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ABSTRACT

In empirical work in economics it is common to report standard errors that account for clustering 
of units. Typically, the motivation given for the clustering adjustments is that unobserved 
components in outcomes for units within clusters are correlated. However, because correlation 
may occur across more than one dimension, this motivation makes it difficult to justify why 
researchers use clustering in some dimensions, such as geographic, but not others, such as age 
cohorts or gender. This motivation also makes it difficult to explain why one should not cluster 
with data from a randomized experiment. In this paper, we argue that clustering is in essence a 
design problem, either a sampling design or an experimental design issue. It is a sampling design 
issue if sampling follows a two stage process where in the first stage, a subset of clusters were 
sampled randomly from a population of clusters, and in the second stage, units were sampled 
randomly from the sampled clusters. In this case the clustering adjustment is justified by the fact 
that there are clusters in the population that we do not see in the sample. Clustering is an 
experimental design issue if the assignment is correlated within the clusters. We take the view 
that this second perspective best fits the typical setting in economics where clustering adjustments 
are used. This perspective allows us to shed new light on three questions: (i) when should one 
adjust the standard errors for clustering, (ii) when is the conventional adjustment for clustering
appropriate, and (iii) when does the conventional adjustment of the standard errors matter.
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. TyREMoSnRtMy

Ty pxCtEtnlw JzEv ty pnzyzxtnF7 tG tF nzxxzy Gz EpCzEG FGlyolEo pEEzEF GslG lnnzHyG qzE nwHFGpE8

tyr zq HytGF9 jsp +EFG tFFHp Jp looEpFF ty GstF xlyHFnEtCG tF Gsp xzGtIlGtzy qzE GstF louHFGxpyG9

jACtnlwwA Gsp FGlGpo xzGtIlGtzy tF GslG HyzmFpEIpo nzxCzypyGF zq zHGnzxpF qzE HytGF JtGsty

nwHFGpEF lEp nzEEpwlGpo 3XzHwGzy 5%–][7 %––;fl7 XzHwGzy lyo hlyozwCs 5%–]–fl7 Vwzpv 5%–]%fl7

SlyFpy 5=;;fifl7 NlxpEzy lyo XtwwpE 5=;%)fl49 QzE pKlxCwp7 SlyFpy 5=;;fifl JEtGpF. ’jsp nwHFGpE8

tyr CEzmwpx tF nlHFpo mA Gsp CEpFpynp zq l nzxxzy HyzmFpEIpo Elyozx Fsznv lG Gsp rEzHC

wpIpw GslG Jtww wplo Gz nzEEpwlGtzy mpGJppy lww zmFpEIlGtzyF JtGsty plns rEzHC˙ 3SlyFpy 5=;;fifl7

C9 [fi%49 itxtwlEwA NlxpEzy lyo XtwwpE 5=;%)fl JEtGp. ’jsp vpA lFFHxCGtzy tF GslG Gsp pEEzEF lEp

HynzEEpwlGpo lnEzFF nwHFGpEF Jstwp pEEzEF qzE tyotItoHlwF mpwzyrtyr Gz Gsp Flxp nwHFGpE xlA mp

nzEEpwlGpo˙ 3NlxpEzy lyo XtwwpE 5=;%)fl7 C9 “=;49 jstF xzGtIlGtzy qzE nwHFGpEtyr louHFGxpyGF

ty GpExF zq JtGsty8rEzHC nzEEpwlGtzyF zq Gsp pEEzEF xlvpF tG otffnHwG Gz uHFGtqA nwHFGpEtyr mA

Fzxp ClEGtGtzytyr zq Gsp CzCHwlGtzy7 mHG yzG mA zGspEF9 QzE pKlxCwp7 ty l EprEpFFtzy zq JlrpF

zy AplEF zq poHnlGtzy7 GstF lErHxpyG nzHwo mp HFpo Gz uHFGtqA nwHFGpEtyr mA lrp nzszEGF uHFG lF

plFtwA lF nwHFGpEtyr mA FGlGp9 itxtwlEwA7 GstF xzGtIlGtzy xlvpF tG otffnHwG Gz pKCwlty JsA7 ty l

ElyozxtBpo pKCpEtxpyG7 EpFplEnspEF GACtnlwwA oz yzG nwHFGpE mA rEzHCF9 TG lwFz xlvpF tG otffnHwG

Gz xzGtIlGp nwHFGpEtyr tq Gsp EprEpFFtzy qHynGtzy lwEploA tynwHopF +Kpo pˆpnGF9 jsp Fpnzyo tFFHp

Jp looEpFF nzynpEyF Gsp lCCEzCEtlGp wpIpw zq nwHFGpEtyr9 jsp GACtnlw lyFJpE tF Gz rz qzE Gsp xzFG

lrrEprlGp wpIpw qplFtmwp9 QzE pKlxCwp7 ty l EpnpyG FHEIpA NlxpEzy lyo XtwwpE 5=;%)fl JEtGp. ’jsp

nzyFpyFHF tF Gz mp nzyFpEIlGtIp lyo lIzto mtlF lyo Gz HFp mtrrpE lyo xzEp lrrEprlGp nwHFGpEF

Jspy CzFFtmwp7 HC Gz lyo tynwHotyr Gsp CztyG lG Jstns GspEp tF nzynpEy lmzHG slItyr Gzz qpJ

nwHFGpEF9˙ 3NlxpEzy lyo XtwwpE 5=;%)fl7 C9 “““49 bp lErHp ty GstF ClCpE GslG GspEp tF ty qlnG

slEx ty nwHFGpEtyr lG Gzz lrrEprlGp l wpIpw7 bp lwFz xlvp Gsp nlFp GslG Gsp nzyqHFtzy EprlEotyr

mzGs tFFHpF lEtFpF qEzx Gsp ozxtylyG xzopw8mlFpo CpEFCpnGtIp zy nwHFGpEtyr9

bp Glvp Gsp ItpJ GslG nwHFGpEtyr tF ty pFFpynp l opgtry CEzmwpx7 ptGspE l glxdwtyr opgtry

zE ly padpftxpyhlw opgtry tFFHp9 TG tF l FlxCwtyr opFtry tFFHp Jspy Gsp FlxCwtyr qzwwzJF l

GJz FGlrp CEznpFF7 JspEp ty Gsp +EFG FGlrp7 l FHmFpG zq nwHFGpEF tF FlxCwpo ElyozxwA qEzx l

CzCHwlGtzy zq nwHFGpEF7 lyo ty Gsp Fpnzyo FGlrp7 HytGF lEp FlxCwpo ElyozxwA qEzx Gsp FlxCwpo

nwHFGpEF9 LwGszHrs GstF nwHFGpEpo FlxCwtyr lCCEzlns tF Gsp CpEFCpnGtIp Glvpy xzFG zqGpy Jspy l

qzExlw uHFGt+nlGtzy tF rtIpy qzE nwHFGpEtyr louHFGxpyGF Gz FGlyolEo pEEzEF7 tG lnGHlwwA ElEpwA +GF

lCCwtnlGtzyF ty pnzyzxtnF9 LyrEtFG lyo ftFnsvp 5=;;]fl JEtGp. ’XzFG zq Gsp FlxCwpF GslG Jp JzEv

JtGs lEp nwzFp pyzHrs Gz Elyozx GslG Jp GACtnlwwA JzEEA xzEp lmzHG Gsp opCpyopynp oHp Gz l

rEzHC FGEHnGHEp Gsly nwHFGpEtyr oHp Gz FGElGt+nlGtzy9˙ 3LyrEtFG lyo ftFnsvp 5=;;]fl7 qzzGyzGp %;7

C9 “;–49 TyFGplo zq l FlxCwtyr tFFHp7 nwHFGpEtyr nly lwFz mp ly padpftxpyhlw opgtry tFFHp7 Jspy

nwHFGpEF zq HytGF7 ElGspE Gsly HytGF7 lEp lFFtrypo Gz l GEplGxpyG9 Ty Gsp ItpJ opIpwzCpo ty GstF

xlyHFnEtCG7 GstF CpEFCpnGtIp +GF mpFG Gsp GACtnlw lCCwtnlGtzy ty pnzyzxtnF7 mHG FHECEtFtyrwA tG

tF ElEpwA pKCwtntGwA CEpFpyGpo lF Gsp xzGtIlGtzy qzE nwHFGpE louHFGxpyGF Gz Gsp FGlyolEo pEEzEF9

bp lErHp GslG Gsp opFtry CpEFCpnGtIp zy nwHFGpEtyr7 EpwlGpo Gz ElyozxtBlGtzy tyqpEpynp

3p9r97 hzFpymlHx 5=;;=fl7 LGspA lyo TxmpyF 5=;%fifl47 nwlEt+pF Gsp Ezwp zq nwHFGpEtyr louHFGxpyGF

Gz FGlyolEo pEEzEF lyo ltoF ty Gsp opntFtzy JspGspE Gz7 lyo lG JslG wpIpw Gz7 nwHFGpE7 mzGs

ty FGlyolEo nwHFGpEtyr FpGGtyrF lyo ty xzEp rpypElw FClGtlw nzEEpwlGtzy FpGGtyrF 3MpFGpE pG lw9

5%fl



5=;;–fl7 NzywpA 5%–––fl7 MlEEtzF pG lw9 5=;%=fl7 NEpFFtp 5=;%)fl49 QzE pKlxCwp7 Jp FszJ GslG7 nzyGElEA

Gz nzxxzy JtFozx7 nzEEpwlGtzyF mpGJppy EpFtoHlwF JtGsty nwHFGpEF lEp yptGspE ypnpFFlEA7 yzE

FHffntpyG7 qzE nwHFGpE louHFGxpyGF Gz xlGGpE9 itxtwlEwA7 nzEEpwlGtzyF mpGJppy EprEpFFzEF JtGsty

nwHFGpEF lEp yptGspE ypnpFFlEA7 yzG FHffntpyG7 qzE nwHFGpE louHFGxpyGF Gz xlGGpE zE Gz uHFGtqA

nwHFGpEtyr9 Ty qlnG7 Jp FszJ GslG nwHFGpE louHFGxpyGF nly xlGGpE7 lyo FHmFGlyGtlwwA Fz7 pIpy

Jspy mzGs EpFtoHlwF lyo EprEpFFzEF lEp HynzEEpwlGpo JtGsty nwHFGpEF9 XzEpzIpE7 Jp FszJ GslG

Gsp DHpFGtzy JspGspE7 lyo lG JslG wpIpw7 Gz louHFG FGlyolEo pEEzEF qzE nwHFGpEtyr tF l FHmFGlyGtIp

DHpFGtzy GslG nlyyzG mp tyqzExpo FzwpwA mA Gsp olGl9 Ty zGspE JzEoF7 lwGszHrs Gsp olGl lEp

tyqzExlGtIp lmzHG vsphspf nwHFGpEtyr xlGGpEF qzE Gsp FGlyolEo pEEzEF7 mHG GspA lEp zywA ClEGtlwwA

tyqzExlGtIp lmzHG JspGspE zyp gszSwo louHFG Gsp FGlyolEo pEEzEF qzE nwHFGpEtyr9 L nzyFpDHpynp

tF GslG ty rpypElw nwHFGpEtyr lG Gzz lrrEprlGp l wpIpw tF yzG tyyznHzHF7 lyo nly wplo Gz FGlyolEo

pEEzEF GslG lEp HyypnpFFlEtwA nzyFpEIlGtIp7 pIpy ty wlErp FlxCwpF9

Zyp txCzEGlyG Gspxp zq Gsp ClCpE7 mHtwotyr zy Lmlotp pG lw9 5=;%fifl7 tF GslG tG tF nEtGtnlw

Gz op+yp pFGtxlyoF nlEpqHwwA7 lyo Gz lEGtnHwlGp CEpntFpwA Gsp EpwlGtzy mpGJppy Gsp FlxCwp lyo

