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A B S T R A C T

Laminated composites with a core layer sandwiched between orthogonal mechanically-prestrained laminae
exhibit two weakly-coupled cylindrical shapes where each shape is influenced only by one prestrained lamina.
This study investigates the domain of bistability and actuation requirements of such bistable laminated com-
posites. An analytical model is constructed as follows: point-wise displacements and areal dimensions are scaled;
strain energy and actuation work are computed using high-order displacement polynomials; and net energy is
minimized using the Rayleigh-Ritz method to calculate stable shapes as a function of actuation force. Shape
transition is shown to be a multi-stage phenomenon through an experimental procedure involving friction-free
tensile tests and 3D motion capture. The simulated actuation energies agree with measurements within 12%.
Square laminates are shown to be bistable only when the ratios of laminae prestrains are greater than 0.2. The
aspect ratio limit for bistability can be improved by maximizing both prestrains while maintaining a prestrain
ratio of one. It is shown that in-plane forcing requires 100 times more energy than an equivalent moment. A
parametric study reveals that the composite’s performance parameters are more sensitive to the core’s thickness
than its modulus; the sensitivity of actuation energy is minimal relative to that of deformation and stiffness.

1. Background

1.1. Bistable composites

Advanced aircraft [1,2] and automobiles [3] require lightweight
structural panels that change shape to optimize performance over a
broad range of operating conditions. These panels often require adap-
tive elements that change their curvature in order to achieve global
shape change. Bistable laminated composites are candidates for curved
elements due to their ability to hold large deformed shapes in the ab-
sence of actuation forces; they require actuation only to hold an in-
termediate shape or to switch from one stable shape to another.

Curvature in a composite can be achieved by imparting residual
stress; the approach is attractive because residual stress is an intrinsic
feature. The most commonly studied bistable composites are thermally-
cured fiber-reinforced polymeric (FRP) laminates. These laminates
contain residual stress at room temperature due to a mismatch between
the thermal contraction of the matrix and the fiber. Asymmetric FRP
laminates may have multiple stable shapes that depend on fiber or-
ientation, laminate size, and curing temperature [4]. In the case of
symmetric laminates, bistability can be achieved by applying mechan-
ical prestress to the fibers prior to thermal curing [5,6]. Li et al. [7] and

Daynes et al. [8] presented hybrid FRP composites with sandwiched
metal cores as a solution to augment curvature and improve robustness
to operating conditions. The individual tailoring of the stable shapes of
thermally-cured FRP laminates is limited by a globally applied residual
stress that creates a strong coupling between the shapes.

Chillara et al. [9] demonstrated curved composites in which re-
sidual stress is imbued through mechanical prestrain in select laminae;
this approach enables the stress-free laminae to bear adaptive features.
Laminating two mechanically-prestressed layers on either side of a
stress-free core results in a bistable composite [10]. When the pre-
stressed laminae are orthogonal to each other, the equilibrium cylind-
rical shapes are said to be weakly coupled; each shape is influenced
only by one prestressed lamina but not both. Residual stress generated
through two sources of mechanical prestrain yields a domain of bist-
ability that is different from that resulting from a single source (e.g.,
temperature in thermally-cured laminates). Therefore, a study ex-
ploring the limits of design parameters, such as prestrain ratio and as-
pect ratio, is required to determine the composite’s bistability regime.

A bistable composite with orthogonal prestressed laminae exhibits
three equilibrium shapes, of which two are stable. Therefore, the strain
energy of the composite has two minima and one maximum. Switching
between stable shapes, also known as snap-through, is achieved by
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applying a force that is sufficient to overcome the strain energy
maxima. The mode of actuation of a composite element depends on its
boundary conditions within the host structure. Fig. 1 shows an example
of a morphing structure that comprises an array of mechanically-pre-
stressed composite ribs. One approach to actuation is to move the
boundaries apart in the axial (X) direction so as to flatten the compo-
sites. A relevant example is the use of pneumatic muscles as linear
actuators in the underlying structure of a spanwise-morphing aircraft
wing [11]. Another actuation approach involves harnessing transverse
(Z) operational loads acting on the composite. For example, a bistable
wind turbine blade snaps into its second shape at a limiting value of
gust load (normal pressure) to enable load alleviation [12].

