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Ultrasonic friction reduction has been studied experimentally and theoretically. This paper presents a
new elastic–plastic cube model which can be applied to various ultrasonic lubrication cases. A cube is
used to represent all the contacting asperities of two surfaces. Friction force is considered as the product
of the tangential contact stiffness and the deformation of the cube. Ultrasonic vibrations are projected
onto three orthogonal directions, separately changing contact parameters and deformations. Hence,
the overall change of friction forces. Experiments are conducted to examine ultrasonic friction reduction
using different materials under normal loads that vary from 40 N to 240 N. Ultrasonic vibrations are gen-
erated both in longitudinal and vertical (out-of-plane) directions by way of the Poisson effect. The tests
show up to 60% friction reduction; model simulations describe the trends observed experimentally.

� 2013 Elsevier B.V. All rights reserved.
1. Introduction

Dynamic friction exists at the interface of two surfaces in con-
tact that move relative to each other. Ultrasonic vibrations, usually
generated by a piezoelectric stack, can reduce friction when they
are superimposed onto the macroscopic velocity. Friction force
can be controlled between high and low by modulating vibration
velocity, which is done by applying various voltages to the stack.

The earliest studies in ultrasonic lubrication were conducted by
Mason [1] to reduce wear in relays, and were further investigated
by Pohlman and Lehfeldt [2]. Since then, many studies have been
done. Ultrasonic vibrations of different frequencies have been ap-
plied in various ways onto the sliding surfaces, as shown in
Fig. 1. Usually, ultrasonic vibrations are applied to only one of
the two surfaces. Littmann et al. [3,4] used a 60 kHz piezoelectric
actuator sliding on a guide track. As shown in pattern 1, the applied
vibration is parallel to the relative sliding direction.

Kumar [5] conducted tests applying vibrations longitudinal and
transverse to the macroscopic direction, shown in patterns 1 and 2.
It was concluded that longitudinal vibrations are more effective at
reducing friction than transverse vibrations and that velocity ratio
greatly influences friction reduction. Popov et al. [6] investigated
the influence of out-of-plane ultrasonic vibrations (pattern 3)
employing different material combinations. It was discovered that
ultrasonic vibrations create less friction reduction on soft materials
than on hard materials. It was also argued that the contact stiffness
between materials affects the degree of friction reduction. Dong
and Dapino [7] successfully generated vibrations conjugating
patterns 1 and 3 using the Poisson effect and experimentally
investigated friction reduction with various normal loads, contact
metals and global stiffness.

Comprehensive modeling of systems equipped with ultrasonic
lubrication devices necessitates precise models for ultrasonic
lubrication. In addition to experimental studies on ultrasonic
lubrication, analytical models have been proposed. Littman et al.
[3,4] presented a relationship between velocity ratio and friction
ratio. Popov et al. [6] established a relationship between friction
reduction and vibration amplitudes under various normal loads.
Bharadwaj and Dapino [8,9] studied the dependence of friction
reduction on macroscopic sliding velocity, normal load, contact
stiffness, and global stiffness.

Unlike traditional lubrication, ultrasonic lubrication is solid
state and requires no oil or grease. Therefore, it is of great interest
for manufacturing operations and vehicle applications. Many con-
ventional metal forming processes such as wire drawing, forging,
rolling, and extrusion have been or are being investigated for use
under ultrasonic lubrication [10]. Pasierb and Wojnar [13] experi-
mentally investigated the effectiveness of high frequency (16 kHz)
vibrations in deep drawing of thin walled product using a labora-
tory scale testing apparatus. They found that ‘‘active friction’’ trig-
gers when the velocity of ultrasonic vibration is larger than the
velocity of the deforming sheet, and it could significantly reduce
the forming load. Ashida and Aoyama [14] applied 21 kHz
ultrasonic vibration to a small scale (30 mm diameter) round cup
drawing die and found that local ultrasonic vibration at the die
shoulder radius was more effective than vibrating the entire die.
Cunefare et al. [11,12] used 20 kHz dither generated by a
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Fig. 1. Ways to apply ultrasonic vibrations.

Fig. 3. Cube model and its deformation.
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piezoceramic rod inside the caliper piston to reduce the frictional
squeal in braking systems. It was shown that the squeal decreases
as the amplitude of vibrations increases, and the noise can be to-
tally eliminated when the amplitude reaches a threshold value.

