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ABSTRACT

Shape memory composites (SMCs) based on shape
memory alloys (SMAs) and shape memory polymers (SMPs)
are interesting due to their controllable temperature-dependent
mechanical properties. The complementary characteristics of
SMAs and SMPs can be used to create materials or systems
with shape recovery created by the SMA and shape fixity
provided by the SMP. In this research, three SMC operating
regimes are identified and the behavior of SMC structures is
analyzed by focusing on composite fixity and interfacial
stresses. Analytical models show that certain SMPs can achieve
sufficient shape fixing. COMSOL Multi-Physics simulations
are in agreement with analytical expressions for shape fixity
and interfacial stresses. Analytical models are developed for an
end-coupled linear SMP-SMA two-way actuation system.

Keywords: shape memory composite, shape memory polymer,
shape memory alloy, shape fixity, interfacial stress, COMSOL

INTRODUCTION

Shape memory polymers (SMPs) are polymeric smart
materials that can undergo large deformation when heated
above the glass transition temperature T,, fix the deformed
shape when cooled below Ty, and subsequently recover the
original shape when reheated above T,. At temperatures below
Tg, an SMP is in a glassy state exhibiting a high modulus and
sufficient rigidity to resist deformation [1]. This effect can be
used to provide shape fixity for shape memory composites
(SMCs) composed of SMPs and shape memory alloys (SMAS).

1

Conversely, an SMP is in a rubbery state with a low modulus
above Ty and becomes highly deformable, exhibiting a large
decrease in its Young’s modulus. SMPs have several
advantages over SMAs: they have a much lower density, larger
strain recoverability up to 400%, and a lower manufacturing
cost [2]. Due to these characteristics, SMPs have been
researched as promising materials for morphing aircraft skins
[3]. However, SMPs return to their memory shape with lower
recovery forces than SMAs due to their material properties. In
addition, their fatigue strength is lower than that of SMAs [4].
In order to improve these mechanical properties, SMP
composites incorporating SMAs have been investigated [5, 6].

SMAs are ductile in their low temperature martensitic state
and are able to undergo significant shape deformation until they
are heated [7]. At high temperatures, SMAs are in an austenitic
state and become elastic with a high modulus. Thus, they try to
return to their memorized shape with high recovery force.
SMASs generate large recovery stresses in a composite medium
which depend on composition and pre-strain [8]. Under an
applied stress, SMAs can exhibit superelastic behavior, which
is a result of the transformation to stress-induced martensite.
Characteristic SMA temperatures are austenite start and finish
temperatures and martensite start and finish temperatures.
Understanding the characteristics of SMAs and SMPs allows
their complementary use in SMCs by exploiting the
characteristic shape recovery of SMAs and the shape fixity of
SMPs.

Tobushi et al. [5] fabricated an SMC belt using a
polyurethane SMP sheet with an embedded TiNi SMA wire and
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conducted three-point bending tests. In addition, Tobushi et al.
made an SMC belt with a polyurethane SMP sheet and two
TiNi SMP tapes to demonstrate two-way bending deformation
[6]. Deformation tests at various temperatures show shape
fixity with high rigidity at low temperature and shape recovery
with large recovery force at high temperature.

In SMP-SMA composite applications, the geometries must
be designed to provide the desired shape fixity and recovery
while operating within appropriate stress and strain ranges for
the specific materials used. The aim of this paper is to identify
the SMC operating regimes and analyze the shape fixity and
interfacial stresses for SMCs using analytical models and
COMSOL finite element simulations. Three specific SMC
geometries are examined, including an SMP matrix with an
embedded SMA wire, SMP-SMA multi-layer bending
structures, and end-coupled SMP-SMA linear systems.
Parametric studies show the effects of SMC geometric
parameters on shape fixity.

SMC OPERATING REGIMES

Three operating regimes of SMCs can be identified based
on the relative transition temperatures of the SMP and SMA,
that capitalize on the characteristic shape fixity of SMPs and
shape recovery of SMAs: 1%) hold applied strains in the
austenitic state or superelastic regime of the SMA, 2" lock
positions in a multi-way SMA actuator, and 3™) add stiffness to
the otherwise ductile martensitic state of the SMA. The relative
phase transition temperatures of the SMA and SMP for the
three operating regimes are shown in Figure 1.

In the shape fixing cycle for the 1% operating regime, the
SMP glass transition temperature range is higher than the SMA
austenitic finish temperature A;. The SMP is used to fix the
position of an austenitic SMA spring. In this cycle, the SMC is:
1) heated above Ty (SMP in rubbery state), 2) deformed by an
initial load, and 3) cooled below Ty (M<T<Ty, SMP in glassy
state) to its fixed state. Shape fixity of the composite and
internal stresses are analyzed in the final fixed state when the
initial load is removed.