In-plane actuation has been the preferred choice for bistable com-
posites due to compactness and practical viability; smart materials such
as piezoelectrics and shape memory alloys can be configured as active
laminae. Piezoceramic (macro-fiber composite) laminae can contract
when electrically-activated to recover the in-plane strain for actuation
[13,14]. However, the low actuation strain (0.1 %) of piezoelectric
actuators limits their application to composites with small curvature.
Shape memory alloys (SMA) have a maximum strain of up to 6 % and
can serve as embedded actuators for composites with large curvature
[15–17]. Installing SMA wires on both faces of the composite yields a
push-pull system where the actuation of each wire enables strain re-
covery in the antagonistic wire [18]. Fluid channels embedded in a
flexible lamina can be pressurized to snap the composite into its second
shape [19,20].

Despite the availability of a wide variety of actuator designs, the
relative performance of various actuation modes such as axial, trans-
verse, and in-plane loading is not well understood. Also, actuation en-
ergy is one performance metric for a bistable composite among others
such as out-of-plane deformation (unactuated) and stiffness. Therefore,
a sensitivity study of the composite’s performance metrics is needed to
guide material selection and geometric design.

1.2. Modeling of composite actuation

The equilibrium shapes of an asymmetric bistable composite were
first modeled analytically by Hyer [21] using strain energy minimiza-
tion. The composite was modeled as a laminated plate based on a La-
grangian strain formulation and classical laminate theory. Energy
minimization was carried out using the Rayleigh-Ritz method and the
resulting nonlinear equations were solved for the displacements of the
composite. The energy-based analytical approach was further devel-
oped by Hamamoto and Hyer [22], and Dano and Hyer [23,24].
Schlecht and Schulte [25] presented a comprehensive finite element
study that was in agreement with Hyer’s analytical model. The in-plane
strains and the out-of-plane displacement were approximated by
quadratic polynomials containing only the terms with even power.
Quadratic approximations are suitable for calculation of the stable
shapes of a composite. However, features related to shape bifurcation
such as snap-through loads [26] and geometric limits for bistability

[27] cannot be accurately described using a second-order strain model.
Cantera et al. [28] presented a modified approach to simulate snap-
through loads involving a second order strain model that includes non-
uniform curvatures and uniform through-thickness normal strain. Pir-
rera et al. [29] showed that shape bifurcation effects can be modeled
accurately using seventh order polynomials for displacements in the
strain model. With ninth order displacement polynomials or higher, one
can simulate the intermediate stages of snap-through but at the expense
of computational cost. Lamacchia et al. [30] presented a computa-
tionally efficient semi-analytical high-order model that features de-
coupled stretching and bending contributions via a semi-inverse for-
mulation of the constitutive equations.

This paper presents a high-order analytical strain model to sys-
tematically explore the design space of bistable composites that have
two sources of residual stress. The analysis is presented through the
example of a mechanically-prestressed bistable composite. The stable
shapes of a rectangular composite are simulated for limiting ratios of
prestrain and side length to determine the domain of bistability. A case
study comparing the composite’s response to various actuation modes
such as axial, transverse, and in-plane loading is presented. Tensile tests
are conducted on fabricated composite samples and snap-through is
recorded using a 3D motion capture system. The mechanical work as-
sociated with the measured force-deflection curves is compared with
the simulated actuation work in the axial loading case. Finally, a sen-
sitivity study is conducted to explain the effect of design parameters of
the composite on its performance metrics, viz., range of deformation,
stiffness, and actuation energy.

2. Composite configuration

The composite consists of two anisotropic fiber-reinforced elasto-
meric strips that are laminated on either face of an isotropic core plate.
The core is flexible but has a high in-plane (XY) modulus relative to a
pure elastomer. The reinforced elastomers, also known as elastomeric
matrix composites (EMC) [11], have unidirectional fibers oriented
along the width (90° orientation) of the strip. The function of the fibers
is to ensure zero in-plane Poisson’s ratio [31,32]. The EMCs are fabri-
cated by sandwiching two layers of unidirectional carbon fibers be-
tween a pair of pre-cured silicone rubber sheets (Fig. 2(a)-(d)). Prestress
is applied to a 90° EMC by stretching it along its length and holding it
between a pair of grips. Two 90° EMC strips are aligned in the com-
posite in an orthogonal configuration. The EMCs are bonded in a se-
quence to a steel core while maintaining the composite in a flat shape
(Fig. 2(e)-(f)). The design, construction, and functions of the composite
are presented in detail in [10].