Gsp CzCHwlGtzy9 Ty GstF FpGGtyr GslG xplyF zyp FszHwo op+yp Gsp pFGtxlyo ty GpExF zq l +ytGp

CzCHwlGtzy7 JtGs l +ytGp yHxmpE zq nwHFGpEF lyo l +ytGp yHxmpE zq HytGF CpE nwHFGpEF9 jstF tF

txCzEGlyG pIpy tq lFAxCGzGtn lCCEzKtxlGtzyF Gz +ytGp FlxCwp otFGEtmHGtzyF tyIzwIp FpDHpynpF

zq pKCpEtxpyGF JtGs ly tynEplFtyr yHxmpE zq nwHFGpEF lyo:zE ly tynEplFtyr yHxmpE zq HytGF CpE

nwHFGpE9 Ty lootGtzy7 EpFplEnspEF yppo Gz mp pKCwtntG lmzHG Gsp JlA Gsp FlxCwp tF rpypElGpo qEzx

GstF CzCHwlGtzy7 looEpFFtyr GJz tFFHpF. 3t4 szJ HytGF ty Gsp FlxCwp JpEp FpwpnGpo lyo7 xzFG

txCzEGlyGwA JspGspE GspEp lEp nwHFGpEF ty Gsp CzCHwlGtzy zq tyGpEpFG GslG lEp yzG EpCEpFpyGpo

ty Gsp FlxCwp7 lyo 3tt4 szJ HytGF JpEp lFFtrypo Gz Gsp IlEtzHF GEplGxpyGF7 lyo JspGspE GstF

lFFtryxpyG JlF nwHFGpEpo9 Tq ptGspE Gsp FlxCwtyr zE lFFtryxpyG IlEtpF FAFGpxlGtnlwwA JtGs

rEzHCF ty Gsp FlxCwp7 nwHFGpEtyr Jtww ty rpypElw mp uHFGt+po9 bp FszJ GslG Gsp nzyIpyGtzylw

louHFGxpyGF7 zqGpy txCwtntGwA7 lFFHxp GslG Gsp nwHFGpEF ty Gsp FlxCwp lEp zywA l Fxlww qElnGtzy zq

Gsp nwHFGpEF ty Gsp CzCHwlGtzy zq tyGpEpFG9 jz xlvp Gsp nzynpCGHlw CztyGF lF nwplE lF CzFFtmwp7 Jp

qznHF ty Gsp nHEEpyG xlyHFnEtCG zy Gsp nEzFF8FpnGtzy FpGGtyr9 Ty Gsp Clypw nlFp 3p9r97 MpEGElyo

pG lw9 5=;;?fl47 Gsp Flxp tFFHpF lEtFp7 mHG GspEp lEp lootGtzylw nzxCwtnlGtzyF mpnlHFp zq Gsp Gtxp

FpEtpF nzEEpwlGtzy zq Gsp GEplGxpyG lFFtryxpyG9 LylwABtyr Gsp HynpEGltyGA qEzx Gsp pKCpEtxpyGlw

opFtry CpEFCpnGtIp JzHwo EpDHtEp xzopwtyr Gsp Gtxp FpEtpF ClGGpEy zq Gsp lFFtryxpyGF7 lyo Jp

wplIp GslG Gz qHGHEp JzEv9

jsp CElnGtnlw txCwtnlGtzyF qEzx Gsp EpFHwGF ty GstF ClCpE lEp lF qzwwzJF9 QtEFG7 Gsp EpFplEnspE

FszHwo lFFpFF JspGspE Gsp FlxCwtyr CEznpFF tF nwHFGpEpo zE yzG7 lyo JspGspE Gsp lFFtryxpyG

xpnslytFx tF nwHFGpEpo9 Tq Gsp lyFJpE Gz mzGs tF yz7 zyp FszHwo yzh louHFG Gsp FGlyolEo pEEzEF

qzE nwHFGpEtyr7 tEEpFCpnGtIp zq JspGspE FHns ly louHFGxpyG JzHwo nslyrp Gsp FGlyolEo pEEzEF9

ipnzyo7 ty rpypElw7 Gsp FGlyolEo �tlyr8eprpE nwHFGpEtyr louHFGxpyG tF nzyFpEIlGtIp HywpFF zyp

zq GsEpp nzyotGtzyF szwoF. 3t4 GspEp tF yz spGpEzrpyptGA ty GEplGxpyG pˆpnGF/ 3tt4 Jp zmFpEIp zywA

l qpJ nwHFGpEF qEzx l wlErp CzCHwlGtzy zq nwHFGpEF/ zE 3ttt4 l IlytFstyr qElnGtzy zq HytGF ty plns

nwHFGpE tF FlxCwpo7 p9r9 lG xzFG zyp HytG tF FlxCwpo CpE nwHFGpE9 jstEo7 Gsp 3CzFtGtIp4 mtlF qEzx

FGlyolEo nwHFGpEtyr louHFGxpyGF nly mp nzEEpnGpo tq lww nwHFGpEF lEp tynwHopo ty Gsp FlxCwp lyo

qHEGspE7 GspEp tF IlEtlGtzy ty GEplGxpyG lFFtryxpyG JtGsty plns nwHFGpE9 QzE GstF nlFp Jp CEzCzFp

l ypJ IlEtlynp pFGtxlGzE9 QzHEGs7 tq zyp pFGtxlGpF l +Kpo pˆpnGF EprEpFFtzy 3JtGs +Kpo pˆpnGF

5=fl



lG Gsp wpIpw zq Gsp EpwpIlyG nwHFGpEF47 Gsp lylwAFtF nslyrpF9 jspy7 spGpEzrpyptGA ty Gsp GEplGxpyG

pˆpnGF tF l EpDHtEpxpyG qzE l nwHFGpEtyr louHFGxpyG Gz mp ypnpFFlEA9

W � itxCwp PalxCwp lyo uIM ctFnMynpCRtMyF

Ty GstF FpnGtzy Jp otFnHFF GJz xtFnzynpCGtzyF lmzHG nwHFGpEtyr GslG lCCplE nzxxzy ty Gsp

wtGpElGHEp9 jsp +EFG xtFnzynpCGtzy tF lmzHG Jspy nwHFGpEtyr xlGGpEF7 lyo Gsp Fpnzyo lmzHG

JspGspE zyp zHrsG Gz nwHFGpE9 MzGs xtFnzynpCGtzyF lEp EpwlGpo Gz Gsp nzxxzy xzopw8mlFpo

CpEFCpnGtIp zq nwHFGpEtyr Jstns Jp zHGwtyp mEtp,A mpwzJ9 bp lErHp GslG GstF CpEFCpnGtIp zmFnHEpF

Gsp uHFGt+nlGtzy qzE nwHFGpEtyr GslG tF EpwpIlyG qzE xzFG pxCtEtnlw JzEv9

W-. usp cMopw,mlFpo �CCEMlns RM dwSFRpEtyr

QtEFG wpG HF mEtp,A EpItpJ Gsp GpKGmzzv7 xzopw8mlFpo lCCEzlns Gz nwHFGpEtyr 3p9r97 NlxpEzy lyo

XtwwpE 5=;%)fl7 bzzwoEtorp 5=;;“7 =;%;fl7 LyrEtFG lyo ftFnsvp 5=;;]fl49 �lGpE7 Jp nzyGElFG GstF

JtGs Gsp opFtry8mlFpo lCCEzlns FGlEGtyr qEzx nwHFGpEpo ElyozxtBpo pKCpEtxpyGF 3OzyypE lyo

VwlE 5=;;;fl7 XHEElA 5%––]fl7 QtFspE 5%–“fifl49 NzyFtopE l FpGGtyr JspEp Jp JtFs Gz xzopw l FnlwlE

zHGnzxp op ty GpExF zq l mtylEA nzIlEtlGp Kp ≥ ·;> %|7 JtGs Gsp HytGF mpwzyrtyr Gz nwHFGpEF7

JtGs Gsp nwHFGpE qzE HytG R opyzGpo mA Np ≥ ·%> , , , > N|9 bp pFGtxlGp Gsp wtyplE xzopw

op W κ 6 σKp 6 βp W ν∞cp 6 βp>

JspEp ν∞ W 3κ> σ4 lyo c∞
p W 3%> Kp47 HFtyr wplFG FDHlEpF7 wplotyr Gz

ν́ W lErxty
,

M
)

pW0

]

op { ν∞cp

{=

W
]

c∞c
{¶0 ]

c∞d
{

,

Ty Gsp xzopw8mlFpo CpEFCpnGtIp7 Gsp Y 8IpnGzE � JtGs RGs pwpxpyG pDHlw Gz βp7 tF ItpJpo lF Gsp

FGznslFGtn nzxCzypyG9 jsp Y − = xlGEtK c JtGs RGs EzJ pDHlw Gz 3%> Kp4 lyo Gsp Y 8IpnGzE Y

JtGs RGs pwpxpyG pDHlw Gz Np lEp ItpJpo lF yzy8FGznslFGtn9 jsHF Gsp EpCplGpo FlxCwtyr GszHrsG

pKCpEtxpyG tF EpoElJtyr Gsp IpnGzEF �7 vppCtyr +Kpo Y lyom9

ZqGpy Gsp qzwwzJtyr FGEHnGHEp tF txCzFpo zy Gsp +EFG GJz xzxpyGF zq β7

A5��c>Yfl W ;> A

[

��
∞
[

[

[c>Y
]

W ffi>

wplotyr Gz Gsp qzwwzJtyr pKCEpFFtzy qzE Gsp IlEtlynp zq Gsp zEotylEA wplFG FDHlEpF 3Z�i4 pFGtxl8

GzE.

E3ν́4 W
]

c∞c
{¶0 ]

c∞ffic
{]

c∞c
{¶0

,

Ty Gsp FpGGtyr JtGszHG nwHFGpEtyr7 Gsp vpA lFFHxCGtzy tF GslG ffi tF otlrzylw9 Tq zyp tF lwFz Jtwwtyr

Gz lFFHxp szxzFvpolFGtntGA Gsp IlEtlynp EpoHnpF Gz Gsp FGlyolEo Z�i IlEtlynp.

EZ�s W ρ=
]

c∞c
{¶0

>

5“fl



JspEp ρ W ffipp W E3βp4 qzE lww R9 ZqGpy EpFplEnspEF lwwzJ qzE rpypElw spGpEzFvpolFGtntGA lyo HFp

Gsp EzmHFG PtnvpE8SHmpE8bstGp 3PSb4 IlEtlynp 3bstGp 5=;%?fl7 PtnvpE 5%–[fifl7 SHmpE 5%–[fifl4

EfSK3ν́4 W
]

c∞c
{¶0

}

M
)

pW0

ffippcpc
∞
p

√

]

c∞c
{¶0

,

Ty FpGGtyrF JtGs nwHFGpEF zq HytGF7 Gsp lFFHxCGtzy GslG ffi tF otlrzylw tF zqGpy ItpJpo lF yzG

nEpotmwp9 TyFGplo7 Vwzpv 5%–]%fl7 XzHwGzy lyo hlyozwCs 5%–]–fl7 XzHwGzy 5%––;fl HFp Gsp 3sz8

xzFvpolFGtn4 FGEHnGHEp

ffipi W

⎠

⎤

⎨

; tq Np ∈W Ni>

ερ= tq Np W Ni> R ∈W S>
ρ= tq R W S,

LFFHxtyr Gsp nwHFGpEF lEp pDHlw FtBp GstF wploF Gz Gsp qzwwzJtyr IlEtlynp qzE Gsp FwzCp nzpffntpyG

σ́ .