For locking positions in a multi-way SMA actuator, the 2™
SMC operating regime uses an SMP with a glass transition
temperature range that ideally falls between the SMA
martensite start (M) and austenite start (A;) temperatures.
Starting with the memorized lower temperature shape, the SMC
may be: 1) heated above Ty but below A, (SMA remains
martensitic); 2) deformed by a preload spring or other load; and
3) cooled below Ty to fix the deformed shape. Next, the SMC
may be: 4) heated above T, to soften the SMP, then continue to
be heated above A; to recover the initial shape of the SMA; and
5) cooled below T, to fix the recovered shape, and further
cooled to below M. The SMP fixes the recovered shape before
the SMA transitions to martensite. In this way, the SMP can be
used to fix the two-way actuator at low temperatures in either
the memorized or deformed shapes.

For low temperature stiffening of an SMA in the 3"
operating regime, the SMP glass transition temperature range is
lower than the SMA martensite finish temperature M. In this
regime, the SMP is used to add stiffness to the otherwise soft
martensitic SMA. The SMA may be used in typical cycles and
applications, but when cooled below Tg, the SMP adds stiffness
to the current shape of the SMA. For example, if a
counteracting spring were used with an SMA for two-way

actuation, the SMA memory shape would be released before the
SMP became rigid. However, the SMP would add rigidity to the
deformed position, making it less sensitive to disturbances.
While this regime is not examined in this paper, modeling could
be done similar to the 1% regime, with the austenitic SMA
spring force replaced by a ductile stress-strain model for a
martensitic SMA.
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Figure 1. Three operating regimes: 1% regime (Ar<Ty), 2"
regime (Ms<Ty<As), and 3" regime (T4 <M).

CASE I. SMP MATRIX WITH AN EMBEDDED SMA
WIRE

The first geometry considered is an SMA wire spring
embedded in an SMP bar with rectangular cross section. In the
memorized state, the SMA wire is straight. The axial stresses in
the SMA wire and interfacial shear stresses are examined
analytically and using a finite element model for a compressive
stress applied to the SMA wire. The compressive stress
simulates the compression that the SMA wire would experience
when undergoing shape recovery, though the analysis does not
consider the thermomechanical process involved in the shape
memory transformation.

Axial Stresses in SMA Wire and Interfacial Shear
Stress

The axial stresses in the SMA wire and interfacial shear
stresses were examined analytically and using a finite element
model for a compressive stress applied to the SMA wire. For
the finite element simulation using COMSOL, a 2.4mm
prescribed displacement input was applied to both ends of the
SMA wire, corresponding to 8% strain of the wire under free-
free conditions. The strains of the SMA wire and SMP matrix
were calculated in COMSOL and resulted in the deformed
shape shown in Figure 2.

SMA %MP
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Figure 2. Deformation in x-y view (COMSOL).

Next, the shear lag model, which is widely used to analyze
linear elastic stresses in short fiber composites [9], was
employed in order to derive analytical expressions for axial
stress and interfacial shear stress for the SMC. In the shear lag
model, an external stress oy is applied to both ends of the SMA
wire only. In order to investigate the axial stress in the SMA
and interfacial shear stress at a maximum compressive strain of
8%, the SMP is considered in its rubbery state (T>Ty).
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The shear lag model assumes a cylindrical shape for the
SMA wire and SMP matrix. Since the SMP matrix considered
here is rectangular, two different cylinders with radii equal to
the half-thickness (R=t/2) and half-width (R,=w/2) of the
rectangular matrix are considered instead. The shear lag model
is used to calculate the axial stresses for each of the SMP radii.
The average of the axial stresses for the two cases is then used
to represent the axial stress of the original rectangular shape.

Figure 3a shows the unloaded SMC with straight dotted
lines. The dotted lines on Figure 3b show the deformation
caused by the axial stress op. At the outer SMP radius R, the
displacement of the SMP matrix is ug, and at the outer SMA
radius r, the displacement of the interface is u,. The
deformation ur varies along the length because the surface
boundary condition of the SMP matrix is free.
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Figure 3. (a) Unloaded SMC and (b) deformation in x-z view
(shear lag model).

Figure 4 shows the free body diagram of a wire element
and the shear strain in the matrix.

ldp
R Ap du

Figure 4. Free body diagram of a wire element and shear
strain in the matrix.

The shear stress at the interface can be found from the
force balance on the wire element shown in Figure 4,
do 27
27r(dx)z. =—2r?(do,) —» —2=-=1
(dx)7 (do) = —F=— (1)
If an annulus in the SMP matrix is considered with an inner
radius ry, outer radius r,, and length dx, the shear forces acting
at the two radii are equal [9],

a_bh
2 oX = 271,7,dX  — H x )
From this relationship, the shear stress z in the matrix at any
radius p can be related to the interfacial shear stress 7 at radius
r. Therefore, =7(r/p). The shear strain y in the matrix is
expressed as du/dp where u is the displacement of the matrix in
the x direction. The shear strain is written in terms of the shear
stress 7 and the shear modulus G,. The subscripts p and a
denote the SMP matrix and the SMA wire, respectively.

d_“_y_i_i[Lj
dp G, Gylp ®)

The shear modulus Gp is 0.5Ep/(1+w), where E; is the
elastic modulus and v, is the Poisson’s ratio of the SMP. By

integrating (3), the difference between the displacement ug and
u, can be found.

u 2 R 2
Rduzrl_rjl d_p RN uR_urzrl_rln(Ej (4)
Uy Gpr p Gp r

Solving (4) for 7 and substitution into (1), the differential
of o, with respect to x can be written

do—a _ Z(UR_UF)G _i

dx _rzln(R/r) P2

where n :[Ep/(Ea (l+vp)ln(R/r))J;.