Prestrain in only one EMC results in a composite with a single stable
cylindrical curvature (Fig. 3(a)) whereas prestrain in two EMCs yields

Fig. 1. Concept for a morphing structure configured with mechanically-prestressed bis-
table composites.

(a)

(b)

(c) (d)

(e)

(f)

Fig. 2. Fabrication process for a mechanically-prestressed bistable laminate. Steps (a)
through (d) pertain to EMC fabrication and steps (e) through (f) pertain to composite
lamination.
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two stable curvatures (Fig. 3(b)). When the prestressed EMCs are or-
thogonal to each other, the resulting stable shapes are said to be weakly
coupled: each shape is influenced primarily by the EMC on the concave
face. The prestressed EMC on the convex face has minimal effect on
curvature due to its zero in-plane Poisson’s ratio. The material prop-
erties and dimensions of each lamina influence both curvatures of the
composite. EMC width is limited to a fraction of core width to minimize
the restriction in deformation offered by the high-modulus fibers.

3. Analytical model

In this work, a mechanically-prestressed bistable composite is
modeled as a laminated plate. The large out-of-plane deflection of the
composite is described using a Lagrangian strain formulation in con-
junction with classical laminate theory. Composite displacements are
initially defined as unknown polynomial functions. The composite’s
strain energy is then computed and subsequently minimized to obtain a
set of nonlinear equations that are a function of the coefficients of the
displacement polynomials. These nonlinear equations are solved using
the Rayleigh-Ritz method to calculate the shape of the composite. Cubic
polynomials for displacement are sufficient to accurately calculate the
stable shapes. However, an accurate description of the shape bifurca-
tion phenomenon requires the use of higher order polynomials [29].
The iterative solution of nonlinear equations involving high-order dis-
placement polynomials has been shown to be numerically ill-condi-
tioned [33]. For purposes of numerical conditioning, composite dis-
placements are presented in this study in non-dimensional form.

3.1. Non-dimensional composite displacements

The method for scaling used here was first presented by Stein [34].
It was implemented by Diaconu and Weaver [35] in the analysis of
postbuckled orthotropic laminates, and by Pirrera et al. [29] in the
high-order modeling of bistable laminates. The nondimensional dis-
placements (∼ ∼ ∼u v w, ,0 0 0) at an arbitrary point on the composite’s geometric
mid-plane are expressed in terms of its true displacements (u v w, ,0 0 0) in
the (X Y Z, , ) directions as:
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The terms ∗A and ∗D are defined as:
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where A B, , and D are the extensional, coupled extension-bending, and
bending stiffness matrices [36] of an n-layered composite expressed in
terms of the plane-stress reduced stiffnesses =Q i j{ , 1,2,6}ij as:
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The x and y coordinates are scaled as follows:
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The ratio of EMC width to core width is defined as:
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3.2. Strain model

The composite’s strains (Fig. 4), defined using a Lagrangian de-
scription as per Von Karman’s hypothesis [37], are written in terms of
non-dimensional displacements (∼ ∼ ∼u v w, , ) as:
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According to classical laminate theory, the composite’s

(a)

(b)

Fig. 3. Stable shapes of a mechanically-prestressed laminated composite.

Fig. 4. Schematic representation of a mechanically-prestressed bistable laminate.
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displacements can be written in terms of mid-plane displacements
(∼ ∼ ∼u v w, ,0 0 0) as:
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Eqs. (10)–(12) are substituted into (7)–(9) to obtain the composite
strains in terms of the displacements of the geometric mid-plane.

The displacements of the mid-plane, described using complete
polynomials of order Op, are of the form:
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where Op is the chosen order of the polynomial and − −b c,p q p p q p, , , and
−dp q p, are coefficients that are to be evaluated.