The effect of high frequency (15 kHz) vibration was investigated
in the wire drawing process by Hayashi et al. [15] with the radial
direction vibration being found more effective than axial direction
vibration in reducing the forming load. In addition, the ultrasonic
vibration effect was diminished as the drawing speed increased
to more than 1 m/s. Ultrasonic vibration at 20 kHz was applied to
the blanking process by Hatanaka et al. [16] in 2003 and was sim-
ulated by Yeh et al. [17] in 2011. The quality of sheared edge profile
was significantly improved, and the punch load was reduced by
applying ultrasonic vibration in the blanking process. A non-linear
friction model was developed using a strip pull test and was ap-
plied to a square cup drawing simulation.

Dong and Dapino [7] first examined ultrasonic lubrication at a
microscopic level by using an elastic cube model, which takes
the following parameters into consideration: normal forces, con-
tact parameters, and ultrasonic vibration amplitudes. This model
offers good simulation, matching with test results under small nor-
mal loads, but discrepancies appear under bigger normal loads.
This paper improves the cube model by introducing plasticity to
the contact parameters calculation; a new equation is formulated
to calculate microscopic deformation, and friction integration over
half of the vibration period is added to calculate friction reduction.
2. Ultrasonic lubrication cube model

Nominal flat surfaces have asperities [18], as shown in Fig. 2.
Physical contact between two surfaces takes place on asperities
so that the actual contact area is much smaller than the nominal
contact area. This paper utilizes the concept that a cube model is
used to represent asperities in contact. As shown in Fig. 3, the area
of the top surface of the cube is equal to the real area of two sur-
faces in contact, which is denoted as Ar . The height of the cube is
equal to the distance between the two surfaces, which is denoted d.

The cube model consists of three parts: contact, friction and
friction reduction. The contact model examines the contact of
two surfaces from the level of asperities and calculates the contact
Fig. 2. Contacts of asperities between two nominal flat surfaces.
parameters. The friction model examines the relationship between
friction force and deformation of contacting asperities. The friction
reduction model describes how ultrasonic vibrations change the
contact parameters and microscopic deformations, and therefore,
the friction force.

2.1. Contact model

This paper employs assumptions widely adopted in surface
contact studies [19]. The contact between two rough surfaces can
be replaced by one rough surface contacting a smooth surface.
Surfaces in contact are assumed isotropic. No bulk deformation is
taken into consideration, but bulk displacement is examined when
ultrasonic vibrations are applied. Asperity peaks have a spherical
shape with a uniform radius Rs.

First asperity contacts form when two surfaces contact each
other with normal force applied. These contacts remain elastic only
under very special conditions, such as very smooth surfaces with
asperities having even heights or under very low normal loads
[20]. In more common cases, where asperities are uneven and
normal loads are high, the first asperity contacts exhibit plastic
deformations and new pairs of asperities come into contact until
normal loads are balanced. By analyzing the contact of a single
asperity pair, a critical interference xc is used to determine
whether the asperity contact is elastic or plastic [21]

xc ¼
Cmpð1� m2ÞY0

2E�

� �2

Rs; ð1Þ

where Cv is a hardness coefficient related to the Poisson’s ratio of
the softer material ðCv ¼ 1:234þ 1:256mÞ, m is the Poisson’s ratio,
Y0 is the failure strength of the softer material, Rs is the average
radius of asperity summits, and E� is the combined Young’s modu-
lus of two materials ð1=E� ¼ ð1� m2

1Þ=E1 þ ð1� m2
2Þ=E2Þ. When the

height of an asperity is smaller than xc , the contact is elastic,
otherwise it is plastic.

The heights of the asperities follow a Gaussian distribution. An
exponential probability distribution / is used instead of a Gaussian
distribution [21]

/ðzÞ ¼ ce�kz; ð2Þ

where z is the normalized distance between the asperity summit
and the mean of asperity heights, and c and k are constants. It
was shown in [21] that when c and k are equal to 17 and 3, respec-
tively, the exponential distribution best approximates a Gaussian
distribution, while being simpler to implement.

When two surfaces slide relative to each other through a tan-
gential force, contacting asperity pairs deform longitudinally as a
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whole until the bonds are broken. Plastically deformed asperities
may come off from the main body if weak bonds exist in the asper-
ities rather than at the interfaces. This is one of the explanations for
wear. New asperity contacts take place as old ones are separated
during sliding. Overall, there are always sufficient asperities in con-
tact to balance the normal force. Meanwhile, the tangential force
that permits sliding to continue is balanced by the deformations
of the asperity contacts. This tangential force is considered as the
overall dynamic friction force.