Differentiating (5) and substitution of the boundary
conditions leads to

(ur _UR)Ea (5)

=_(3a-5p)Ea=n_z<"a‘nga) ©)

where the boundary conditions are du/dx=g=0c./E, and
dur/dx=s¢,.

The top surface of the SMP matrix deforms and the strain
&, varies along the SMA wire. The analytical solution of the
second-order linear differential equation (6) is written as

O, :nga+C1exp[$xj+C2 exp(—?xj )

The constants C; and C, are obtained by applying the
boundary conditions o, = —oy at x = £L/2. The constants C,
and C, are equal.

exp(—n ]—exp(n )
2r 2r

nL nL ()
exp - —exp "

Equation (1) shows the relationship between interfacial
shear stress and axial stress. The interfacial shear stress 7 along
the SMA wire length can be found from (1) after differentiating
(7) with respect to x. The shear stress is given by

rdo, riCn n Cyn n
=———2=——| L exp| —x |-—2—exp| ——x
™ 2{ r p(r ] r p( r H ®)

The specific geometry examined was a straight SMA wire
with radius r=0.375mm embedded in the center of a rectangular
SMP  matrix with dimensions L=60mm, t=4.2mm and
w=10mm. First, the radius R is considered to be equal to the
beam half-thickness R,. The COMSOL model uses a prescribed
displacement of 2.4mm at the ends of the SMA wire to achieve
an 8% strain. This strain corresponds to an applied stress of oy
=5.67GPa which was used for the shear lag model. The first
boundary condition du,/dx is constant along the length of the
SMA wire.

du, 2.4mm
—_—= ga =
dx 30mm

=8% (10)
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The second boundary condition dug/dx varies along the
SMA wire. Data points are chosen to match the axial stresses
from COMSOL simulations. The data points and curve fit are
plotted in Figure 5a.
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Figure 5. Strain on the SMP surface: (a) R=R; and (b) R=Ry,.
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The curve fit equation is

dug . pX*Hppxepy

o 0 ro, 0<x<30mm (11)

The stress input op and boundary condition (11) are used to
calculate the constants C, and C, from (8). These constants are
used for the analytical calculations of axial stress (7) and
interfacial shear stress (9).

Next, the radius R is considered to be equal to the half-
width R,,. As with the previous calculation, du/dx is 8% but
now corresponds to an applied stress input of 5.91 GPa. Also,
dug/dx varies along the SMA wire and data points are chosen to
match the axial stresses obtained from the COMSOL
simulation. The data points and curve fit are plotted in Figure
5b.

Finally, the axial stresses calculated using the shear lag
model for radii of R; and R, are averaged in order to
approximate the axial stress of the rectangular-shaped SMP.
Figure 6 shows the COMSOL simulation results and the
predicted shear lag model results for the rectangular-shaped
SMP matrix. The shear lag model results match well with the
COMSOL results. Due to stress concentrations at the ends of
the structure, the COMSOL stress data for the first 1mm from
both ends are not considered and not shown in figures. The
shear lag model neglects the stress concentration at the ends
[10] and therefore produces a smooth stress curve near the ends
of the SMA wire.
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Figure 6. (a) Axial stress in the SMA wire and (b) shear
stress at the interface for a rectangular-shaped SMP matrix.
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CASE II: SMP-SMA-SMP MULTI-LAYER CANTILEVER
BEAM (1°" REGIME OF SMC)

An SMP-SMA-SMP multi-layer cantilever beam is
examined as the second geometry, operating in the 1% SMC
regime. Analytical expressions for shape fixity and interfacial
shear stress are confirmed by COMSOL finite element
simulations.

Deflection and Shape Fixity of SMP-SMA-SMP Multi-
layer Composite Beam (T>Ay)

This section consists of two parts: 1) development of an
analytical model for deflection and shape fixity of an SMP-
SMA-SMP multi-layer composite beam, and 2) comparison of
analytical model results with COMSOL simulation results. In
order to deform the composite layers, the beam is loaded with a
downward force P at the end of the SMA layer (Figure 7),
which is in its austenitic state (T>Ays). The opposite end of the
composite beam is fixed.

/’

Fixed end

SMP
SMA

w1 [ swe

Figure 7. Deflection of the SMP-éMA-SMP multi-layer
composite beam.