3.3. Strain energy computation

The potential energy (Φ) of the composite is expressed in terms of
the material and geometric properties of the laminae as:
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The limits of integration are shown in Table 1. In this composite, the
core is a linear isotropic material whereas the 90° and 0° EMCs are
anisotropic materials with linear strains in all directions except x and y,
respectively. For linearly strained directions, Φ1 and Φ2 are written per
Hooke’s law as ∊Q0.5( )x11

2 and ∊Q0.5( )y22
2 , respectively. In the direction

of prestrain, the constitutive law of an EMC is described using an ex-
perimentally-derived nonlinear expression [20] as:

= − ∊ + ∊ − ∊ + ∊σ 0.698 2.29 2.306 1.598 [MPa].4 3 2 (17)

Strain energies Φ1 and Φ2 of the 90° and 0° EMCs respectively are
computed as the integral of σx and σy based on (17). This gives:
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90 2
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It is noted that strains ∊ ∊,x y, and γxy are expressed in terms of scaled
displacements and coordinates for purposes of numerical conditioning.
On the other hand, prestrains ∊90 and ∊0, applied to the EMCs prior to
lamination, represent the input energy content and are hence not
scaled.

3.4. Work done by external forces

Four cases of external forces acting on the composite are studied in

this work (Fig. 5). The composite, shown in the YZ plane, is assumed to
be clamped at its midpoint O and curved about the X axis in the un-
actuated state. Cases 1 to 3 represent actuation forces applied at points
A( −0, 0.5) and B(0,0.5) whereas case 4 represents a uniformly distributed
operational load.

3.4.1. Case 1
The composite is actuated by applying a pair of equal and opposite

forces ̂−R jh and ̂R jh at A and B, respectively (Fig. 5(a)). The variational
work done by

⎯→⎯
Rh is expressed as:
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3.4.2. Case 2
In-plane actuation is represented by a pair of forces at A and B of

magnitude Rp acting in a direction tangential to the geometric mid-
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The point of application of the force →rp is the sum of the position
vector (→r ) on the geometric mid-plane and the normal (→n ) at →r
→ = → + →r r m n. ,p (21)
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The variational work done by the pair of forces
⎯→⎯
Rp (Fig. 5(c)) is

written as:

=
⎯→⎯ → +

⎯→⎯ →
−δW R δ r R δ r. | . | .p p A p p B p( ) {0, 0.5} ( ) {0,0.5} (23)

3.4.3. Case 3
The variational work done on a composite that is actuated by a

transverse force ̂−R kv acting at A and B is written as:

= − −∼ ∼
−δW R W w R W w| | .v v v0 0 {0, 0.5} 0 0 {0,0.5} (24)

Table 1
Limits of integration for the computation of the total potential energy of a mechanically-
prestressed bistable laminate.

Lamina ∼x ∼y z

90° EMC (−1/2,1/2) (−α α/2, /290 90 ) (− −H h/2, 1)
Core (−1/2,1/2) (−1/2,1/2) (−h h,1 2)
0° EMC (−α α/2, /20 0 ) (−1/2,1/2) (h H, /22 )

(d) Case 4

(c) Case 3

(b) Case 2

(a) Case 1

Fig. 5. Four cases for external forces applied on a bistable composite to effect snap-
through into the second stable shape. The first three cases shown in (a) through (c) are
point-wise forces whereas case four shown in (d) is a uniformly distributed force.
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3.4.4. Case 4
The operational load acting on a composite is represented as a

uniformly distributed force (PL) acting in the −Z direction (Fig. 5(d)).
The corresponding variational work is given by:

∫ ∫= ∼
− −

δW P W w x yd d .l L
0.5

0.5

0.5

0.5

0 0
(25)

The net variational work (δW ) done on the composite by various
actuation forces is written as:

= + + +δW δW δW δW δW .p h v l (26)

3.5. Computation of composite shape

The equilibrium shapes of the composite are obtained as a function
of actuation force by minimizing the net energy using the variational
Rayleigh-Ritz approach:

∑ ∂ −
∂

=W
C

(Φ ) 0,
i i (27)

where = − − −C b c d{ , , }i p q p p q p p q p, , , for p ranging from 0 to q and q ranging
from 0 to Op. The expressions for U W,T , and their partial derivatives
are derived in symbolic form using MAPLE. The nonlinear equations
resulting from (27) are solved in MATLAB using the Newton-Raphson
method. Composite shape is computed for various polynomial orders of
the strain model. Prior to computation, the number of terms in the
complete displacement polynomials is reduced by applying the condi-
tions of symmetry. Since the composite is clamped at the center, ∼u0 is
odd in x and even in ∼y v, 0 is even in x and odd in y, and ∼w0 is even in x
and y and is zero at the center. The number of unknown coefficients for
each polynomial order is shown in Table 2. The order of the strain
energy integrand involving a mechanically-prestressed EMC is greater
than twice that of the integrand for a thermally-cured FRP laminate
with linear matrix material (Table 2); the order is directly proportional
to the computational cost of the model. For polynomial orders 3–5, the
computation was carried out on a standalone workstation whereas
higher order polynomial models were simulated using clusters at the
Ohio Supercomputer Center [38]. The computational cost can be low-
ered by 20% by reducing σ in (17) to a cubic function.

4. Experiments

Experimental measurement of the snap-through force of a bistable
composite involves the application of a controlled force or displacement
in a quasistatic setup. To this end, Dano and Hyer [39] applied a mo-
ment at two points on the composite in a three-point bending setup.
They performed a force-controlled experiment where strain was mea-
sured using bonded strain gauges. Potter et al. [40] developed a posi-
tion-controlled experiment to simultaneously measure the composite’s
displacement and the applied force. The sample was placed on its edges
on a low-friction aluminum plate and a transverse point load was ap-
plied at the center using a steel ball. A perforated plate with holes in a

11× 11 grid was aligned inline with the composite. Deformation at
each position increment was measured through the holes with a caliper.
Experiments revealed that the snap-through phenomenon comprises
multiple events. In particular, one half of the composite undergoes a
smooth shape transition leading to a partial snap-through, following
which the other half snaps to the second stable shape. Cantera et al.
[28] employed Potter’s approach but used rods to suspend the com-
posite at its vertices for reduced friction. Tawfik et al. [41] presented an
improved frictionless experimental setup in which the edges of the
composite slide on an air cushion.

The proposed experimental procedure involves a uniaxial tensile
test in which a curved composite is deformed until snap-through occurs
(Fig. 6). Given that the composite’s shapes are weakly coupled, it is
sufficient to record actuation from the first shape to the second. The
straight edges AD and BC of a cylindrical composite are held in the load
frame at their midpoint using small hinges. The hinges are bonded to
the EMC on the concave side and their axis of rotation are parallel to the
respective straight edges. There is no sliding or rolling contact with the
composite. The head of the load frame (Test Resources Inc.) moves
vertically and measures the force profile using an inline 200 N load cell.
The displacement of the frame head is recorded by a rotary encoder. Tip
displacement is separately measured by a 3D motion capture system;
the frame measures displacement only up to snap-through. Betts et al.
[42] used a video camera system that tracks circular markers to mea-
sure the stable shapes of a bistable laminate. In the present setup,
hemispherical reflective markers of 3mm diameter are placed at the
center (O) and the four vertices (A B C D, , , ) of a square laminate. A set
of four still cameras (OptiTrack, Natural Point Inc.), with a resolution of
1.3 megapixels, is used to record the position of each marker through
coordinate triangulation. The cameras are mounted to have a capture
volume of 1.1×1.1× 1.1 (m).

Table 2
Size of the displacement polynomials and strain energy integrand.

Order (n) Reduced unknowns Order of ∼ ∼x ydΦ( , )

Prestressed EMC Thermally-cured FRP

3 8 10 4
4 11 30 12
5 17 30 12
6 21 50 20
7 29 50 20
8 35 70 28
9 44 70 28

Fig. 6. Experimental setup to record shape transition in a bistable composite.

(a) (b) (c)

90 & 0 = 0.4 90 & 0 = 0.6 90 & 0 = 0.8

Fig. 7. Fabricated samples of a mechanically-prestressed bistable laminate.
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Square test samples are fabricated in the 90° EMC/core/0° EMC
configurations with equal prestrain values of 0.4, 0.6, and 0.8 in both
EMCs (Fig. 7). The dimensions of the laminae are shown in Table 3. Prior
to testing, the cameras are calibrated to an accuracy of 0.021mm by
waving a calibration wand that contains inline markers over a span of
250mm. The coordinate system is defined using markers mounted on the
ends of a right angle measure. To simplify data processing, the axes
(X Y Z, , ) are defined such that the XY plane is aligned parallel to the plane
containing the composite’s vertices (markers). Quasistatic tensile tests are
conducted on each sample by moving the frame head at a rate of 5mm/
min until the composite snaps into its second shape. The load frame and
the motion capture system are synchronized to record displacement at 10
frames per second. Each sample is tested five times for repeatability.
Measurements from the fifth test are presented in this paper.