El�Zfl3σ́4 W EZ�s −
}

% 6 εβεw
Y

N

∑

> 3=9%4

JspEp εβ lyo εw lEp Gsp JtGsty8nwHFGpE nzEEpwlGtzy zq Gsp pEEzEF lyo nzIlEtlGpF EpFCpnGtIpwA9

ZqGpy EpFplEnspEF 3p-r-7 �tlyr lyo eprpE 5%–][fl7 Otrrwp pG lw9 5=;%“fl7 MpEGElyo pG lw9 5=;;?fl7

iGznv lyo blGFzy 5=;;]fl7 btwwtlx 5%––]fl4 qHEGspE EpwlK GstF xzopw mA lwwzJtyr Gsp ffipi qzE CltEF

3R> S4 JtGs Np W Ni Gz mp HyEpFGEtnGpo9 �pG Gsp HytGF mp zEopEpo mA nwHFGpE7 lyo wpG Gsp Yn −Yn

FHmxlGEtK zq ffi nzEEpFCzyotyr Gz Gsp HytGF qEzx nwHFGpE n mp opyzGpo mA ffin7 lyo Gsp FHmxlGEtK

zq c nzEEpFCzyotyr Gz nwHFGpE n mA cn9 jspy.

E�e3ν́4 W
]

c∞c
{¶0

}

N
)

nW0

c∞
n ffincn

√

]

c∞c
{¶0

,

jstF nly mp ItpJpo lF Gsp pKGpyFtzy Gz EzmHFG IlEtlynp pFGtxlGzE qEzx Gsp wplFG FDHlEpF IlEtlynp7

lCCwtpo ty Gsp nlFp JtGs nwHFGpEtyr9

jsp pFGtxlGpo IpEFtzy zq Gsp PSb IlEtlynp tF

ÉfSK3ν́4 W
]

c∞c
{¶0

}

M
)

pW0

3op { ν́∞cp4
=cpc

∞
p

√

]

c∞c
{¶0

, 3=9=4

jsp pFGtxlGpo IpEFtzy zq Gsp �e IlEtlynp tF

É�e3ν́4 W
]

c∞c
{¶0

⎬

�

⎜

N
)

nW0

⎬

⎜

)

p3NnWn

3op { ν́∞cp4cp

⎡

⎣

⎬

⎜

)

p3NnWn

3op { ν́∞cp4cp

⎡

⎣

∞
⎡

⎞

⎣

]

c∞c
{¶0

,
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W-W dwSFRpEtyr clRRpEF eywA tq Rsp hpFtoSlwF lyo Rsp hprEpFFMEF lEp mMRs

dMEEpwlRpo btRsty dwSFRpEF

jspEp lCCplEF Gz mp l ItpJ7 nlCGHEpo mA Gsp pKCEpFFtzy ty pDHlGtzy 3=9%47 GslG JspGspE Gsp

nwHFGpE nzEEpnGtzy Gz Gsp FGlyolEo pEEzEF xlGGpEF opCpyoF zy GJz zmupnGF9 QtEFG7 tG opCpyoF

zy Gsp JtGsty8nwHFGpE nzEEpwlGtzy zq Gsp EpFtoHlwF7 εβ7 lyo Fpnzyo7 tG opCpyoF zy Gsp JtGsty8

nwHFGpE nzEEpwlGtzy zq Gsp EprEpFFzEF zq tyGpEpFG7 εw 9 TG slF mppy lErHpo GslG nwHFGpEtyr ozpF yzG

xlGGpE tq ptGspE zq Gsp GJz JtGsty8nwHFGpE nzEEpwlGtzyF lEp BpEz9 Tq GstF JpEp GEHp7 ly txCwtnlGtzy

JzHwo mp GslG ty wlErp FlxCwpF Gsp nwHFGpE louHFGxpyG xlvpF yz otˆpEpynp ty l ElyozxtBpo

pKCpEtxpyG JtGs nzxCwpGpwA ElyozxwA lFFtrypo GEplGxpyGF9 jstF JzHwo qzwwzJ mpnlHFp ty GslG

nlFp Gsp JtGsty8nwHFGpE nzEEpwlGtzy zq Gsp EprEpFFzE zq tyGpEpFG tF BpEz mA ItEGHp zq Gsp Elyozx

lFFtryxpyG9 L Fpnzyo txCwtnlGtzy JzHwo mp GslG7 ty l nEzFF8FpnGtzylw olGl nzyGpKG7 tq zyp

tynwHopF +Kpo pˆpnGF ty Gsp EprEpFFtzy qHynGtzy Gz lnnzHyG qzE Gsp nwHFGpEF7 GspEp tF yz EplFzy

Gz nwHFGpE FGlyolEo pEEzEF7 mpnlHFp Gsp +Kpo pˆpnGF nzxCwpGpwA pwtxtylGp Gsp JtGsty8nwHFGpE

nzEEpwlGtzy zq Gsp EpFtoHlwF9 LwGszHrs Gsp wlGGpE txCwtnlGtzy tF vyzJy Gz mp qlwFp 3p-r-7 LEpwwlyz

5%–]fifl47 Gsp CpEnpCGtzy slF wtyrpEpo9

jz twwHFGElGp Gsp qlwwlnA zq GstF ItpJ7 Jp FtxHwlGpo l Ftyrwp olGl FpG JtGs Y W %;;> “=“

HytGF7 ClEGtGtzypo tyGz N W %;; nwHFGpEF zE FGElGl JtGs ly lIpElrp lCCEzKtxlGpwA %7;;; HytGF

CpE nwHFGpE7 JspEp Gsp lnGHlw yHxmpE zq HytGF CpE nwHFGpE ElyrpF qEzx –); Gz %;[“9 MzGs Gsp

yHxmpE zq nwHFGpEF lyo Gsp yHxmpE zq HytGF CpE nwHFGpE lEp FHmFGlyGtlw Gz lIzto Fxlww FlxCwp

CEzmwpxF zq Gsp GACp lylwABpo ty Ozylwo lyo �lyr 5=;;fifl lyo TmElrtxzI lyo X”HwwpE 5=;%;7

=;%[fl9 MpwzJ Jp otFnHFF pKlnGwA szJ Gsp FlxCwp JlF rpypElGpo7 spEp Jp JtFs Gz xlvp Gsp mlFtn

CztyG GslG JspGspE Gsp nwHFGpEtyr louHFGxpyG xlGGpEF ty l rtIpy FlxCwp tF yzG FtxCwA l xlGGpE

zq tyFCpnGtyr Gsp JtGsty8nwHFGpE nzEEpwlGtzy zq Gsp pEEzEF lyo nzIlEtlGpF9 QzE plns HytG ty zHE

FlxCwp Jp zmFpEIp ly zHGnzxp op7 l Ftyrwp mtylEA EprEpFFzE Kp ≥ ·;> %|7 lyo Gsp nwHFGpE wlmpw
Np ≥ ·%> , , , > N|9 bp pFGtxlGp l wtyplE EprEpFFtzy qHynGtzy7

op W κ 6 σKp 6 βp>

mA Z�i9

QzE zHE FlxCwp FpG Jp +EFG nlwnHwlGp Gsp JtGsty8nwHFGpE nzEEpwlGtzy zq Gsp EpFtoHlwF lyo Gsp

JtGsty8nwHFGpE nzEEpwlGtzy zq Gsp EprEpFFzEF9 bp pFGtxlGp GspFp mA +EFG nlwnHwlGtyr Gsp FlxCwp

IlEtlynp zq Gsp EpFtoHlwF 3EprEpFFzEF4 JtGs lyo JtGszHG opxplytyr mA nwHFGpE7 lyo Gspy Glvtyr

Gsp ElGtz zq Gsp otˆpEpynp zq GspFp GJz Gz Gsp zIpElww IlEtlynp zq Gsp EpFtoHlwF 3EprEpFFzEF47

wplotyr Gz.

έ1β W ;,;;%> έw W ;,;;%,

MzGs JtGsty8nwHFGpE nzEEpwlGtzyF lEp nwzFp Gz BpEz7 lyo mpnlHFp GspEp tF zywA xzopFG IlEtlGtzy

ty nwHFGpE FtBpF7 Gsp FGlyolEo XzHwGzy8Vwzpv 3Vwzpv 5%–]%fl7 XzHwGzy 5%–][fl7 XzHwGzy lyo hly8

ozwCs 5%–]–fl7 XzHwGzy 5%––;fl4 louHFGxpyG rtIpy ty 3=9%4 JzHwo pFFpyGtlwwA mp BpEz9 SzJpIpE7

Jspy Jp nlwnHwlGp Gsp wplFG FDHlEpF pFGtxlGzE qzE σ lyo mzGs Gsp PSb lyo �e FGlyolEo pEEzEF7

Jp +yo GslG Gsp nwHFGpEtyr ozpF xlGGpE FHmFGlyGtlwwA.

σ́ HE W {;,%=; 3FpfSK W ;,;;?4 5Fp�e W ;,%;;fl,

5)fl



jstF opxzyFGElGpF GslG tyFCpnGtyr Gsp JtGsty8nwHFGpE nzEEpwlGtzy zq Gsp EpFtoHlwF lyo Gsp JtGsty8

nwHFGpE nzEEpwlGtzy zq Gsp EprEpFFzEF tF yzG ypnpFFlEtwA tyqzExlGtIp lmzHG Gsp DHpFGtzy JspGspE

nwHFGpEtyr Gsp FGlyolEo pEEzEF HFtyr Gsp �tlyr8eprpE IlEtlynp pFGtxlGzE xlGGpEF9

TyFGplo7 JslG tF EpwpIlyG qzE JspGspE Gsp �tlyr8eprpE IlEtlynp louHFGxpyG xlGGpEF tF Gsp

JtGsty8nwHFGpE nzEEpwlGtzy zq Gsp CEzoHnG zq Gsp EpFtoHlwF lyo Gsp EprEpFFzEF9 NlwnHwlGtyr GslG

nzEEpwlGtzy7 Jp +yo

ε1βw W ;,);;,

jstF nzEEpwlGtzy tF FHmFGlyGtlw7 lyo tG pKCwltyF JsA Gsp nwHFGpEtyr xlGGpE9 YzGp GslG GstF ozpF

yzG xply zyp gszSwo louHFG Gsp FGlyolEo pEEzEF7 xpEpwA GslG oztyr Fz Jtww xlGGpE9

Tq Jp HFp l +Kpo pˆpnGF EprEpFFtzy tyFGplo zq Z�i7 Gsp Flxp nzynwHFtzy lEtFpF7 yzG FHECEtFtyrwA

rtIpy Gsp LEpwwlyz 5%–]fifl EpFHwGF9 bp pFGtxlGp Gsp +Kpo pˆpnGF EprEpFFtzy

op W σKp 6

N
)

nW0

κnNpn 6 βp>

JspEp Npn W :NnWn tF l mtylEA tyotnlGzE pDHlw Gz zyp tq HytG R mpwzyrF Gz nwHFGpE n7 lyo BpEz

zGspEJtFp9 bp EHy GstF EprEpFFtzy lyo pFGtxlGp mzGs Gsp EprHwlE lyo Gsp nwHFGpEpo FGlyolEo

pEEzEF 3JtGszHG oprEppF zq qEppozx nzEEpnGtzyF7 Jstns oz yzG xlGGpE spEp rtIpy Gsp opFtry47

wplotyr Gz.