Analytical Model for Deflection and Shape Fixity of an
SMP-SMA-SMP Multi-layer Composite Beam

The beam bending models used here assume linear elastic
deformation, incompressible materials, small deflections, and
that shape fixity of the SMP by itself is neglected. The initial
point loading of the structure leads to a uniformly distributed
restoring force in the SMA layer. This restoring force is
considered as applied to the SMP in its glassy state in order to
determine the amount of deformation from the loaded shape to
the fixed shape when unloaded. While the distributed restoring
force acts to straighten the bent structure, due to the assumption
of small deflections, the deformation can be calculated as a
distributed load applied to a straight beam.

First, the deformation of the beam is calculated for a load P
applied at the tip of the beam, as shown in Figure 8a. For this
model, it is assumed that the stiffness of the SMP is negligible
when T>Tg, so only the SMA layer of the beam needs to be
considered for the initial deformation.

TV wt——ym
—— =0
(@) (b)

Figure 8. (a) Cantilever beam loaded with force P and (b)
free-body diagram of the beam segment.

The moment in the beam with length L is
M(X) =—-Mpg + Fyx=—-PL + Px (12)

where Mg=PL and Fz=P are the reaction moment and reaction
force, respectively. For beam bending, the internal bending
moment M(x) can be written as
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d?v
M(X)=Ep,l4 ﬁ (13)

where Ep; is the Young’s modulus of the SMA at T>A¢ and 1, is
the area moment of inertia of the SMA layer cross-section. By
substituting (12) into (13) and integrating twice with respect to
X, the deflection v(x) from the SMA layer only is obtained as

v(X) =

3 2

6 AZIA(X —3Lx ) (14)
using the boundary conditions dv/dx=0 and v=0 at x=0. While
the deflection equation (14) relates the deflection to the applied
force P, the resulting shear forces F, within the SMA can be
thought of as restoring shear forces which vary as a function of
deflection. So, from (14), the distributed shear force in the
SMA that acts on the SMP and varies with deflection can be
written as

BE a1 AV(X)
x® —3Lx?

The SMP layer is considered as “added” when cooled to
T<T, (still T>M).

Fa= (15)

Yy
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Figure 9. (a) Cross section of SMP-SMA composite, (b)
equivalent structure with a single material, and (c)
transformed SMP-equivalent sections.

Standard beam bending equations can be used for
composite beams by converting the beam to an equivalent
geometry for a single material [11]. Here, the two SMP layers
are transformed into equivalent layers of SMA (Figure 9a-b).
Since the elastic modulus of SMPs is much lower than that of
SMAs, the widths of the SMP layers are reduced for the
equivalent geometry. The equivalent width is bp=nb,, where n
is a transformation factor which has a value of Epi/Eas. Ep; i
the Young’s modulus of the SMP at T<T,,.

The neutral axis is at y=0 due to symmetry and the area
moment of inertia about y=0 for the total SMP-equivalent beam
(Figure 9b) is

Izmﬁ+m@+mm
¢ 12 6 2

(ha+hp )2 (16)

where h, is the thickness of the SMA layer and hp is the
thickness of each SMP layer.

Because the SMA is treated as a shear stress applied to the
SMP portion of the structure, only the SMP-equivalent sections
are considered for the bending reaction (Figure 9c). The area
moment of inertia about y=0 for only the SMP-equivalent beam
(Figure 9c) is

3
'pe =%+%(h/x+hp)z (17)
The uniform shear force Fp is considered and the moment
M=Fp(L-x) is applied to the SMP-equivalent beam. While the
deflection v,(x) is calculated for a straight SMP beam (Figure
10a), the deflection v,(x) is considered relative to the initial
deformed shape vo(x), as shown in Figure 10b. This is
reasonable due to the assumption of small deflections.

Ay

(a) (b)
Figure 10. (a) Calculated deflection v(x) of SMP-equivalent
structure and (b) initial deflection vo(x) and final fixed
deflection v(x): vo(X) — V2(X).

The internal bending moment for the SMP-equivalent
structure is written in terms of the Young’s modulus Ep, of the
SMA material since the equivalent geometry is used to
determine the area moment of inertia Ip,.

2

dv.
M(X) = Epplpe 0 —FPX FeL (18)

Integrating (18) twice with respect to x leads to

FP 3 2
Xx° —3Lx
6Ep21pe ( ) (19

Vo (X) =

for the boundary conditions dv,/dx=0 and v,(x)=0 at x=0.

From (19), the restoring force Fp of the SMP can be
determined for a given displacement. Since v,(X)=vo(X)-V(x), Fp
is written in terms of the original coordinates v(x).