Total normal force Fn is the summation of elastic and plastic
contributions [22],

Fn ¼ Fe þ Fp: ð3Þ

Following the method in [21], the total normal force from the elas-
tically deformed asperities is an integral of the normal force of
asperity contact pairs over the range of asperity heights, from the
lowest to the critical interference. The integral has a closed form
solution,

Fe ¼
4cbðRq=RsÞ1=2

3k5=2

3
ffiffiffiffi
p
p

4
erf

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kxc=Rq

q� �
�
ðkxc=RqÞ3=2þ 3

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kxc=Rq

p
ekxc=Rq

" #
e�kd=Rq ;

ð4Þ

where b is the roughness parameter ðb ¼ gRqRsÞ, g is the areal den-
sity of asperities, Rq is the standard deviation of surface roughness,
and erf is the error function used to get the closed form solution
ðerfðxÞ ¼ 2ffiffiffi

p
p
R x

0 e�t2 dtÞ.
Similarly, the total normal force from the plastically deformed

asperities is calculated as

Fp ¼
cpbCvð1� m2ÞY0

E�k2 2þ k
xc

Rq

� �
e�kðdþxcÞ=Rq : ð5Þ

It is noted that Fe; Fp, and Fn are functions of d. The cube height d
corresponding to a normal load Fn can be calculated from (3)–(5).

The actual contact area Ar is calculated as

Ar ¼ Ae þ Ap: ð6Þ

The actual contact area of the elastically deformed asperities is

Ae ¼
cpbAn

k2 1� 1þ k
xc

Rq

� �
ekxc=Rq

� �
e�kd=Rq ; ð7Þ

where An is the nominal contact area. The actual contact area of the
plastically deformed asperities is

Ap ¼
cpbAn

k2 2þ k
xc

Rq

� �
e�kðdþxc Þ=Rq : ð8Þ
2.2. Friction model

The cube deforms when two surfaces slide relative to each
other. Since asperities are connected to the body of the material,
it can be assumed that two ends of the cube are fixed and the cube
itself can be treated like a bending beam, as shown in Fig. 3. The
plastic region works as a plastic hinge (it provides no higher mo-
ment when its maximum moment is reached). The tangential con-
tact stiffness Kt can be derived from the bending stiffness of a
beam with two fixed ends [23]. Given the geometry of the cube,
Kt has the form

Kt ¼
E�A2

r

d3 : ð9Þ

Friction has been studied extensively [24]. Many friction mod-
els have been proposed, and this paper adopts Dahl’s model. Dahl
[25] supplies an ordinary differential equation to calculate time-
dependent microscopic deformation d as
dd
dt
¼ v rel 1� Ktd

Ft0
sgnðv relÞ

� �
; ð10Þ

where v rel is the relative sliding velocity between two surfaces,
which is equal to 5 mm/s in this paper, and Ft0 is the static friction
between two surfaces measured from experiments.

Dynamic friction is calculated as the product of microscopic
deformation and tangential contact stiffness,

Ft ¼ Ktd: ð11Þ
2.3. Friction reduction model

As described in the introduction, ultrasonic vibrations can be
applied in different ways. Vibrations can be projected in three
orthogonal directions: in-plane parallel, in-plane perpendicular,
and out-of-plane perpendicular to the sliding direction, denoted
as u;v , and w, respectively. The deformations are functions of coor-
dinates x; y; z, and time t. For d; d;Ar , and Kt , prime symbols are em-
ployed to denote changed parameters after the application of
ultrasonic vibrations.

It is assumed in the cube model that projection w has little
influence on friction reduction and the projection u is directly
added to the longitudinal microscopic deformation d. Hence, in
the presence of ultrasonic vibrations, the new deformation
ðdenoted d0Þ is the sum of the initial deformation and the longitu-
dinal projection of the vibrations,

d0 ¼ dþ u: ð12Þ

The out-of-plane perpendicular projection v changes distance
between two surfaces, which is equal to the height of the cube.
The new cube height when ultrasonic vibrations are applied is

d0 ¼ dþ v : ð13Þ

The actual contact area changes with the new distance and its
value A0r can be calculated using 6, 7 and 8. Therefore, the new tan-
gential contact stiffness K 0t is calculated as

K 0t ¼
E�A02r
d03
¼ E�A02r
ðdþ vÞ3

: ð14Þ

Vibrations add relative vertical movements between two sur-
faces. When the surfaces move towards each other, friction in-
creases so that the sliding pauses. The two surfaces are now in
stick phase. When two surfaces move away from each other, fric-
tion is reduced and the sliding resumes, defined as slip phase.
The sliding process consists of stick and slip phases alternating at
an ultrasonic frequency. The overall dynamic friction is the average
friction at the slip phase.