σ́ OC W {;,%=; 3FpfSK W ;,;;“4 5Fp�e W ;,=?“fl,

Lrlty7 Gsp nwHFGpEtyr zq Gsp FGlyolEo pEEzEF xlvpF l FHmFGlyGtlw otˆpEpynp7 opFCtGp Gsp qlnG GslG

Gsp JtGsty8nwHFGpE nzEEpwlGtzy zq Gsp EpFtoHlwF tF yzJ pKlnGwA pDHlw Gz BpEz9

W-2 Tq dwSFRpEtyr clRRpEF5 eyp isMSwo dwSFRpE

jspEp tF lwFz l nzxxzy ItpJ GslG GspEp tF yz slEx7 lG wplFG ty wlErp FlxCwpF7 Gz louHFGtyr Gsp

FGlyolEo pEEzEF qzE nwHFGpEtyr9 jspEpqzEp7 zyp FszHwo nwHFGpE lG Gsp strspFG wpIpw zq lrrEprlGtzy

CzFFtmwp7 FHmupnG Gz +ytGp FlxCwp tFFHpF. tq nwHFGpEtyr xlGGpEF7 tG FszHwo mp ozyp7 lyo tq tG ozpF

yzG xlGGpE7 nwHFGpEtyr Gsp FGlyolEo pEEzEF ozpF yz slEx7 lG wplFG ty wlErp FlxCwpF9 MlFpo

zy GstF CpEnpCGtzy7 xlyA otFnHFFtzyF zq nwHFGpEtyr louHFGxpyGF Gz FGlyolEo pEEzEF Epnzxxpyo

EpFplEnspEF Gz nlwnHwlGp otlryzFGtnF zy Gsp FlxCwp Gz tyqzEx Gsp opntFtzy JspGspE zE yzG zyp

FszHwo nwHFGpE9 jspFp otlryzFGtnF zqGpy lxzHyG Gz FtxCwA nzxClEtyr FGlyolEo pEEzEF JtGs lyo

JtGszHG nwHFGpEtyr louHFGxpyGF9 bp lErHp GslG FHns lGGpxCGF lEp qHGtwp7 lyo GslG l EpFplEnspE

FszHwo opntop JspGspE Gz nwHFGpE Gsp FGlyolEo pEEzEF mlFpo zy FHmFGlyGtIp tyqzExlGtzy7 yzG

FzwpwA mlFpo zy JspGspE tG xlvpF l otˆpEpynp9

jz otFnHFF JspGspE zyp zHrsG Gz nwHFGpE7 Jp FGpC mlnv qEzx Gsp CEpItzHFwA lylwABpo FlxCwp

lyo nzyFtopE mzGs Gsp CzCHwlGtzy GstF FlxCwp JlF oElJy qEzx7 lyo Gsp xlyypE ty Jstns tG JlF

oElJy9 bp slo rpypElGpo l CzCHwlGtzy JtGs %;7;;;7;;; HytGF7 ClEGtGtzypoN W %;; nwHFGpEF7 plns

nwHFGpE JtGs pKlnGwA %;;7;;; HytGF9 kytGF JpEp lFFtrypo l IlwHp Kp ≥ ·;> %|7 JtGs CEzmlmtwtGA
%:= qzE plns IlwHp7 tyopCpyopyG zq pIpEAGstyr pwFp9 jsp zHGnzxp qzE HytG R JlF rpypElGpo lF

op W σNnKp 6 αp,
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JspEp αp JlF oElJy qEzx l yzExlw otFGEtmHGtzy JtGs xply BpEz lyo HytG IlEtlynp tyopCpyopyG

lnEzFF lww HytGF9 jsp FwzCp nzpffntpyGF σn lEp nwHFGpE8FCpnt+n nzpffntpyGF7 pDHlw Gz σn W {% qzE
pKlnGwA slwq Gsp nwHFGpEF lyo pDHlw Gz σn W % qzE Gsp zGspE slwq7 Fz GslG Gsp lIpElrp GEplGxpyG

ty Gsp CzCHwlGtzy tF pKlnGwA BpEz9 bp FlxCwp HytGF qEzx GstF CzCHwlGtzy nzxCwpGpwA ElyozxwA7

JtGs Gsp CEzmlmtwtGA qzE plns HytG zq mptyr FlxCwpo pDHlw Gz ;9;%9

Ty GstF pKlxCwp7 Gsp PSb FGlyolEo pEEzEF lEp Gsp lCCEzCEtlGp zypF7 pIpy GszHrs Gsp �e

FGlyolEo pEEzEF lEp FHmFGlyGtlwwA wlErpE9 bp +EFG opxzyFGElGp GstF tyqzExlwwA7 lyo CEpFpyG Fzxp

qzExlw EpFHwGF GslG nzIpE GstF nlFp ty Gsp ypKG FpnGtzy9 QzE Gsp tyqzExlw lErHxpyG7 wpG HF %;7;;;

GtxpF oElJ zHE FlxCwp7 lyo nlwnHwlGp Gsp wplFG FDHlEpF pFGtxlGzE lyo mzGs Gsp PSb lyo �e

FGlyolEo pEEzEF9 jlmwp % rtIpF Gsp nzIpElrp ElGpF qzE Gsp lFFzntlGpo –)0 nzy+opynp tyGpEIlwF

qzE Gsp GEHp lIpElrp pˆpnG zq BpEz9 jsp �e FGlyolEo pEEzEF lEp FAFGpxlGtnlwwA FHmFGlyGtlwwA

wlErpE Gsly Gsp PSb FGlyolEo pEEzEF7 lyo Gsp �e8mlFpo nzy+opynp tyGpEIlwF slIp FHmFGlyGtlw

zIpE8nzIpElrp7 JspEplF Gsp PSb nzy+opynp tyGpEIlwF lEp lnnHElGp9 jstF szwoF qzE Gsp FtxCwp

EprEpFFtzyF lyo qzE Gsp +Kpo pˆpnG EprEpFFtzyF9

jlmwp %. iRlAolEo PEEMEF lAo dMTpElrp hlRpF hlAoMx ilxCwtAr) hlAoMx �FFtrA,

xpAR W0:)::: EpCwtnlRtMAF(

Yz QtKpo PˆpnGF QtKpo PˆpnGF
PSb IlEtlynp �e IlEtlynp PSb IlEtlynp �e IlEtlynp×
EfSK nzI ElGp

×
E�e nzI ElGp

×
EfSK nzI ElGp

×
E�e nzI ElGp

;9;;fi ;9–); ;9;)% %9;;; ;9;;fi ;9–); ;9%“% ;9–][

jsp EplFzy qzE Gsp otˆpEpynp mpGJppy Gsp PSb lyo �e FGlyolEo pEEzEF tF FtxCwp7 mHG

Ep,pnGF Gsp qHyolxpyGlw FzHEnp zq nzyqHFtzy ty GstF wtGpElGHEp9 RtIpy Gsp Elyozx lFFtryxpyG

mzGs FGlyolEo pEEzEF lEp nzEEpnG7 mHG qzE otˆpEpyG pFGtxlyoF9 jsp �e FGlyolEo pEEzEF lEp mlFpo

zy Gsp CEpFHxCGtzy GslG GspEp lEp nwHFGpEF ty Gsp CzCHwlGtzy zq tyGpEpFG mpAzyo Gsp %;; nwHFGpEF

GslG lEp Fppy ty Gsp FlxCwp9 jsp PSb FGlyolEo pEEzEF lFFHxp Gsp FlxCwp tF oElJy ElyozxwA

qEzx Gsp CzCHwlGtzy zq tyGpEpFG9 TG tF GstF CEpFHxCGtzy HyopEwAtyr Gsp �e FGlyolEo pEEzEF zq

pKtFGpynp zq nwHFGpEF GslG lEp yzG zmFpEIpo ty Gsp FlxCwp7 mHG GslG lEp ClEG zq Gsp CzCHwlGtzy

zq tyGpEpFG7 GslG tF nEtGtnlw7 lyo zqGpy txCwtntG7 ty Gsp xzopw8mlFpo xzGtIlGtzy qzE nwHFGpEtyr Gsp

FGlyolEo pEEzEF9 TG tF zq nzHEFp pKCwtntG ty Gsp FlxCwtyr opFtry wtGpElGHEp 3p-r-7 VtFs 5%–[)fl49 Tq

Jp nslyrpo Gsp FpG HC Gz zyp JspEp Gsp CzCHwlGtzy zq %;7;;;7;;; nzyFtFGpo zq FlA %7;;; nwHFGpEF7

JtGs %;; nwHFGpEF oElJy lG Elyozx7 lyo Gspy FlxCwtyr HytGF ElyozxwA qEzx GszFp FlxCwpo

nwHFGpEF7 Gsp �e FGlyolEo pEEzEF JzHwo mp nzEEpnG7 lyo Gsp PSb FGlyolEo pEEzEF JzHwo mp

tynzEEpnG9 ZmItzHFwA zyp nlyyzG Gpww qEzx Gsp FlxCwp tGFpwq JspGspE GspEp pKtFG FHns nwHFGpEF

GslG lEp ClEG zq Gsp CzCHwlGtzy zq tyGpEpFG GslG lEp yzG ty Gsp FlxCwp7 lyo GspEpqzEp zyp yppoF

Gz nszzFp mpGJppy Gsp GJz FGlyolEo pEEzEF zy Gsp mlFtF zq FHmFGlyGtIp vyzJwporp zq Gsp FGHoA

opFtry9

5fifl



2 � gMExlw hpFSwR

Ty GstF FpnGtzy Jp nzyFtopE l FCpntlw nlFp JtGs l Ftyrwp mtylEA nzIlEtlGp Gz qzExlwtBp Gsp toplF

qEzx Gsp CEpItzHF FHmFpnGtzy9 bp opEtIp Gsp pKlnG IlEtlynp Gz ly lCCEzKtxlGtzy zq Gsp wplFG

FDHlEpF pFGtxlGzE7 Glvtyr tyGz lnnzHyG mzGs FlxCwtyr IlEtlGtzy lyo IlEtlGtzy tyoHnpo mA Gsp

pKCpEtxpyGlw opFtry7 GslG tF7 mA Gsp lFFtryxpyG xpnslytFx9 jstF Jtww lwwzJ HF Gz opxzyFGElGp

pKlnGwA Jspy Gsp PSb lyo �e IlEtlynpF lEp lCCEzCEtlGp7 lyo JsA GspA qltw Jspy GspA oz Fz9

jz xlvp Gsp lErHxpyGF EtrzEzHF7 Jp oz yppo wlErp FlxCwp lCCEzKtxlGtzyF9 jz oz Fz7 Jp mHtwo l

FpDHpynp zq +ytGp CzCHwlGtzyF JspEp Gsp FlxCwp FtBp lyo Gsp yHxmpE zq nwHFGpEF rzpF Gz ty+ytGA9

SzJpIpE7 Gsp pFGtxlyoF lEp op+ypo qzE +ytGp CzCHwlGtzyF9

bp FGlEG JtGs Gsp pKtFGpynp zq l CltE zq CzGpyGtlw zHGnzxpF qzE plns HytG9 jstF txCwtntGwA

xlvpF Gsp FGlmwp8HytG8GEplGxpyG8IlwHp lFFHxCGtzy 3FHGIl7 hHmty 5%–];fl4 GslG EHwpF zHG CppE

pˆpnGF lyo IpEFtzyF zq Gsp GEplGxpyG9 jspEp tF l ClEG zq Gsp nwHFGpEtyr wtGpElGHEp GslG tF nzy8

npEypo JtGs nwHFGpEF zq HytGF EpnptItyr otˆpEpyG GEplGxpyGF 3p9r97 nwHFGpEF zq tyotItoHlwF EpnptItyr

FpEItnpF qEzx Gsp Flxp splwGs nlEp CEzItopE7 JspEp Gsp pKlnG FpG zq FpEItnpF CEzItopo xlA IlEA

mA CEzItopE47 Fpp qzE pKlxCwp �pp lyo jszxCFzy 5=;;)fl7 hzmpEGF lyo hzmpEGF 5=;;)fl7 bptFF

pG lw9 5=;%[fl9 ZHE lylwAFtF nly mp GszHrsG zq lCCwAtyr Gz GslG nlFp vppCtyr +Kpo Gsp splwGs

nlEp CEzItopE lFFzntlGpo JtGs plns tyotItoHlw7 ElGspE Gsly qznHFtyr zy Gsp lIpElrp pˆpnG zIpE

lww CzFFtmwp splwGs nlEp CEzItopEF GslG ly tyotItoHlw xtrsG EpnptIp nlEp qEzx9

2-. usp ipOSpynp Mq fMCSwlRtMyF

bp slIp l FpDHpynp zq CzCHwlGtzyF tyopKpo mA L9 jsp L8Gs CzCHwlGtzy slF X� HytGF7 tyopKpo

mA R W %> , , , >X�7 JtGs X� FGEtnGwA tynEplFtyr ty L9 jsp CzCHwlGtzy tF ClEGtGtzypo tyGz N�
FGElGl zE nwHFGpEF7 JtGs N� JplvwA tynEplFtyr ty L9 Np� ≥ ·%> , , , > N�| opyzGpF Gsp FGElGHx GslG