6Ep; 1 pe (Vo () —V(X))

Fo = 20
P %3 _31Lx2 (20)
Next, equating the “spring” forces F, and Fp gives
6EA2|A 6EA2 Pe :| 6E A2 Pe
(x )——V (%)
[x3 —3Lx? —3Lx? X3 —3Lx? 0 @D

So, the final fixed deflection v(x) of the composite multi-
layer beam relative to an initial deformation vo(x) is

v(x) = [I o JVO(X) (22)
AT lpe

where v, (x) = (x3 —3Lx2).
A2|A
Since shape fixity is defined as the ratio of the final strain
(after cooled to T<Ty and the initial load removed) to the strain
due to the initial applied load at T>T,, the shape fixity for the

composite is

_ V) e

Vo (X) Ia+1Tpe (23)
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where RF¢ indicates the ratio of the shape fixity for the SMC
and Ipe is the area moment of inertia of the SMP-equivalent
geometry for the SMP. Substituting the equivalent geometry
transformation equation bp=(Epi/Epx)ba into (17), the area
moment of inertia Ip, for the SMP-equivalent geometry can be
written as

_Epb

A2

(4h§, +6h2h, +3hph,§) (24)

Ipe

The shape fixity of the multilayer composite beam can also
be expressed in terms of a modulus ratio Rg=Ep;/Es, and a
thickness ratio Ry,=hp/ha.

Re [ 8R3 +12R] +6R, |

|
RFe = —¢

= 2
latlpe  1+Rg|8RY+12R? +6R, | (29)

Comparison of Analytical Model Results with
COMSOL Simulation Results

The parameter values used for the analytical model
equations are Eo,=70GPa, Ep;=1.15GPa, by=10mm, bp=10mm,
ha=1mm, hp=1~10mm, L=50mm, and P=50N. The deflection
of the composite beam is calculated from (22) and the shape
fixity for the composite is obtained from (25).

While the analytical model uses a force input, the
COMSOL simulation uses a downward stress input applied at
the end surface area of the SMA layer. Since the cross-section
of the SMA layer does not vary, the applied stress is constant
along the length of the beam and calculated as P/(baha). The
cross-sectional area of the SMA layer is 10°m?, so the applied
point loads P=5N, 25N, and 50N correspond to stress values of
0.5MPa, 2.5MPa, and 5MPa, respectively. The material
property and geometry values used for the COMSOL
simulation are the same as those used for the analytical model.
In addition, the COMSOL simulation uses the Poisson’s ratio
and density. For the SMA and SMP materials, the Poisson’s
ratio is 0.3 and 0.35, and density is 6.45g/cm® and 1g/cm?,
respectively.

The final fixed deflection for an initial load Py=5N is
calculated analytically using (22) for thickness ratios ranging
from 1 to 10 and plotted in Figure 1la. Ry=hp/h, is the
thickness ratio of the SMP to SMA layers. R,=0 means that the
thickness hp of the SMP layer is zero and that only the SMA
layer is considered. The deflection at R,=0 corresponds to the
initial deformed shape vy(x), but the final fixed deflection
equals the initial shape before loading since there is no SMP to
fix the shape. Using COMSOL, the final fixed deflection was
calculated for the same conditions and plotted in Figure 11b.
The analytical calculations and COMSOL simulations show
good agreement.

Shape fixity at the tip was calculated by dividing the tip
deflection of the fixed shape at each Ry, by the initial tip
deflection at R,=0. The results for the COMSOL simulation and
analytical model are plotted in Figure 12 and show good
agreement. The errors in shape fixity between the analysis and
COMSOL are less than 0.2%. When R>6, the shape fixity is
greater than 97%. Shape fixity is load-independent but is a
function of moment of inertia as shown in (23).

Analytical model results COMSOL simulation results

°- 0 00 ‘Y. ©0—0—0- - ©0—0—0-
= = Nlnitial shape
E E
c - c -1 X
k] k) Rh:]'
8 8 Ri=2
% - 52 N
° © \
o B . .
e 2 Initial deflectlonx
£ 3 £ 3
g g Rh:3
[y [
4 -4
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== Initial shape —TFixed shape, Thickness ratio=4
—Fixed shape, Thickness ratio=1 —Fixed shape, Thickness ratio=6
—Fixed shape, Thickness ratio=2 —Tixed shape, Thickness ratio=10
—Fixed shape, Thickness ratio=3 ~-Initial deflection due to load P

Figure 11. Initial deflection due to initial load Po=50N and
final fixed deflections for different thickness ratios: (a)
analytical model and (b) COMSOL simulation.
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Figure 12. Shape fixity for various thickness ratios:
COMSOL simulation results and analytical model results.

Interfacial Stress Analysis of SMP-SMA-SMP Multi-
layer Composite Beam

Analytical models for normal stresses and shear stresses at
the interface are derived by assuming small deflections. The
analytical results are then compared with COMSOL simulation
results.

Normal Stresses in the SMA Layer at the Interface

Normal stresses in the SMA layer at the interface are
analyzed along the composite beam length as shown in Figure
13b (thick solid line). Point B is located in the SMA layer at the
interface.