Assuming that each slip and stick phase takes place in half of
one ultrasonic vibration period, T, the overall dynamic friction is
the integral of the time-dependent friction over the slip phase,

F 0t ¼
2
T

Z T=2

0
K 0td

0dt ¼ 2
T

Z T=2

0

E�A0r
2ðdþ uÞ
ðdþ vÞ3

dt: ð15Þ

Note that the parameters K 0t ;A
0
r;u;v; d

0, and d0 are time-dependent.
This friction is considered as reduced friction by ultrasonic
vibrations.

This model is applicable to various cases of ultrasonic lubrica-
tion because it does not depend on the pattern of applying
ultrasonic vibrations. It breaks the vibrations down into projec-
tions in three orthogonal directions and evaluates them
separately.
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3. Experiment

3.1. Set-up and schematics

A series of experiments is conducted to study the influence of
ultrasonic vibrations on friction reduction. The experimental
set-up is shown in Fig. 4; the waveguide and sliding block are illus-
trated in Fig. 5. Vibrations are generated by a commercial ultra-
sonic welder (Dukane 220) and transmitted to a horn-shaped
waveguide. Dimensions of the waveguide are 127 mm by 61 mm
by 25.4 mm. Other methods to generate the ultrasonic excitation
could be used, for instance discrete piezoelectric stacks or magne-
tostrictive actuators. A block with a curved top surface slides
underneath the horn, creating a line contact with the bottom sur-
face of the waveguide. The block is given a speed of 5 mm/s.

Since they are based on Poisson effect, the vibrations on the sur-
faces of the waveguide consist of longitudinal and transverse pro-
jections, which theoretically conjugate into straight-line vibrations
with angles to the horizontal plane. The angles vary with different
positions on the x-axis. However, due to the propagation and
reflection of the ultrasonic wave within the waveguide, vibrations
follow elliptical loci instead of straight lines.

The ultrasonic lubrication effect is expected to be most effective
around the center-line of the waveguide where the half-wave-
length node is located [26]. Therefore, tests are conducted around
that area involving different material combinations. Table 1 lists
the details of each test group. A frame is built to generate normal
loads through an aluminum block with a curved surface on the
waveguide from the top. Load cells are employed to measure the
normal and tangential forces.
Fig. 4. Experimental set-up.
3.2. Ultrasonic vibrations

The longitudinal time-dependent displacement of the wave-
guide can be calculated as

uðx; tÞ ¼ A cosð2pftÞ sinðpx=LÞ; ð16Þ

where L is the length of the waveguide, A is the amplitude of
vibrations in the longitudinal direction, and f is the frequency
of ultrasonic vibrations.

The vertical displacement can be calculated as

vðx; tÞ ¼ B cosð2pftÞ cosðpx=LÞ; ð17Þ

where B is the amplitude of vibrations in the vertical direction.
Detailed derivation of (16) and (17) can be found in the appen-

dix. To obtain the actual vibration amplitude A and B, a laser vib-
rometer is employed to measure vibration mode shapes and
amplitudes. The amplitudes are listed in Table 1.
4. Results and discussion

4.1. Contact parameters

The parameters used in the cube model simulations are listed in
Table 2. The surface roughness parameters Rq;Rs, and g are esti-
mated using surface roughness comparison standards. These stan-
dards give prevalent surface roughness values for different surface
finishes. The model simulation gives the same contact parameters
for test 1 (aluminum waveguide with stainless steel block) and test
2 (stainless steel waveguide and aluminum block). Cube heights
under different normal loads are calculated using elastic–plastic
equations (Eqs. (4) and (5)) and plotted in Fig. 6. Cube heights cal-
culated using elastic equations are also plotted in this figure for
comparison. A similar comparison of real contact areas is shown
in Fig. 7.

It is observed in Fig. 6 that the elastic–plastic assumption leads
to a smaller cube height and associated smaller separation be-
tween surfaces. The elastic–plastic model predicts less separation
between stainless steel surfaces than between aluminum and
stainless steel, while the opposite is true for the purely elastic
model. For the aluminum and stainless steel combination, at
40 N normal load, the separation is around 25 lm using the purely
elastic model but 18 lm using the elastic–plastic model; the differ-
ence between the two models is around 7 lm under the range of
normal loads considered. For the stainless steel and stainless steel
combination, the discrepancy between the models is larger, close
to 9 lm on average.