The out-of-plane tip deflection w0 is calculated for each straight
edge (AD BC, ) as the average of the z displacements of its vertices. The
respective deflections wAD and wBC of AD and BC evolve differently with
time and actuation force as shown in Fig. 8. At = >w w w0,AD BC AD and
wAD is continuous (Fig. 8(a)). In the vicinity of =w 0BC , both wAD and
wBC are discontinuous (Fig. 8(b)). The sharp drop in displacement at the
discontinuity occurs in two stages. The drop in force in the first stage is
partial, indicating an intermediate shape in the snap-through event
(Fig. 8(b)). Snapshots of the shape transition are shown in Fig. 9. Upon
flattening, the composite snaps partially into an intermediate stable
shape that has AD in its second curved shape while BC remains straight
(Fig. 9(b)). Flattening the composite further results in a full-snap
through in which BC snaps into the second curved shape and both
edges reach equilibrium simultaneously (Fig. 9(c)). The snap-through
behavior of the tested samples is similar to that of the thermally-cured
FRP laminates tested by Potter et al. [40].

5. Results and discussion

Results based on experiments and model-based simulations are
presented in the following sequence:

• The stable shapes of a square laminate are calculated as a function of ∊90
and ∊0 for various orders of the displacement polynomials. Subsequent
results are presented using a chosen high-order polynomial.

• The effect of aspect ratio on the bistability regime of rectangular
laminates is simulated as a function of ∊90 and ∊0.

• Work done on a square composite is computed for force cases 1 to 3.
The analytical model is validated against measured data.

• The sensitivity of the composite’s tip displacement (w0), stiffness to
transverse pressure (KL), and snap-through work (Wp) done by an in-
plane actuator, are analyzed for a given change in core modulus and
thickness.

Simulations conducted using the analytical model presented in
Section 2 yield two stable cylindrical shapes in the unactuated state.
The dimensions and measured material properties of the laminae used
for both simulation and experiments are shown in Tables 3 and 4, re-
spectively. The longitudinal modulus (E1) of a 90° EMC strip is a non-
linear function of strain and its constitutive response is measured
through a uniaxial tensile test (see (17)). For the calculation of the
scaling factorsU V,0 0, and W E,0 1 of a 90° EMC is averaged to be 1.5MPa
over a strain range of 0 to 1. The transverse EMC modulus (E2), as-
sumed to be 0.4 MPa, corresponds to shear in a pure elastomer; the core
and the fiber-reinforced elastomeric layer in the EMC are separated by a
purely-elastomeric sub layer [10]. The in-plane shear modulus (G12) for
both EMCs is assumed to be 0.8 times E1 [31]. In the following analyses,
the composite is considered to be initially curved about the X axis.

The composite’s tip displacement (w0) in the unactuated state is
calculated as a function of prestrain ratio ∊r (= ∊ ∊/0 90) ranging from
0.01 to 1 while ∊90 is maintained constant at 1. Fig. 10 shows w0 as a

Table 3
Laminae dimensions of a bistable composite for modeling and experiments.

Lamina Length (mm) Width (mm) Thickness (mm)

90° EMC 152.4 38.1 2.032
Core 152.4 152.4 0.127
0° EMC 38.1 152.4 2.032
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Fig. 8. Measured out-of-plane displacements of AD and BC , as a function of (a) time and (b) actuation force, in a composite with ∊ = ∊ = 0.80 90 .