HytG R mpwzyrF Gz9 Npn� W :Nn�Wn tF l mtylEA tyotnlGzE7 pDHlw Gz % tq HytG R ty CzCHwlGtzy L

mpwzyrF Gz nwHFGpE n lyo BpEz zGspEJtFp9 jsp yHxmpE zq HytGF ty nwHFGpE n ty CzCHwlGtzy L tF

Xn� W
(�

pW0 Npn�7 JtGs X� W L W
(N�

nW0Xn�9 QzE plns HytG GspEp lEp GJz CzGpyGtlw zHGnzxpF7

op�3;4 lyo op�3%4 qzE HytG R7 nzEEpFCzyotyr Gz l nzyGEzw lyo GEplGpo zHGnzxp 3p-r-7 TxmpyF lyo

hHmty 5=;%)fl4 9 bp lEp tyGpEpFGpo ty Gsp CzCHwlGtzy lIpElrp pˆpnG zq Gsp GEplGxpyG ty CzCHwlGtzy

L7

σ� W
%

X�

c�
)

pW0

]

op�3%4{ op�3;4
{

W o �3%4{ o �3;4>

JspEp7 qzE k W ;> %

o �3k4 W
%

X�

c�
)

pW0

op�3k4,

TG tF lwFz HFpqHw Gz op+yp Gsp CzCHwlGtzy lIpElrp GEplGxpyG pˆpnG mA nwHFGpE7

σn� W
%

Xn�

)

p3Nn�Wn

]

op�3%4{ op�3;4
{

> Fz GslG σ� W

N�
)

nW0

Xn�

X�

σn�,
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Op+yp lwFz Gsp GEplGxpyG8FCpnt+n EpFtoHlwF lyo GsptE nwHFGpE lIpElrpF7 qzE k W ;> %7

βp�3k4 W op�3k4 { %

X�

c�
)

iW0

oi�3k4> βn�3k4 W
%

Xn�

)

pW0

Np�nβp�3k4,

Lww GspFp zmupnGF7 op�3k47 βp�3k47 βn�3k47 lyo qHynGtzyF GspEpzq lEp yzy8FGznslFGtn9

jspEp lEp Fzxp EpFGEtnGtzyF zy Gsp FpDHpynp zq CzCHwlGtzyF9 jspFp lEp xtwo EprHwlEtGA

nzyotGtzyF7 lyo xzFG nly mp Jplvpypo9 LF L tynEplFpF7 Gsp yHxmpE zq nwHFGpEF tynEplFpF JtGszHG

wtxtG7 Gsp EpwlGtIp nwHFGpE FtBpF lEp mzHyopo7 lyo Gsp CzGpyGtlw zHGnzxpF oz yzG mpnzxp Gzz wlErp

ty lmFzwHGp IlwHp9

LggiKCRtzy :, jsp gpeSpynp zq dzdSwlhtzyg glhtg5pg 3R4

wtx
�−→

N¶0
� W ;>

3RR4 qzf gzxp 5ythp w7

xlKnXn�

xtynXn�

∗ w>

lyo 3RRR4 qzf gzxp �7

xlK
pWU

�op�3k4� ∗ �> lyo
%

X�

c�
)

pW0

�op�3k4�j {√ <jU>

vths <jU 5ythp qzf v ∗ =,

2-W usp ilxCwtyr fEMnpFF lyo Rsp �FFtryxpyR cpnslytFx

bp oz yzG zmFpEIp op�3;4 lyo op�3%4 qzE lww HytGF ty Gsp CzCHwlGtzy7 lyo Fz Jp nlyyzG otEpnGwA

tyqpE Gsp IlwHp zq σ�9 Ty GstF FpnGtzy Jp opFnEtmp CEpntFpwA Gsp GJz nzxCzypyGF zq Gsp FGznslFGtn

ylGHEp zq Gsp FlxCwp9 jspEp tF l FGznslFGtn mtylEA GEplGxpyG qzE plns HytG ty plns CzCHwlGtzy7

Kp� ≥ ·;> %|9 jsp EplwtBpo zHGnzxp qzE HytG R ty CzCHwlGtzy L tF op� W op�3Kp�47 JtGs βp� W

βp�3Kp�4 Gsp EplwtBpo EpFtoHlw9 bp zmFpEIp qzE l FHmFpG zq Gsp X� HytGF ty Gsp L8Gs CzCHwlGtzy

Gsp GEtCwp 3op�> Kp�> Np�47 JtGs FGznslFGtn FlxCwtyr tyotnlGzE Pp� ≥ ·;> %| opFnEtmtyr JspGspE

3op�> Kp�> Np�4 tF zmFpEIpo 3Pp� W %47 zE yzG 3Pp� W ;49 jsp yHxmpE zq FlxCwpo HytGF tF

Y� W
(c�

pW0Pp�9

jlmwp = twwHFGElGpF Gsp FpG HC9 bp zmFpEIp op�3;4 zE op�3%4 qzE l FHmFpG zq HytGF ty Gsp

CzCHwlGtzy. Jp zmFpEIp op�3;4 tq Pp� W % lyo Kp� W ;7 Jp zmFpEIp op�3%4 tq Pp� W % lyo

Kp� W %7 lyo Jp zmFpEIp yptGspE op�3;4 yzE op�3%4 tq Pp� W ;7 tEEpFCpnGtIp zq Gsp IlwHp zq Kp�9

kynpEGltyGA Ep,pnGF Gsp qlnG GslG zHE FlxCwp nzHwo slIp mppy otˆpEpyG9 Ty Gsp Glmwp HyopE

Gsp nzwHxyF ’LwGpEylGtIp ilxCwp T˙ l otˆpEpyG FlxCwp tF rtIpy9 jstF FlxCwp otˆpEF qEzx Gsp

lnGHlw FlxCwp ty GJz JlAF. otˆpEpyG HytGF lEp FlxCwpo7 lyo otˆpEpyG HytGF lEp lFFtrypo Gz Gsp

GEplGxpyG9 RtIpy ly pFGtxlyo7 p-r-7 Gsp lIpElrp pˆpnG zq Gsp GEplGxpyG σ�7 FGlyolEo pEEzEF lEp

tyGpyopo Gz nlCGHEp mzGs FzHEnpF zq IlEtlGtzy9

5–fl



jlmwp =. hlAoMx ilxCwtAr) hlAoMx �FFtrAxpAR W! tF MmFpETpo) ( tF xtFFtAr(

kytG LnGHlw ilxCwp LwGpEylGtIp ilxCwp T , , ,

Pp� op�3;4 op�3%4 Kp� Np� Pp� op�3;4 op�3%4 Kp� Np� , , ,

% % ! ( ; % ; ( ( ( % , , ,
= ; ( ( ( % % ! ( ; % , , ,

“ ; ( ( ( % ; ( ( ( % , , ,
999

999
999

999
999 %

999
999

999
999 % , , ,

X0� % ( ! % % ; ( ( ( % , , ,

X0�6% % ! ( ; = ; ( ( ( = , , ,
X0�6= ; ( ( ( = ; ( ( ( = , , ,

X0�6“ ; ( ( ( = ; ( ( ( = , , ,
999

999
999

999
999 =

999
999

999
999 = , , ,

X0� 6X=� % ( ! % = ; ( ( ( = , , ,

X0� 6X=�6; ; ( ( ( “ ; ( ( ( “ , , ,
X0� 6X=�6= ; ( ( ( “ % ! ( ; “ , , ,

X0� 6X=�6“ ; ( ( ( “ % ( ! ; “ , , ,
999 ;

999
999

999 “
999

999
999

999 “ , , ,
X0� 6X=� 6X2� ; ( ( ( “ ; ( ( ( “ , , ,

999
999

999
999

999
999

999
999

999
999

999 , , ,

(N�¶0
nW0 Xn� 6 % % ( ! % N� % ! ( ; N� , , ,
(N�¶0

nW0 6= ; ( ( ( N� % ! ( ; N� , , ,
(N�¶0

nW0 6“ ; ( ( ( N� % ( ! % N� , , ,
999

999
999

999
999 N�

999
999

999
999 N� , , ,

X� % ( ! % N� ; ( ( ( N� , , ,

jsp FlxCwtyr CEznpFF GslG opGpExtypF Gsp IlwHpF zq Pp� tF tyopCpyopyG zq Gsp CzGpyGtlw

zHGnzxpF lyo Gsp lFFtryxpyG9 TG nzyFtFGF zq GJz FGlrpF9 QtEFG nwHFGpEF lEp FlxCwpo JtGs nwHFGpE

FlxCwtyr CEzmlmtwtGA fN�9 ipnzyo7 Jp ElyozxwA FlxCwp HytGF qEzx Gsp FHmCzCHwlGtzy nzyFtFGtyr

zq lww Gsp FlxCwpo nwHFGpEF7 JtGs HytG FlxCwtyr CEzmlmtwtGA fk�9 MzGs fN� lyo fk� xlA mp

pDHlw Gz %7 zE nwzFp Gz BpEz9 Tq fN� W %7 Jp slIp nzxCwpGpwpA Elyozx FlxCwtyr9 Tq fk� W %7 Jp

FlxCwp lww HytGF qEzx Gsp FlxCwpo nwHFGpEF9 Tq mzGs fN� W fk� W %7 lww HytGF ty Gsp CzCHwlGtzy

lEp FlxCwpo9 fN� nwzFp Gz BpEz tF Gsp nlFp GslG tF nzIpEpo mA Gsp �e FGlyolEo pEEzEF. Jp

zywA zmFpEIp HytGF qEzx l qpJ nwHFGpEF ElyozxwA oElJy qEzx l CzCHwlGtzy nzyFtFGtyr zq l wlErp
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yHxmpE zq nwHFGpEF9

jsp lFFtryxpyG CEznpFF GslG opGpExtypF Gsp IlwHpF zq Kp� qzE lww R lyo L7 lwFz nzyFtFGF zq

GJz FGlrpF9 Ty Gsp +EFG FGlrp7 qzE nwHFGpE n ty CzCHwlGtzy L7 ly lFFtryxpyG CEzmlmtwtGA Dn� ≥ 5;> %fl

tF oElJy ElyozxwA qEzx l otFGEtmHGtzy q3}4 JtGs xply <� lyo IlEtlynp ρ=�9 jz FtxCwtqA Gsp

lwrpmEl7 Jp qznHF spEp zy Gsp nlFp JtGs <� W %.=9 jsp IlEtlynp ρ=� ≤ ; tF vpA9 Tq tG tF BpEz7 Jp

slIp Elyozx lFFtryxpyG9 QzE CzFtGtIp IlwHpF zq ρ=� Jp slIp nzEEpwlGpo lFFtryxpyG JtGsty Gsp

nwHFGpEF7 lyo tq ρ=� W %.? Gspy Dn� ≥ ·;> %|7 lww HytGF JtGs l nwHFGpE slIp Gsp Flxp lFFtryxpyGF9
Ty Gsp Fpnzyo FGlrp7 plns HytG ty nwHFGpE n tF lFFtrypo Gz Gsp GEplGxpyG tyopCpyopyGwA7 JtGs

nwHFGpE8FCpnt+n CEzmlmtwtGA Dn�9

jsp ClElxpGpEF ρ=�7 fN� lyo fk� lEp tyopKpo mA Gsp CzCHwlGtzy L Gz FGEpFF GslG GspA nly mp

CzCHwlGtzy FCpnt+n9 jsp FpDHpynpF lEp lFFHxpo Gz nzyIpErp Gz Fzxp wtxtGF7 Jstns xlA tynwHop