A smaller separation indicates a greater real contact area. When
the first contacting asperities start to undergo plastic deformation,
the plastic regions continue growing but contribute no additional
resisting force. Therefore, as the normal force increases, more
asperity contacts are formed and a larger real contact area is gen-
erated. As shown in Fig. 7, there is up to a sevenfold increase in
contact area as the normal force varies over the range. The discrep-
ancy between the elastic and elastic–plastic models is about
102 lm2.
4.2. Friction

Friction forces at various normal loads obtained from all three
test groups are plotted in Fig. 8, and the corresponding dynamic
friction coefficients are plotted in Fig. 9. In different test groups,
the normal loads adopted are different. As shown in the figures,
test 1 uses 11 normal loads from 40 N to 240 N with an interval
of 20 N. Due to the different test conditions, the other two groups



Fig. 5. Illustration of the waveguide and sliding block, showing the amplitude distribution of vertical and horizontal vibration in the waveguide.

Table 1
Test parameters.

Test Materialsa A (lm) B (lm) Sliding distance (mm)

1 Al & SS 11.46 1.1 �6 to +6
2 SS & Al 10.52 1.05 +2.5 to +5
3 SS & SS 10.52 1.05 +2.5 to +5

a Al = aluminum, SS = stainless steel, in the order of waveguide and sliding block.

Table 2
Parameters used in model simulations.

Symbol Parameter Value Unit

Rq Asperity heights deviation 6 lm
Rs Asperity summits radius 1.7 lm
An Nominal contact area 1 � 10�4 m2

g Areal asperity density 47 � 109 /m2

E1 Young’s modulus of aluminum 73 GPa
m1 Poisson’s ratio of Aluminum 0.33 –
E2 Young’s modulus of stainless steel 200 GPa
m2 Poisson’s ratio of stainless steel 0.29 –
Y0 Failure strength of the softer material 410 MPa
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use 10 and 8 normal loads, respectively, which cover the same
range but without an even distribution of forces.

Results from all three test groups show good linearity between
the normal loads and the tangential forces, which presents
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relatively constant friction coefficients within the different groups.
However, test 1 gives higher friction forces than test 2. The average
coefficients are respectively 0.54 and 0.26. It is emphasized that
those two test groups give different results even though they are
from the same two types of materials. The different behavior
may be caused by the way normal forces are applied onto the con-
tact interface of the two materials. For the stainless steel wave-
guide (tests 2 and 3), the results show that the friction forces are
approximately the same regardless of sliding block material.
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Fig. 10. Comparison of friction reduction between tests and model simulations.
4.3. Friction reduction

A comparison of test results and model simulations for all three
test groups is shown in Fig. 10. Each figure plots three sets of data,
two of which are from tests and one from model simulations. The
red squares denote natural friction forces. The blue circles indicate
friction forces with ultrasonic vibrations measured from tests. The
green diamonds are friction forces with ultrasonic vibrations pre-
dicted by the cube model. The model parameters used for calcula-
tion are listed in Table 2.

All three sets of data show good linearity between friction
forces and normal forces, which indicate constant dynamic friction
coefficients. But in test 2, at three points when normal loads are
larger than 160 N, reduced friction forces measure larger than
the linearity indicates, which may be caused by experimental
error.

Friction forces are substantially reduced in all three cases when
ultrasonic vibrations are employed. The friction reduction percent-
age is defined as

p ¼ Ft � F 0t
Ft

� 100: ð18Þ

Percentages from both tests and simulations are plotted in Fig. 11
for comparison.

Tests 1 and 2 have friction reduction in the range of 30–50% and
show trends that higher normal loads provide lower reduction per-
centages. Test 3 has higher reduction percentage, in the range of
50–60%, but results show no evident decreasing trend when the
normal load goes up.

Note that both the waveguide and sliding block used in test 3
are stainless steel, which is different from tests 1 and 2, which
mix aluminum and stainless steel. Since stainless steel is harder
than aluminum, it can be hypothesized that the harder the materi-
als of the contacting surfaces, the higher the friction reduction.
However, this hypothesis requires more testing using materials
with a wider range of hardness.
Another observation is that test 3 reveals less wear than tests 1
and 2, which may also be explained by the fact that stainless steel
is harder than aluminum. In tests 1 and 2, fretting wear mostly oc-
curs on aluminum parts but much less on stainless steel parts.

