= b, then a4 6= b4.

Do not worry about the truth or falsity of these statements.

5. For each of the following two statements:

(a) (∀x ∈ Z)(x is even)

(b) (∃x ∈ Z)(x3 > 0)

(c) (∃x ∈ R)(x2 + 1 = 0)

(d) (∀x ∈ R)(x2 + 1 > 0)

do the following:



(a) Write the statement as an English sentence.

(b) Is the statement true or false? Why?

(c) Write the negation of the statement as an English sentence.

(d) Write the negation of the statement in symbols.

6. By finding a counterexample, show why the following statement is false: For each integer n,
(n2 + n+ 1) is a prime number.

7. Negate the following statements:

(a) ((∃x ∈ R)(2x+ 7 = 15)) ∧
(
(∃x ∈ R)(x2 = 4)

)
.

(b) (∃x ∈ R)
(
(2x+ 7 = 15) ∧ (x2 = 4)

)
.

8. Let x ∈ R. Let the universe of discourse be R. Negate the following statement:
∀ε > 0, ∃δ > 0 such that if y ∈ R and |x− y| < δ, then |f(x)− f(y)| < ε.

9. Which if any of the following are true?

(a) ((∃x ∈ R)(2x+ 7 = 15)) ∧
(
(∃x ∈ R)(x2 = 16)

)
.

(b) (∃x ∈ R)
(
(2x+ 7 = 15) ∧ (x2 = 16)

)
.

10. For each of the following sentences, write out what it means in words, state whether it is true
or false, and negate the statement.

(a) (∃y ∈ R)(∀x ∈ R)(x+ y = x)

(b) (∀x ∈ R)(∃y ∈ R)(x+ y = x)

(c) (∃y ∈ R)(∀x ∈ R)(x+ y = 0)

(d) (∀x ∈ R)(∃y ∈ R)(x+ y = 0)

11. Write the negation of the sentence

(∀x ∈ R)(∃y ∈ R)(xy = 1).

Which is true, the original sentence or its negation?

12. Are the following sentence true or false? Justify your answer.

(a) (∃m ∈ Z)(∃n ∈ Z)(mn = 20).

(b) (∃m ∈ Z)(∃n ∈ Z) ((m 6= 1) ∧ (n 6= 1) ∧ (m 6= −1) ∧ (n 6= −1) ∧ (mn = 7)).

13. Exercise 5 (b) (page 8)

Proof techniques, rational and irrational numbers, divisibility

1. (a) Let p and q be prime numbers, and let n ∈ N. Prove that if p | n and q | n, then pq | n.

(b) Prove by induction that 6 | (x3 − x) for all x ∈ N.

2. Prove that for each x ∈ R, either π + x is irrational or π − x is irrational.



3. Let x, y ∈ N. Prove that if x | y and x | (y + 1), then x = 1.

4. Let d and x be positive integers. Prove that if d divides x and x+ 2, then d must be 1 or 2.

5. Work through the proof that there are infinitely many primes.

6. Given a finite list of strictly increasing primes p1 < p2 < · · · < pk, generate a new prime not
in this list. Also see Exercise 16, page 47.

7. Prove
√

3 is irrational. (See example 4.51 in book)

8. Prove the statement: for any positive real number x, if x is irrational, then
√
x is irrational.

9. Prove the following statement using (a) direct proof, (b) proof by contradiction: If x is an
even integer and y is an even integer, then x+ y is an even integer.

10. Suppose that James has a dog named biscuit. Let P be the statement (James is with his dog
biscuit and James is outside), let Q be the statement (biscuit is on a leash). Write a sentences
for each of:
(1) P =⇒ Q
(2) ¬P ∨Q
(3) ¬Q =⇒ ¬P
(4) P ∧ ¬Q (goodbye biscuit)
What is the relation between these logical statements? (For example, (3) is the contrapositive
of (1))

11. Prove by induction that for any positive integer n, n! ≥ 2n−1. Explicitly state the sentence
P (n) that you are trying to prove.

12. Prove the following by contradiction:

Let x, y ∈ R. If x is rational and y is irrational then x+ y is irrational.

13. Review exercises from Assignment 3 and the odd problems from Assignment 4.