5 c i DETN:
b fh,q )\ sma| B
o (( SMP
> — x
A I"—’L |
(@) (b)

Figure 13. Points B and C at the SMP-SMA interface: (a)
cross-section of beam and (b) beam length.

The axial normal stresses in the SMA layer at the interface
are calculated from the following equation:

-M()ys _ (PL=Px)(hs/2)

I bhd  bohd  boh 2
e /IQAJ'- P6P+ PZP(hA+hP)

og(X) = (26)
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where yg=ha/2. M(x) and I, are given by (12) and (16),
respectively. The normal stresses op(x) are plotted and
compared with COMSOL results in Figure 14a at a thickness
ratio of R,=6. When R,=6, the shape fixity is greater than 97%.
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Figure 14. (a) Normal stress in SMA: analytical model and
COMSOL simulation at P=50N and Rx=6; (b) maximum
normal stress vs. thickness ratio from analytical model.

The analytical model results in Figure 14a show that axial
normal stresses decrease linearly along the beam length from
the fixed end to the free end. Analytical model and COMSOL
simulation results show good agreement for normal stresses
except at both ends of the composite beam. This is due to stress
concentrations at the ends which are not represented in the
analytical model. Figure 14b shows the maximum interfacial
normal stresses in the SMA layer, which occur at the fixed end,
versus the thickness ratio. When R;, increases, the maximum
normal stress in the SMA at the interface decreases. In order to
satisfy the small deflection assumption, the slope of the
deflection curve should be dv/dx<0.1. All points plotted in
Figure 14b satisfy this criterion but, for example, a thickness
ratio of 3 with a load of 50N does not.

The normal stress at point B in Figure 13 corresponds to a
tensile stress. Normal stresses at the lower interface are
compressive stresses, because the neutral axis is located in the
middle of the composite beam. The analytical model results
were compared with the tensile strength of Nitinol SMA. In the
high temperature state, tensile yield strength of a Nitinol SMA
is 560MPa and ultimate tensile strength is 754-960MPa [12].
Normal stresses in the SMA at the interface should be less than
the yield strength in order to prevent irreversible damage. Thus,
in addition to designing for shape fixity, the maximum normal
stress in the SMA layer at the interface should be considered
when designing the thickness of the SMP layers.

Shear Stresses in the SMP Layer at the Interface

Shear stresses in the SMP layer at the interface are
analyzed along the length of the beam as shown in Figure 13b.
Shear stresses in composite beams can be calculated using the
shear formula (27) where Q¢ and I, are calculated from the
equivalent (all SMA) structure and b is the width of the original
composite’s cross section. C is a point in the SMP layer at the
interface while C’ indicates a point in the equivalent structure.

V(*)Qce _ P(ha+he)bph
7e(X) = Iebc = A2I;) — @7)

where the shear force V(x) is constant along the length for a
point load P applied at the end of the beam. Qc=y’A" where A’
is the area of the equivalent structure that is above the stress
measurement point and y’ is the distance from the neutral axis
to the center of A’, as shown in Figure 15.

.
NA ° L34 ihp
I A
| b.=b \
Figure 15. Equivalent SMA structure to the SMP-SMA-SMP
composite.

While the analytical model (27) assumes constant shear
stress across the width of the beam, the COMSOL simulation
results in Figure 16 show that there is a considerable variation
in shear stress across the beam. This is expected for beams that
are wide relative to their thickness. The analytical model must
therefore be interpreted as providing the average shear stress
across the width of the beam rather than the maximum shear
stress for each position along the beam.

From the COMSOL simulation results, the average shear
stress was calculated for 1mm segments along the length of the
beam and plotted with the analytical model results in Figure
17a. The analytical model (27) shows that shear stress at the
interface is constant along the beam length. The COMSOL
simulation also gives nearly constant shear stress results along
the length of the composite beam except for the locations near
both ends. As with the normal stresses in the previous section,
this is due to stress concentrations in the COMSOL model
which are not captured by the analytical model.
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Figure 16. Interfacial shear stress: 3D plot using COMSOL
simulation results.
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Figure 17. (a) Shear stress in SMP: analytical model and
COMSOL simulation at P=50N and Rny=6; (b) shear stress
vs. thickness ratio from analytical model.

Shear stress values from the analytical model are plotted
versus thickness ratio in Figure 17b for three different loads.
Again, the points plotted all satisfy the criterion for the small
deflection assumption. As seen in (27), shear stress is
proportional to the applied force. The maximum shear stress for
the plotted conditions is 0.8MPa when the load P is 50N and
the thickness ratio Ry, is 3.7. In this case, the tip deflection is
3.3mm. This maximum shear stress value is less than the
ultimate shear strength of Veriflex SMP, which has been cited
as 4.38MPa at room temperature (in a glassy state) [13].

Both shear strength in the SMP and normal strength in the
SMA at the interface should be considered when designing the
thickness ratio. At this maximum shear stress condition (P=50N
and Ry=3.7), the normal stress in the SMA at the interface is
approximately 140Ma (see Figure 14b). This value is less than
the ultimate tensile stress (0.96GPa) of Nitinol SMA.