BpEz lyo zyp qzE CN� lyo Ck� Gz nlCGHEp Elyozx FlxCwtyr qEzx l wlErp CzCHwlGtzy9

QzExlwwA Jp nly FHxxlEtBp Gsp nzyotGtzyF zy Gsp FlxCwtyr lyo lFFtryxpyG CEznpFFpF lF

qzwwzJF9

LggiKCRtzy W, jsp Tpnhzf zq lggtrxpyhg m� tg tyopdpyopyh zq hsp Tpnhzf zq glxdwtyr tyot,

nlhzfg s�-

LggiKCRtzy 2, WilxCwtAr(

CE3Pp� W %4 W fN�fk�>

CE3Pp� W %�Pi� W %> Np� ∈W Ni�4 W fN�fk�>

CE3Pp� W %�Pi� W %> Np� W Ni�4 W fk�,

LggiKCRtzy 3, W�FFtrAxpAR(

CE3Kp� W %4 W <� W %.=,

CE3Kp� W %�Ki� W %> Np� ∈W Ni�4 W <� W %.=,

CE3Kp� W %�Ki� W %> Np� W Ni�4 W <� 6 ρ=�.<� W %.= 6 =ρ=�,

LggiKCRtzy 4, WfMCSwlRtMA ipeSpAnpF( jsp gpeSpynpg ρ=�7 fN� lyo fk� glhtgqA

ρ=� ≥ 5;> %.?fl> lyo ρ=� √ ρ= ≥ 5;> %.?fl>

fN� W ;> lyo fN� √ fN ≥ 5;> %fl>

fk� W ;> lyo fk� √ fk ≥ 5;> %fl>

3LfN�fk�4
¶0 √ ;,

5%%fl



jlmwp “. gtEFR uvM cMxpARF lAo btRstA,dwSFRpE dMTlEtlAnpF qME ipwpnRpo hlA,
oMx alEtlmwpF

alEtlmwp PKCpnGpo alwHp alEtlynp btGsty NwHFGpE NzIlEtlynp

Pp� fN�fk� fN�fk�3%{ fN�fk�4 fN�3% { fN�4f
=
k�

Kp� %.= %.? ρ=�
Pp�Kp� fN�fk�.= fN�fk�3={ fN�fk�4.? fN�f

=
k�3% { fN�4.? 6 ρ=�fN�f

=
k�

2-2 gtEFR lyo ipnMyo cMxpyRF Mq Rsp �FFtryxpyR lyo ilxCwtyr TyotnlRMEF

bp lEp tyGpEpFGpo ty Gsp otFGEtmHGtzy zq Gsp wplFG FDHlEpF pFGtxlGzE qzE σ� lyo ty ClEGtnHwlE ty

tGF lCCEzKtxlGp xply lyo IlEtlynp9 jsp pFGtxlGzE tF FGznslFGtn GsEzHrs tGF opCpyopynp zy GJz

FGznslFGtn nzxCzypyGF7 Gsp FlxCwtyr tyotnlGzEF s� lyo Gsp lFFtryxpyG tyotnlGzEF m�9 jsp

lCCEzKtxlGp xply lyo IlEtlynp opCpyo zy Gsp +EFG lyo Fpnzyo 3nEzFF4 xzxpyGF zq Pp� lyo

Kp�9 jsp +EFG GJz xzxpyGF7 lyo Gsp JtGsty8nwHFGpE nzIlEtlynp zq Pp�7 Kp�7 lyo Gsp CEzoHnG

Pp�Kp� lEp CEpFpyGpo qzE EpqpEpynp ty jlmwp “9 YzGp GslG Gsp nzIlEtlynp mpGJppy lyA zq GspFp

IlEtlmwpF yzG ty Gsp Flxp nwHFGpE tF BpEz9

jsp JtGsty8nwHFGpE nzIlEtlynp zq Pp� tF BpEz tq fN� W ; zE fN� W %7 GslG tF7 tq ptGspE lww

nwHFGpEF lEp FlxCwpo zE l IlytFstyr yHxmpE tF FlxCwpo9 jsp JtGsty8nwHFGpE nzIlEtlynp zq Kp�

tF BpEz tq Gsp lFFtryxpyG CEzmlmtwtGA tF nzyFGlyG lnEzFF nwHFGpEF 3ρ=� W ;49

2-3 usp PFRtxlRME

bp lEp tyGpEpFGpo ty Gsp wplFG FDHlEpF pFGtxlGzE qzE σ ty Gsp EprEpFFtzy

op� W κ6 σKp� 6 βp�,

Op+yp Gsp lIpElrpF

P� W
%

X�

c�
)

pW0

Pp�> K� W
%

Y�

c�
)

pW0

Pp�Kp�>

o � W
%

Y�

c�
)

pW0

Pp�op�,

YzGp GslG pKnpCG qzE P� GspFp lIpElrpF lEp op+ypo zIpE Gsp HytGF ty Gsp FlxCwp7 yzG Gsp HytGF

ty Gsp CzCHwlGtzy9 YzJ Jp nly JEtGp Gsp wplFG FDHlEpF pFGtxlGzE σ́ lF

σ́ W

(�
pW0Pp�3Kp� {K�4op�

(�
pW0Pp�3Kp� {K�4=

W o �0 { o �:>

JspEp

o �0 W
%

Y�0

c�
)

pW0

Pp�Kp�op�> Y�0 W

c�
)

pW0

Pp�Kp�>
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o �: W
%

Y�:

c�
)

pW0

Pp�3%{Kp�4op�> Y�: W

c�
)

pW0

Pp�3%{Kp�4,

bp lEp tyGpEpFGpo ty Gsp IlEtlynp zq σ́ 7 lyo szJ tG nzxClEpF Gz Gsp GJz FGlyolEo IlEtlynp

pFGtxlGzEF7 Gsp PtnvpE8SHmpE8bstGp 3PSb4 IlEtlynp pFGtxlGzE rtIpy ty 3=9=4 lyo Gsp �tlyr8

eprpE 3�e4 IlEtlynp pFGtxlGzE rtIpy ty 3=9“49

jsp +EFG FGpC tF Gz lCCEzKtxlGp Gsp pFGtxlGzE mA l FlxCwp lIpElrp9 jstF tF JspEp Gsp wlErp

FlxCwp lCCEzKtxlGtzy tF txCzEGlyG9

�pKKl :, iSddzgp �ggSxdhtzyg ;,) szwo- jspy.

{

Y�3σ́� { σ�4{ =×
X�fN�fk�

c�
)

pW0

Pp�3=Kp� { %4βp� W MC3%4,

�pxxl % txCwtpF Jp nly qznHF zy CEzCpEGtpF zq Gsp τ�7 Gsp wtyplE lCCEzKtxlGtzy Gz
×
Y�3σ́�{

σ�47 op+ypo lF.

τ� W
=×

LfN�fk�

c�
)

pW0

τp�> JspEp τp� W Pp�3=Kp� { %4βp�,

bp nly nlwnHwlGp Gsp pKlnG 3+ytGp FlxCwp4 IlEtlynp zq τ� qzE IlEtzHF IlwHpF zq Gsp ClElxpGpEF

lyo Gsp nzEEpFCzyotyr yzExlwtBpo PSb lyo �e IlEtlynp pFGtxlGzEF7 ty zEopE Gz lylwABp Gsp

txCwtnlGtzyF zq Gsp GJz GACpF zq nwHFGpEtyr lyo Gsp txCzEGlynp 3zE yzG4 zq louHFGtyr Gsp FGlyolEo

pEEzEF qzE nwHFGpEtyr9

fEzCzgtRtzy :, iSddzgp �ggSxdhtzyg ;,) szwo- jspy 3R47 hsp palnh Tlftlynp zq τ� tg

E 3τ�4 W
%

X�

c�
)

pW0

(

=
{

βp�3%4
= 6 βp�3;4

=
}

{fk�3βp�3%4{ βp�3;44
=6?fk�ρ

=
�3βp�3%4{ βp�3;44

=

)

6
fk�
X�

N�
)

nW0

X=
n�

(

3%{ fN�43βn�3%4{ βn�3;44
=6 ?ρ=�3βn�3%4 6 βn�3;44

=

)

>

3RR4 hsp ot1pfpynp mphvppy hsp wtxth zq hsp yzfxlwtcpo �e Tlftlynp pghtxlhzf lyo hsp nzffpnh

Tlftlynp tg

E�e {E3τ�4 W
fN�fk�
X�

N�
)

nW0

X=
n�3βn�3%4{ βn�3;44

= ≤ ;> 3“9%4

lyo 3RRR47 hsp ot1pfpynp mphvppy hsp wtxth zq hsp yzfxlwtcpo �e lyo PSb Tlftlynp pghtxlhzfg

tg

E�e {EfSK W {=fk�
X�

c�
)

pW0

(

3βp�3%4{ βp�3;44
= 6 ?ρ=3βp�3%4 6 βp�3;44

=
)

6
fk�
X�

N�
)

nW0

X=
n�

(

3βn�3%4{ βn�3;44
= 6 ?ρ= 3βn�3%4 6 βn�3;44

=
)

,
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jstF EpFHwG qzwwzJF qEzx �pxxl % lyo LCCpyotK �pxxlF L9%8L9“9 flEG 3t4 rtIpF Gsp

pKlnG IlEtlynp qzE Gsp wtyplE lCCEzKtxlGtzy zq
×
Y�3σ́� { σ�47 Jstns tF Gsp nzEEpnG IlEtlynp

zq tyGpEpFG9 jsp +EFG FHx ty E3τ�4 tF lCCEzKtxlGpwA Gsp PSb IlEtlynp9 Tq Gsp FlxCwp tF

Fxlww EpwlGtIp Gz Gsp CzCHwlGtzy7 Fz GslG fk� tF nwzFp Gz BpEz7 GstF +EFG GpEx FtxCwt+pF Gz

EfSK W
(M

pW03βp�3%4
=6βp�3;4

=4.X�9 jsp Fpnzyo FHx ty E3τ�4 nlCGHEpF Gsp pˆpnGF zq nwHFGpEpo

FlxCwtyr lyo lFFtryxpyG zy Gsp IlEtlynp9 jspEp lEp GJz nzxCzypyGF Gz GslG FHx9 jsp +EFG

FpG zq GpExF slF l qlnGzE % { fN�9 jsp CEpFpynp zq GstF % { fN� qlnGzE nlCGHEpF Gsp qlnG GslG

GspFp GpExF otFlCCplE tq Jp slIp l Elyozx 3yzy8nwHFGpEpo4 FlxCwp 3ty Jstns nlFp fN� W %49

jsp Fpnzyo FpG zq GpExF slF l qlnGzE ρ=7 Jstns txCwtpF GspA IlytFs tq GspEp tF yz nwHFGpEtyr ty

Gsp lFFtryxpyG9

flEG 3tt4 zq Gsp CEzCzFtGtzy nzxClEpF Gsp �e IlEtlynp Gz Gsp nzEEpnG IlEtlynp9 TG strswtrsGF

Gsp qlnG GslG Gsp �e IlEtlynp pFGtxlGzE nlCGHEpF nzEEpnGwA Gsp nzxCzypyG zq Gsp nwHFGpEtyr

oHp Gz nwHFGpEpo lFFtryxpyG 3Gsp nzxCzypyG GslG opCpyoF zy ρ=49 SzJpIpE7 Gsp �e IlEtlynp

ozpF yzG nlCGHEp nzxCzypyG oHp Gz nwHFGpEpo FlxCwtyr nzEEpnGwA HywpFF fN� tF nwzFp Gz BpEz.

txCwtntGwA Gsp �e IlEtlynp pFGtxlGzE EpwtpF zy Gsp lFFHxCGtzy GslG Gsp FlxCwpo nwHFGpEF lEp l

Fxlww CEzCzEGtzy zq Gsp CzCHwlGtzy zq nwHFGpEF zq tyGpEpFG9 jstF wploF Gz Gsp otˆpEpynp mpGJppy