(a) t = 0 s (b) t = 367 s (c) t = 373 s

Fig. 9. Composite shape with ∊ = ∊ = 0.80 90 in (a) unactuated first stable state, (b) in-
termediate stable state during snap-through, and (c) second stable state post snap-
through.
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function of ∊r for various orders of the displacement polynomials; the
first half of ∊r is emphasized to illustrate the loss in bistability at its
lower extremity. Displacement w0, corresponding to the first shape,
decreases with a decrease in ∊r until a critical ratio ∊rc where the shape
ceases to exist. Below ∊rc, the composite is stable only in the second
cylindrical shape. Shape 2, as indicated in Fig. 10, is influenced by ∊90
and is invariant to changes in ∊0 when ∊ < 1r . Since the stable shapes are
weakly coupled, similar results are obtained at the higher extremity of
∊r ; the same analysis with ∊90 ranging from 0 to 1 at ∊ = 10 yields the
higher extremity. Such an envelope for bistability is characteristic of
laminates that have two sources of prestress. Thermally cured FRP la-
minates have a single source of residual stress and exhibit a saddle
shape (small deformation) outside the domain of bistability.

With an increase in polynomial order from three to nine, ∊rc in-
creases to converge to a particular value. Further, the displacement w0
at ∊rc is higher in higher-order models. For ∊ > ∊r rc, the difference in w0
among various polynomial orders is negligible. ∊rc for each polynomial
of type O p2 ( >p 2) is close to that of the odd-order polynomial of type

−O p2 1. Due to the imposed symmetry conditions on ∼ ∼u v,0 0, and ∼w0, the
additional terms in O p2 relative to −O p2 1 are seen only in ∼w0. Therefore,
out-of-plane deflection w0 has a minor effect on ∊rc whereas in-plane
strain has a dominant effect. In the third, seventh, and ninth order
cases, ∊rc is 0.082, 0.224, and 0.236 respectively. Given the marginal
increase in model accuracy from seventh to ninth order, seventh order
displacement polynomials are chosen for further analysis in the interest
of computational cost (see Table 2).

The effect of aspect ratio AR (L L/y x) is simulated at =L 152.4x mm
by varying one EMC prestrain at a time. In the first case, a constant
prestrain ∊ = 0.690 is maintained in the EMC on the convex face (Fig. 11
(a)). The value of AR corresponding to the loss of bistability increases
with an increase in ∊0. Beyond the critical value of AR, only one stable
cylindrical shape exists (as in Fig. 3(a)). When ∊0 is treated to be con-
stant (at 0.6), the limiting AR increases with an increase in ∊90
(Fig. 11(b)). An increase in aspect ratio for a given width is associated
with an increase in the strain energy of the core, thereby requiring
higher prestrains with ∊r close to 1 for the existence of bistability.

Work done on the composite by external forces in cases one to three

(Fig. 5) is computed as per (19), (23), and (24). For comparison,W W,h p,
and Wv are plotted as a function of tip displacement w0.

The simulated actuation work Wh is compared with the corre-
sponding experimentally measured values to validate the analytical
model (Fig. 12). Flattening of the composite is associated with an ex-
ponential increase in Wh up to the point of snap-through. Post snap-
through, experiments indicate a small drop in Wh followed by a sharper
drop before reaching a steady value as w0 tends to zero. The existence of
two energy peaks is consistent with the observation (Section 4) that in
the chosen laminate configuration, snap-through occurs in two stages.
Energy peaks are not seen in the simulated curves because displace-
ments are calculated as a function of a monotonically increasing force
Rh; at snap-through, there is a sharp drop in w0 but not Rh. For all
practical purposes, snap-through force and tip displacement profile are
sufficient to design actuators for bistable composites. The simulated
energy profile is in agreement with experimental data. The model over-
predicts snap-through energy by 7.7%, 12.1%, and 6.7% with respect to
the measured value (higher peak) in samples with prestrains of 0.4, 0.6,
and 0.8, respectively. The corresponding error in the simulated tip
displacement at snap-through relative to the measured displacement (at
higher peak) is 6.2%, 2.43%, and −8.8%. Higher model accuracy can
be achieved by increasing the order of the displacement polynomials.

Fig. 13(a) shows the energy profile pertaining to an in-plane force
Rp applied at the geometric mid-plane ( =m 0); prestrains ∊0 and ∊90 are
assumed to be equal. The energy required for snap-through increases
with an increase in ∊0. Further, snap-through is initiated at a higher
displacement w0 for higher values of ∊90. Fig. 13(b) shows the energy
profile for non-zero values of the force offset m from the geometric mid-
plane at constant values of ∊0 and ∊90 of 0.6. Increasing the offset to-
wards the convex face of the composite ( >m 0) results in a decrease in
snap-through energy. This behavior is attributed to the associated re-
duction in the total displacement recovered by a given Rp (see
(10)–(12)). Moving the actuator towards the concave face results in an
exponential increase in snap-through energy.