CASE Illl: END-COUPLED LINEAR SMP-SMA TWO-
WAY ACTUATION SYSTEM (2"° REGIME OF SMC)

The third geometry considered is an end-coupled linear
SMP-SMA system. First, the ability of the SMP to hold the
deformed shape of the SMA is examined (1% regime of SMC
operation). An analytical expression for the shape fixity of the
composite structure is derived which includes the shape fixity
of the SMP by itself. Next, the linear SMP-SMA system is
considered with an additional spring as a two-way actuation
system (2™ regime of SMC operation). This two-way actuation
system is able to use the SMP to fix the actuator in two
different positions at room temperature: martensite fixed
extended and martensite fixed compressed.

Shape Fixity of Linear SMP-SMA System
First, the shape fixity of a linear SMP-SMA system is
considered in the 1% regime of operation, with the SMA
remaining austenitic throughout the cycle. The SMP and SMA
are considered to be end-coupled and act in parallel as
illustrated in Figure 18a.
Xy

RED SVA  E, «— | F,
|smP P Fp €—
(@) (b)

Figure 18. Linear system fixity: (a) natural state and (b)
step 0 (T>Ty).

In step 0 (T>T,), an applied load F, causes an initial
displacement X,, shown in Figure 18h. A force balance gives

F

Fo = Fao + Foo =KaaXo +Kpp X — Xo:k —:k
Aa Ph

(28)

where Ka, is the stiffness of the SMA in its austenitic state, kp is
the stiffness of the SMP at low temperatures (T<Tg), and Kpy, is
the stiffness of the SMP at high temperatures (T>T,).

In step 1, the system is cooled below Ty (M<T<T,) at
constant strain. In step 2 (T<T,), the fixed strain (at
displacement X,) is removed (Figure 19a).

.\‘2 9| N
= =3
SMP Fpy => | SMP ]

€Y (b)

Figure 19. Linear system fixity: (a) step 2 (T<Tg) and (b)
neutral position of SMP.

An SMP has an inherent shape fixity RFp.
RF, =4 =-—2 (29)

where &, is the final strain after unloading and &, is the
maximum strain. Thus, the SMP’s new “neutral” position is
X, = RF, %, (Figure 19b). With the applied force removed, the

system reaches equilibrium when Fx,=Fp,.

k
Faz =KuaXo, Fop =Kp (X, =%,) > X, = . RF:X (30)

Aa+ Pl

By substituting x, from (29), the final fixed displacement
can be expressed as

k F
X, = RF, = g
? ’ (kAa + kPI ]( kAa + kPh ] (31)

The shape fixity of the composite (with an SMP shape
fixity of RFp) is therefore

X k
RF. =2 =RF,| —&
c Xo P(kAaJFkPlJ (32)

Two-Way Actuation of Linear SMP-SMA System

Next, a linear end-coupled two-way actuation system is
considered which includes an additional spring element. The
system operates in the 2" regime of operation, with the SMP
glass transition temperature range falling between M; and A..
The natural states of the components are illustrated in Figure
20a. The natural lengths are defined at room temperature (RT)
with the SMA in its martensitic state.

For the numerical modeling of this system, SMA stress-
strain nonlinearities were modeled using stress saturation limits
which are not reflected in the following equations. SMAs in
both martensitic and austenitic states have a limited elastic
stiffness range above which they strain at a relatively constant
stress due to detwinning and stress-induced martensite
transformations, respectively. In the numerical model, if an
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applied strain exceeded the elastic range, the elastic force Fa
was saturated at the appropriate constant maximum force. The
model applied strain limits to ensure that the constant stress
response region was not exceeded.

L
SMA kg Kge] smMa  Fy
L

SMP kPll, ka? ] r SMP FPO#

Spring kg |LS Spring Fg)

«————p
Ly e

(a) (b)
Figure 20. Two-way actuation: (a) natural states and (b)
step O.

In Step 0 (T4<T<A,), an end-cap is added, with the spring
and the SMP in its rubbery state acting to stretch the martensitic
SMA. The initial system length L, results from the force
balance, as illustrated in Figure 20b.

Fao =Kan (Lo —La),  Feo =ken (Lp —Lo)

KanLa+KpnLp +Ke L 33
Fro ks (Lo -Lo). L=t ttls (39
am 1 Kpp TKg

In Step 1 (M<T<T), the system is cooled below T, but
remains above M, with the SMP helping to fix the position.
The new force balance results in the position x; (Figure 21a).
Xpn1 1S the neutral position of the cooled SMP and RF; indicates
the shape fixity of the SMP.

Fua = kAm(LO _LA+X1)’ Fp1 =Kpy (XPnl_Xl)
Foi=ks(Ls —Lo—%), Xpy =(Lp —Lo)(1-RFp)

(34)
= Kam (La = Lo) +KpiXpn +Ks (Ls — Lo)
' Kam +Kpy +Ks

_’x i’
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Figure 21. Two-way actuation: (a) step 1 and (b) step 3.