Gsp �e IlEtlynp lyo Gsp GEHp IlEtlynp mptyr CEzCzEGtzylw Gz fN�9

flEG 3ttt4 zq Gsp CEzCzFtGtzy nzxClEpF Gsp �e IlEtlynp Gz Gsp PSb IlEtlynp7 strswtrsGtyr

Gsp nzyotGtzyF HyopE Jstns HFtyr Gsp �e IlEtlynp xlvpF l otˆpEpynp EpwlGtIp Gz HFtyr Gsp PSb

IlEtlynp9 YzGp GslG GstF tF otˆpEpyG qEzx Gsp DHpFGtzy JspGspE zyp gszSwo nwHFGpE7 Jstns tF

nlCGHEpo mA ClEG 3RR4 zq Gsp CEzCzFtGtzy9 jsp +EFG FHx ty Gsp otˆpEpynp E�e { EfSK tF Fxlww

EpwlGtIp Gz Gsp Fpnzyo GpEx Jspy GspEp tF l FHmFGlyGtlw yHxmpE zq HytGF CpE nwHFGpE EpwlGtIp

Gz Gsp yHxmpE zq nwHFGpEF9 QzE pKlxCwp7 tq Gsp yHxmpE zq HytGF CpE nwHFGpE Xn� W X.N tF

nzyFGlyG lnEzFF nwHFGpEF lyo wlErp EpwlGtIp Gz Gsp yHxmpE zq nwHFGpEF7 Gspy Gsp Fpnzyo FHx tF

CEzCzEGtzylw GzX�.N
=
�7 lyo wlErp EpwlGtIp Gz Gsp +EFG FHx9 Ty GslG nlFp7 Gsp nwHFGpEtyr xlGGpEF

tq GspEp tF spGpEzrpyptGA ty Gsp GEplGxpyG pˆpnGF 3βn�3%4 { βn�3;4 otˆpEF qEzx BpEz4 zE GspEp tF

nwHFGpEtyr ty Gsp lFFtryxpyG9 YzGp GslG Gsp otˆpEpynp ozpF yzG opCpyo zy JspGspE Gsp FlxCwtyr

tF nwHFGpEpo. GstF qzwwzJF otEpnGwA qEzx Gsp qlnG GslG zyp nlyyzG Gpww qEzx Gsp olGl JspGspE zE

yzG Gsp FlxCwtyr JlF nwHFGpEpo9

jsp qzwwzJtyr nzEzwwlEA opFnEtmpF GJz FCpntlw nlFpF HyopE Jstns nwHFGpEtyr tF yzG ypnpFFlEA9

YzEzwwlEA :, ihlyolfo pffzfg yppo hz lnnzSyh qzf nwSghpftyr Sywpgg zyp zq hsp qzwwzvtyr hvz

dltfg zq nzyothtzyg szwo. 3R4 hspfp tg yz nwSghpftyr ty hsp glxdwtyr bfN� W % qzf lww L( lyo hspfp

tg yz nwSghpftyr ty hsp lggtryxpyh 3ρ= W ;(: zf 3RR4 hspfp tg yz sphpfzrpypthA ty hsp hfplhxpyh

p1pnhg 3op3%4{ op3;4 W σ qzf lww Sythg( lyo hspfp tg yz nwSghpftyr ty hsp lggtryxpyh 3ρ= W ;(-

ZHE ypKG EpFHwG strswtrsGF GsEpp FCpntlw nlFpF JspEp Gsp �e nwHFGpEtyr tF nzEEpnG9

YzEzwwlEA W, jsp �e Tlftlynp tg lddfzatxlhpwA nzffpnh tq zyp zq hsfpp nzyothtzyg szwo. 3R4 hspfp

tg yz sphpfzrpypthA ty hsp hfplhxpyh p1pnhg7 op3%4 { op3;4 W σ qzf lww Sythg: 3RR4 fN� tg nwzgp

hz cpfz qzf lww L7 gz hslh vp zmgpfTp zywA qpv nwSghpfg ty hsp dzdSwlhtzy zq nwSghpfg: 3RRR4 fk�
tg nwzgp hz cpfz gz hslh hspfp tg lh xzgh zyp glxdwpo Syth dpf nwSghpf bty vstns nlgp nwSghpftyr

louSghxpyhg oz yzh xlhhpf(-
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jsp +EFG zq GspFp GsEpp nzyotGtzyF 3yz spGpEzrpyptGA ty Gsp GEplGxpyG pˆpnGF4 tF HywtvpwA Gz

szwo ty CElnGtnp9 jsp GstEo nzyotGtzy tF plFtwA IpEt+lmwp mA lFFpFFtyr Gsp otFGEtmHGtzy zq Gsp

yHxmpE zq FlxCwpo HytGF CpE nwHFGpE7 zE mA nzxClEtyr Gsp FGlyolEo pEEzEF JtGs lyo JtGszHG

nwHFGpEtyr louHFGxpyGF9 jsp Fpnzyo nzyotGtzy nlyyzG mp lFFpFFpo HFtyr Gsp lnGHlw olGl9 jz

lFFpFF GstF nzyotGtzy zyp yppoF Gz nzyFtopE Gsp qlnGF lmzHG Gsp FlxCwtyr CEznpFF lyo tyIpFGtrlGp

JspGspE GspEp lEp nwHFGpEF ty Gsp CzCHwlGtzy zq tyGpEpFG GslG lEp yzG tynwHopo ty Gsp FlxCwp9

Tq zyp JpEp Gz nzynwHop GslG lww Gsp nwHFGpEF ty Gsp CzCHwlGtzy lEp tynwHopo ty Gsp FlxCwp7

Gsp �e IlEtlynp tF ty rpypElw nzyFpEIlGtIp9 jspy7 GspEp lEp GJz CzFFtmtwtGtpF9 Tq Gsp lFFtryxpyG

tF CpEqpnGwA nzEEpwlGpo JtGsty Gsp nwHFGpEF7 GspEp tF yz rpypElw txCEzIpxpyG zIpE Gsp �e IlEtlynp

lIltwlmwp9 SzJpIpE7 tq GspEp tF IlEtlGtzy ty Gsp GEplGxpyG JtGsty Gsp nwHFGpEF7 zyp nly pFGtxlGp

E�e { E3τ�4 lyo FHmGElnG GslG qEzx É�e9 Op+yp

σ́n W o n0 { o n:

Gz mp Gsp otˆpEpynp ty lIpElrp zHGnzxpF mA GEplGxpyG FGlGHF ty nwHFGpE n7 ly pFGtxlGzE qzE

Gsp lIpElrp GEplGxpyG pˆpnG JtGsty Gsp nwHFGpE9 jspy zHE CEzCzFpo nwHFGpE8louHFGpo IlEtlynp

pFGtxlGzE tF

ÉAL3σ́4 W É�e3σ́4 { %

Y =

N
)

nW0

Y =
n 3σ́n { σ́4=,

3 usp gtapo P1pnRF dlFp

jsp txCzEGlynp zq nwHFGpEtyr louHFGxpyGF Gz FGlyolEo pEEzEF ty FpGGtyrF JspEp Gsp EprEpFFtzy

tynwHopF +Kpo pˆpnGF tF lwFz l FzHEnp zq nzyqHFtzy9 LEpwwlyz 5%–]fifl FszJF nwplEwA GslG pIpy

JtGs +Kpo pˆpnGF tynwHopo ty Gsp EprEpFFtzy7 Gsp nwHFGpEtyr louHFGxpyG xlA xlGGpE9 SpEp Jp

pKGpyo Gsp EpFHwGF qEzx Gsp CEpItzHF FpnGtzy Gz Gsp nlFp JtGs +Kpo pˆpnGF9 Ty Gsp +Kpo pˆpnG

nlFp Gsp lFFtryxpyG JtGsty nwHFGpEF nlyyzG mp CpEqpnGwA nzEEpwlGpo7 Fz Jp qznHF zy Gsp nlFp JtGs

ρ=� / %.?9 bp nzyFtopE Gsp EprEpFFtzy zq Gsp zHGnzxp zy Gsp nwHFGpE oHxxtpF lyo Gsp GEplGxpyG

tyotnlGzE.

op W κNn� 6 σKp� 6 &βp�,

QtEFG Jp FGEpyrGspy Gsp lFFHxCGtzyF zy Gsp FpDHpynp zq CzCHwlGtzyF9 jsp xlty otˆpEpynp tF

GslG Jp EpDHtEp Gsp yHxmpE zq HytGF CpE nwHFGpE Gz rz Gz ty+ytGA Fz GslG Jp nly pFGtxlGp Gsp

+Kpo pˆpnGF nzyFtFGpyGwA9

LggiKCRtzy 5, jsp gpeSpynp zq dzdSwlhtzyg glhtg5pg 3R4

wtx
�−→

N¶0
� W ;>

3RR4 qzf gzxp 5ythp w7

xlKnXn�

xtynXn�

∗ w>

lyo 3RRR4

xlK
n
X¶0

n� √ ;,
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LggiKCRtzy fi, jsp gpeSpynpg ρ=�7 fN� lyo fk� glhtgqA

ρ=� ≥ 5;> %.?4> lyo ρ=� √ ρ= ≥ 5;> %.?4>

fN� W ;> lyo fN� √ fN ≥ 5;> %fl>

fk� W ;> lyo fk� √ fk ≥ 5;> %fl>

xty
n
3Xn�fN�fk�4

¶0 √ ;,

Op+yp Gsp nwHFGpE FCpnt+n GEplGxpyG ElGp.

Dn� W A5Kp��Np� W nfl,

LwFz op+yp

µ W E3DNn�3% { DNn�44> lyo µiWj W A5D
i
Nn��

3%{ DNn��4
jfl>

YzGp GslG

A5DNn�3%{ DNn�4fl W
%{ ?ρ=

?
>

lyo yzGp GslG µ nly zywA mp CzFtGtIp tq ρ= W ;9

Op+yp Gsp louHFGpo EpFtoHlw lF

&βp� W βp� { Dn�βNn��3%4{ 3%{ Dn�4βNn��3;4,

�pKKl W, iSddzgp �ggSxdhtzyg ;,fi szwo- jspy.

{

Y�3σ́
OC
� { σ�4 { ?

3%{ ?ρ=4
×
X�fN�fk�

c�
)

pW0

Pp�3Kp� { DNn�4 &βp� W MC3%4,

LylwzrzHF Gz zHE lylwAFtF zq Gsp nlFp JtGszHG +Kpo pˆpnGF7 Jp nly yzJ qznHF zy Gsp CEzC8

pEGtpF zq Gsp wtyplE lCCEzKtxlGtzy Gz
×
Y�3σ́

OC { σ�47 JspEp

τOC� W
?