The actuation energy associated with a transverse force is simulated
for various values of ∊0 assuming ∊0 and ∊90 are equal (Fig. 14). While Wv
has a similar trend as Wh and Wp, it is worth noting that force Rv varies
linearly with w0 whereas Rh and Rv vary exponentially (not illustrated). A
comparison of the various energy profiles of actuation forces acting at
points A and B (Fig. 5) shows that for a given actuation stroke, Wh is an
order of magnitude higher thanWv andWp is an order of magnitude higher
than Wh. Therefore, the minimum and maximum energy configurations
are associated with a pure moment and a pure in-plane force respectively.
Also, the displacement w0 at which snap-through occurs is highest in the
case of a moment and least when actuated by an in-plane force.

6. Sensitivity study

The parameters that quantify the composite’s morphing perfor-
mance are: displacement w0 in the unactuated state; stiffness KL to
transversely-applied pressure PL (case 4); and work Wp done by an in-
plane force Rp to achieve snap-through from a stable initial shape.
Fig. 15(a) shows the effect of core modulus ranging from 100 to
200 GPa on the composite’s performance parameters; thickness is
maintained constant at 0.127mm. Each parameter is normalized with
respect to the lowest value in the simulated range. Increasing the
modulus by 100 GPa yields a reduction in w0 by 48.3%. On the other
hand, KL, and Wp increase by 93.3%, and 18.1% respectively. Sensi-
tivity of the parameters to core thickness is shown in Fig. 15(b); core
modulus is assumed to be 100 GPa. Doubling the core’s thickness results
in −83.8%, 520%, and −10.5% change in w K, L0 , and Wp respectively.

An increase in core modulus or thickness translates to an increase in
strain energy and hence a decrease in out-of-plane deformation for a
given prestress configuration; deformation is more sensitive to thickness
change. A decrease in deformation is accompanied by an increase in

Table 4
Material properties of the laminae of modeled and tested prestressed composites.

Lamina E1 (MPa) E2 (MPa) G12 (MPa) ν12 ν21

90° EMC Nonlinear 0.4 1.2 0 0
Core layer 200,000 200,000 78,125 0.28 0.28
0° EMC 0.4 Nonlinear 1.2 0 0
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Fig. 10. Composite shapes as a function of prestrain ratio ∊r for ∊ = 190 .
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stiffness for any modulus or thickness. Stiffness is more sensitive to
thickness than to modulus due to the cubic dependence of the stiffness
matrix coefficients on thickness in (4). Higher actuation work is required
to recover the strain energy associated with higher core modulus. Among
the three performance parameters, stiffness is the most sensitive to the
core’s properties whereas actuation energy is the least.

7. Concluding remarks

The limits of bistability of rectangular laminates with two sources of
prestress are studied for the first time through this work. A novel ex-
perimental procedure, involving friction-free tensile testing and 3D
motion capture, is presented to study the snap-through characteristics
of mechanically-prestressed composites. Experiments show that these
composites exhibit a multi-stage snap-through phenomenon akin to that
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seen in thermally-cured FRP laminates. A high-order strain model is
developed to accurately determine the composite’s domain of bist-
ability as a function of prestrain ratio. The aspect ratio limit for bist-
ability can be extended by increasing prestrain in both EMCs and by
maintaining the prestrain ratio close to one. A distinct feature in or-
thogonal-ply bistable composites with two sources of mechanical
prestress is that they need not be symmetric along the thickness.
Further, loss in bistability due to insufficient prestress in one EMC
yields a single cylindrical shape. A comparison of various actuation
modes using the experimentally-validated analytical model shows that
the application of a moment requires the least amount of energy. In-
plane actuation, which is made practically viable by smart materials, is
relatively energy efficient when the actuator is mounted on the convex
face of a curved composite. Among the evaluated performance para-
meters, out-of-plane stiffness and actuation (in-plane) energy are re-
spectively found to be the most and least sensitive to the core’s prop-
erties. Mechanically-prestressed composites offer possibilites for the
design of active bistable elements for morphing panels.
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