In Step 2 (T=RT<My), the system is cooled to room
temperature, with a minimal change in position (x,~x,) because
the SMA was already martensitic. This step results in the first
room temperature fixed position: martensite fixed extended.

In Step 3 (T>Ay), the system is heated through T, then, with
the SMP in its rubbery state, the SMA contracts as it continues
to be heated from A to As and converts to its austenitic state
(Figure 21b). The force balance is again used to calculate the
resulting position xs, where the internal force of the extended
SMA is calculated relative to its neutral position Xa,, based on
its unloaded length L.

Fas =Kaa (X3 =Xan ), Fpg =kpn (Lp Lo —Xg)
Fss=ks(Ls —Lo—%3), Xan=La—Lo

X :kAaXAn+kPh(LP_L0)+ks(LS—Lo) (35)
° Kag + Kpp + Ks

In Step 4 (M<T<Ty), the system is cooled below T, but
remains above M. The SMA is still contracted in its austenitic
state, but the SMP has converted to its glassy state, helping to
fix the position. The force in the SMP is calculated relative to
its new neutral position Xp,,, Which is defined as the previous
position multiplied by the shape fixity RFp of the SMP. The
position X, is calculated from the force balance (Figure 22a).

FA4 = kAa(XA _XAn)’ Fp4 = I(PI (XPnZ _X4)

Fos =Ks(Ls —Lo—X4), Xpnz = XsRFp

_ KaaXan + Kpi Xpn2 +Ks (Ls - Lo) (39)
‘ Kaa +Kpy +Ks

Faq . ‘ i i Fys 4';'|'
FP4-P:" i i Fps -"' ‘
Fsi=b| 1! Fys =
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«—Xpy? Xy

Xy +—Ypy2
(a) (b)

Figure 22. Two-way actuation: (a) step 4 and (b) step 5.

In Step 5 (T=RT<My), the system is cooled to room
temperature while the SMA transforms from austenite to
martensite. The SMP remains in its glassy state to hold the
compressed position. The SMP has the same neutral position as
in the previous step and the position x5 can be calculated from
the force balance (Figure 22b). This step results in the second
room temperature fixed position: martensite fixed compressed.

FA5 =kAm(L0—LA+X5), FP5 =|(F’I (XPnZ_XS)
Fss =ks (Ls —Lo —%s)

o — Kam (La = Lo) +Kpi Xpn2 +Ks (Ls —Lo)
° Kam +Kpy +ks

@7

In Step 6 (T4<T<A,), the system is heated to above T, but
remains below A;. The SMP converts to its rubbery state and
allows the martensitic SMA to be stretched to its extended
position. The system has returned to the same state as Step 0,
with the position xg~X, found from the force balance (Figure
23).

Fas =Kam (Lo =La+%s), Fps =kpn (Lp Lo —Xs)
Fss =Ks (Ls —Lo = %)
Xe = Kam (La = Lo) +Ken (Lp —Lo) +ks (Ls — Lo)

Kam +Kpn +Ks

(38)
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Figure 23. Two-way actuation: step 6.

Linear SMP-SMA Experimental Design

A linear end-coupled SMP-SMA experimental test setup
has been designed to validate the linear shape fixity and two-
way actuation models. Epoxy SMPs provide higher elastic
moduli in their glassy state than polyurethane SMPs and have
broader Ty range than styrene-based SMPs [14]. In addition,
epoxy-based materials are easily manufactured and exhibit
superior thermal and mechanical properties [15]. Xie and
Rousseau [16] described an epoxy-based SMP with a tunable
T They showed that T, can be decreased by increasing mol
number of NGDE (Neopentyl glycol diglycidyl ether) and
showed the shape fixity and shape recovery of epoxy samples
with different mol ratios. The experimental setup that has been
designed uses multiple Flexinol wires and a hollow
cylindrically-shaped epoxy SMP. The SMP will be synthesized
with the desired glass transition temperature relative to the
SMA phase transitions to provide two-way actuation (2™
regime of SMC operation).

CONCLUDING REMARKS

Three regimes of SMC operation have been identified that
capitalize on the characteristic shape fixity of SMPs and the
shape recovery of SMAs. Initial SMC analyses showed that an
SMP can hold an SMA spring with minimal deflection and
quantified axial stresses in an SMA wire and SMP-SMA
interfacial shear stresses. Simple analytical expressions for
shape fixity were derived for a multi-layer SMC beam and end-
coupled linear SMC system in extension.

COMSOL simulations show good agreement with the
analytical expressions for shape fixity and interfacial shear
stress of a multi-layer SMC beam. A model has been developed
for the 2-way actuation regime of operation. A linear
experimental setup has been designed and is being constructed
to demonstrate 2-way actuation and validate the linear model.
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