4.4. Comparison of model simulation and tests

The results show that the model predictions closely match the
experimental data. However, there are some discrepancies be-
tween the test and model, as seen in each figure. In tests 1 and 2,
the discrepancy becomes evident when normal load is increased.
Despite possible test errors, another reason for that could be the
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asperity heights distribution model, an exponential function used
to approximate the Gaussian distribution for ease of calculation.
The discrepancy between those two functions becomes greater as
normal loads increase.

The relative error between test and simulation is defined as

e ¼ jtest�modelj
test

� 100: ð19Þ

Most errors from all three tests are below 20%, showing good
agreement.
5. Conclusion and future work

In this work, an improved cube model is presented which de-
scribes ultrasonic lubrication under a range of conditions. Ultra-
sonic vibrations are projected on three orthogonal directions and
the influence of each projection on friction reduction is calculated.
An overall reduction result summarizes all three projections. The
calculation of contact parameters takes into consideration plastic
deformation, which gives smaller distances between two surfaces
and larger real contact areas.

A series of experiments is designed and conducted to test ultra-
sonic lubrications under discrete normal loads from 40 N to 240 N.
Results show positive reduction results for all three material
combinations.

The cube model is used to describe the reduction in friction
force using parameters from the tests and contact model. These
simulations show good agreement with the test results, reflecting
average relative errors below 20% despite the fact that small dis-
crepancies exist with normal loads above 160 N. Future work
may be able to address this issue by employing a Gaussian distri-
bution for asperity heights instead of an exponential distribution.

Furthermore, the cube model can be applied to model dynami-
cal systems with ultrasonic lubrication devices. The results are of
great interest in predicting system outputs, thus aiding in system
design. Through in-depth analysis of stress, strain and plastic
deformations of asperities, the cube model may be used in model-
ing wear reduction.
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Appendix A. Waveguide kinematics

Waveguide kinematics helps to understand the generation and
propagation of ultrasonic vibrations in the waveguide. In this
study, the influence of the tapering and rounded edges of the
waveguide is neglected for simplicity, and the vibrations of the
waveguide are treated as a superposition of the motion of all
modes,

uðx; tÞ ¼
X1
n¼1

ðan sin xnt þ bn cos xntÞUnðxÞ; ðA:1Þ

where xn is the nth order frequency and UnðxÞ is the function of the
nth order normal mode shape, which has the form

UnðxÞ ¼ cn sinðxnx=c0Þ þ dn cosðxnx=c0Þ; ðA:2Þ

where c0 is the axial speed of wave propagation. For each mode n,
there exists a wave equation [26]

@2Un

@x2 þ
xn

2Un

c2
0

¼ 0: ðA:3Þ

It is deduced that dn ¼ 0; using the boundary conditions
@uð�L=2; tÞ=@x ¼ 0 and @uðL=2;0Þ=@x ¼ 0, it is obtained that
cosðxnL=2c0Þ ¼ 0, thus

xn ¼ npc0=Lðn ¼ 0;1;2 . . .Þ: ðA:4Þ

Given that the frequency and the waveguide length in this pa-
per are respectively 20 kHz and 0.127 m, the order of the vibration,
therefore, is equal to 1, which means that the vibration is at the
half-wavelength frequency and its corresponding normal mode
function can be written as

http://www.SmartVehicleCenter.org
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U1 ¼ c1 sinðx1x=c0Þ ¼ c1 sinðpx=LÞ: ðA:5Þ

Thus, the longitudinal vibration function is written as

uðx; tÞ ¼ b1 cosð2pftÞU1 ¼ b1c1 cosð2pftÞ sinðpx=LÞ: ðA:6Þ

Letting A ¼ b1c1, the function of longitudinal displacement (16)
is derived. The vertical strain is caused by longitudinal strain,
known as Poisson’s effect. The longitudinal strain is calculated as

ex ¼
@u x; tð Þ
@x

¼ Ap
L

cos 2pftð Þ cosðpx=LÞ: ðA:7Þ

Therefore, the vertical strain is

ey ¼ mex ¼
Apm

L
cos 2pftð Þ cosðpx=LÞ: ðA:8Þ

The vertical displacement of the point at the bottom surface of
the waveguide is the integration of the strain over half of the thick-
ness of the waveguide, which is expressed as

v x; tð Þ ¼ DApm
2L

cos 2pftð Þ cos
px
L

� �
; ðA:9Þ

where D is the thickness of the waveguide. Letting B ¼ DApm=2L, the
function of vertical displacement (Eq. (17)) is derived. In this paper,
the values of A and B are determined by Doppler laser vibrometer
measurements.
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