3% { ?ρ=4
×
X�fN�fk�

c�
)

pW0

Pp�3Kp� { DNn�4 &βp�,

fEzCzgtRtzy W, iSddzgp �ggSxdhtzyg ;,fi szwo- jspy 3R47 hsp palnh Tlftlynp zq τOC� tg

E

]

τOC�

{

W
%

X�

c�
)

pW0

(

3%{ fk�4

}

% 6 µ
%[

3%{ ?ρ=4=

∑

3βp�3%4{ βp�3;44
=

6
%[µ2W0

3% { ?ρ=4=
3βp�3%4 { βNn��3%44

= 6
%[µ0W2

3% { ?ρ=4=
3βp�3;4{ βNn��3;44

=

)

6
fk�
X�

N�
)

nW0

X=
n�

]

3% { fN�4 6
%[µ

3% { ?ρ=4=

{

3βn�3%4{ βn�3;44
=>

lyo 3RR4 hsp ot1pfpynp mphvppy hsp wtxth zq hsp yzfxlwtcpo �e Tlftlynp pghtxlhzf lyo hsp nzffpnh

Tlftlynp tg

E�e {E3τOC� 4 W
fN�fk�
X�

N
)

nW0

X=
n�3βn�3%4{ βn�3;44

=, 3?9%4
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NzxClEpo Gz Gsp nlFp JtGszHG +Kpo pˆpnGF rtIpy ty 3“9%47 GspEp tF yz otˆpEpynp ty Gsp EpwlGtzy

mpGJppy Gsp �e IlEtlynp pFGtxlGzE lyo Gsp GEHp IlEtlynp7 rtIpy ty 3?9%49

NzxClEpo Gz Gsp nlFp JtGszHG +Kpo pˆpnGF7 szJpIpE7 GspEp tF l otˆpEpynp ty Jspy zyp FszHwo

louHFG Gsp FGlyolEo pEEzEF qzE nwHFGpEtyr9 btGszHG +Kpo pˆpnGF7 zyp FszHwo nwHFGpE tq ptGspE 3t4

mzGs fN� / % 3nwHFGpEtyr ty Gsp FlxCwtyr4 lyo GspEp tF spGpEzrpyptGA ty Gsp GEplGxpyG pˆpnGF7

zE 3tt4 ρ= W ; 3nwHFGpEtyr ty Gsp lFFtryxpyG49 btGs +Kpo pˆpnGF7 zyp FszHwo nwHFGpE tq ptGspE

3t4 mzGs fN� / % 3nwHFGpEtyr ty Gsp FlxCwtyr4 lyo GspEp tF spGpEzrpyptGA ty Gsp GEplGxpyG

pˆpnGF7 zE 3tt4 ρ= W ; 3nwHFGpEtyr ty Gsp lFFtryxpyG4 lyo GspEp tF spGpEzrpyptGA ty Gsp GEplGxpyG

pˆpnGF9 Ty zGspE JzEoF7 spGpEzrpyptGA ty Gsp GEplGxpyG pˆpnGF tF yzJ l EpDHtEpxpyG qzE nwHFGpEtyr

louHFGxpyGF Gz mp ypnpFFlEA7 lyo mpAzyo GslG7 ptGspE nwHFGpEtyr ty FlxCwtyr zE lFFtryxpyG xlvpF

Gsp louHFGxpyGF txCzEGlyG9

4 dMynwSFtMy

bp opIpwzC l ypJ CpEFCpnGtIp zy nwHFGpEtyr louHFGxpyGF Gz FGlyolEo pEEzEF9 bp lErHp GslG

GspEp lEp GJz CzGpyGtlw xzGtIlGtzyF qzE FHns louHFGxpyGF7 zyp mlFpo zy nwHFGpEpo FlxCwtyr7 lyo

zyp mlFpo zy nwHFGpEpo lFFtryxpyG9 LwGszHrs Jspy EpFplEnspEF wzzv qzE qzExlw uHFGt+nlGtzy

qzE nwHFGpEtyr7 GspA GACtnlwwA EpwA zy nwHFGpEpo FlxCwtyr uHFGt+nlGtzyF7 Jp lErHp GslG nwHFGpEpo

lFFtryxpyG tF xzEp nzxxzywA Gsp FpGGtyr zq tyGpEpFG9 jstF wploF Gz ypJ nzynwHFtzyF lmzHG Jspy

Gz louHFG FGlyolEo pEEzEF qzE nwHFGpEtyr7 lyo lG JslG wpIpw Gz oz Gsp louHFGxpyG9

jsp CElnGtnlw txCwtnlGtzyF qEzx Gsp EpFHwGF ty GstF ClCpE lEp lF qzwwzJF9 jsp EpFplEnspE

FszHwo lFFpFF JspGspE Gsp FlxCwtyr CEznpFF tF nwHFGpEpo zE yzG7 lyo JspGspE Gsp lFFtryxpyG

xpnslytFx tF nwHFGpEpo9 Tq Gsp lyFJpE Gz mzGs tF yz7 zyp FszHwo yzh louHFG Gsp FGlyolEo pEEzEF

qzE nwHFGpEtyr7 tEEpFCpnGtIp zq JspGspE FHns ly louHFGxpyG JzHwo nslyrp Gsp FGlyolEo pEEzEF9

bp FszJ GslG Gsp FGlyolEo �tlyr8eprpE nwHFGpE louHFGxpyG tF nzyFpEIlGtIp7 lyo qHEGspE7 Jp

opEtIp ly pFGtxlGzE qzE Gsp nzEEpnG IlEtlynp GslG nly mp HFpo tq GspEp tF IlEtlGtzy ty GEplGxpyG

lFFtryxpyG JtGsty nwHFGpEF lyo Gsp qElnGtzy zq nwHFGpEF GslG tF zmFpEIpo tF vyzJy9 jstF lylwAFtF

pKGpyoF Gz Gsp nlFp JspEp +Kpo pˆpnGF lEp tynwHopo ty Gsp EprEpFFtzy lG Gsp wpIpw zq l nwHFGpE7

JtGs Gsp CEzItFtzy GslG tq GspEp tF yz spGpEzrpyptGA ty Gsp GEplGxpyG pˆpnGF7 zyp yppo yzG louHFG

FGlyolEo pEEzEF qzE nwHFGpEtyr zynp +Kpo pˆpnGF lEp tynwHopo9
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hpqpEpynpF

LwmpEGz Lmlotp7 iHFly LGspA7 RHtoz b TxmpyF7 lyo UpˆEpA X bzzwoEtorp9 ilxCwtyr8mlFpo

IF9 opFtry8mlFpo HynpEGltyGA ty EprEpFFtzy lylwAFtF9 lEctI CEpCEtyG lEctI.%fi;[9;%fifi]7 =;%fi9

UzFsHl LyrEtFG lyo iGpIp ftFnsvp9 XzFGwA SlExwpFF PnzyzxpGEtnF. Ly PxCtEtntFGF2 NzxClytzy9

fEtynpGzy kytIpEFtGA fEpFF7 =;;]9

XlyHpw LEpwwlyz9 NzxCHGtyr EzmHFG FGlyolEo pEEzEF qzE JtGsty rEzHC pFGtxlGzEF9 ZKqzEo

mHwwpGty zq PnzyzxtnF lyo iGlGtFGtnF7 ?–3?4.?“%-?“?7 %–]fi9

iHFly LGspA lyo RHtoz b TxmpyF9 jsp pnzyzxpGEtnF zq ElyozxtBpo pKCpEtxpyGF9 Slyomzzv

zq Pnzyzxtn Qtpwo PKCpEtxpyGF7 %.fi“-%?;7 =;%fi9

jszxlF MlEEtzF7 hpmpnnl Otlxzyo7 RHtoz b TxmpyF7 lyo Xtnslw VzwpFl̈E9 NwHFGpEtyr7 FClGtlw

nzEEpwlGtzyF7 lyo ElyozxtBlGtzy tyqpEpynp9 UzHEylw zq Gsp LxpEtnly iGlGtFGtnlw LFFzntlGtzy7

%;fi3?–]4.)fi]-)–%7 =;%=9

XlEtlyyp MpEGElyo7 PFGspE OH,z7 lyo ipyostw XHwwltylGsly9 SzJ xHns FszHwo Jp GEHFG

otˆpEpynpF8ty8otˆpEpynpF pFGtxlGpF( jsp gHlEGpEwA UzHEylw zq PnzyzxtnF7 %%–3%4.=?–-=fi)7

=;;?9

N MpFGpE7 j NzywpA7 lyo N SlyFpy9 TyqpEpynp JtGs opCpyopyG olGl HFtyr nwHFGpEtyr nzIlEtlynp

xlGEtK pFGtxlGzEF9 kyCHmwtFspo XlyHFnEtCG7 kytIpEFtGA zq Nstnlrz MHFtypFF inszzw7 =;;–9

L Nzwty NlxpEzy lyo OzHrwlF � XtwwpE9 L CElnGtGtzypEF rHtop Gz nwHFGpE8EzmHFG tyqpEpynp9

UzHEylw zq SHxly hpFzHEnpF7 );3=4.“%fi-“fi=7 =;%)9

jtxzGsA R NzywpA9 Rxx pFGtxlGtzy JtGs nEzFF FpnGtzylw opCpyopynp9 UzHEylw zq pnzyzxpGEtnF7

–=3%4.%-?)7 %–––9

Yzpw NEpFFtp9 iGlGtFGtnF qzE FClGtlw olGl9 Uzsy btwpA 1 izyF7 =;%)9

f9 Otrrwp7 f9 SplrpEGA7 V9d9 �tlyr7 lyo i9 eprpE9 LylwAFtF zq �zyrtGHotylw OlGl9 ZKqzEo

iGlGtFGtnlw intpynp ipEtpF9 Zkf ZKqzEo7 =;%“9 TiMY –fi];%–%[[?““)9 kh� shhCg.::mzzug-

rzzrwp-AzK:mzzug=toWc�ta?rbkDekd9

iGpCspy R Ozylwo lyo VpIty �lyr9 TyqpEpynp JtGs otˆpEpynp8ty8otˆpEpynpF lyo zGspE Clypw

olGl9 jsp EpItpJ zq PnzyzxtnF lyo iGlGtFGtnF7 ]–3=4.==%-=““7 =;;fi9

Lwwly OzyypE lyo Yptw VwlE9 OpFtry lyo lylwAFtF zq nwHFGpE ElyozxtBlGtzy GEtlwF ty splwGs

EpFplEns9 =;;;9

QEtpospwx PtnvpE9 �txtG GspzEpxF qzE EprEpFFtzyF JtGs HypDHlw lyo opCpyopyG pEEzEF9 Ty

fEznppotyrF zq Gsp +qGs MpEvpwpA FAxCzFtHx zy xlGspxlGtnlw FGlGtFGtnF lyo CEzmlmtwtGA7

IzwHxp %7 ClrpF )–-]=7 %–[fi9

hzylwo LAwxpE QtFspE9 jsp opFtry zq pKCpEtxpyGF9 ZwtIpE Lyo MzAo/ PotymHErs/ �zyozy7

%–“fi9
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NsEtFGtly M SlyFpy9 RpypElwtBpo wplFG FDHlEpF tyqpEpynp ty Clypw lyo xHwGtwpIpw xzopwF JtGs

FpEtlw nzEEpwlGtzy lyo +Kpo pˆpnGF9 UzHEylw zq PnzyzxpGEtnF7 %?;3=4.[fi;-[–?7 =;;fi9

fpGpE U SHmpE9 jsp mpslItzE zq xlKtxHx wtvpwtszzo pFGtxlGpF HyopE yzyFGlyolEo nzyotGtzyF9

Ty fEznppotyrF zq Gsp +qGs MpEvpwpA FAxCzFtHx zy xlGspxlGtnlw FGlGtFGtnF lyo CEzmlmtwtGA7

IzwHxp %7 ClrpF ==%-=““7 %–[fi9

hHFGlx TmElrtxzI lyo kwEtns V X”HwwpE9 G8FGlGtFGtn mlFpo nzEEpwlGtzy lyo spGpEzrpyptGA EzmHFG

tyqpEpynp9 UzHEylw zq MHFtypFF 1 Pnzyzxtn iGlGtFGtnF7 =]3?4.?)“-?[]7 =;%;9

hHFGlx TmElrtxzI lyo kwEtns V X”HwwpE9 TyqpEpynp JtGs qpJ spGpEzrpypzHF nwHFGpEF9 hpItpJ zq

PnzyzxtnF lyo iGlGtFGtnF7 –]3%4.]“-–[7 =;%[9

RHtoz b TxmpyF lyo Ozylwo M hHmty9 NlHFlw TyqpEpynp ty iGlGtFGtnF7 izntlw7 lyo Mtzxpotnlw

intpynpF9 NlxmEtorp kytIpEFtGA fEpFF7 =;%)9

�pFwtp VtFs9 iHEIpA FlxCwtyr9 %–[)9

jpHytF Vwzpv9 ZwF pFGtxlGtzy ty l xzopw JspEp l xtnEzIlEtlmwp tF pKCwltypo mA lrrEprlGpF lyo

nzyGpxCzElypzHF otFGHEmlynpF lEp pDHtnzEEpwlGpo9 PnzyzxpGEtnl. UzHEylw zq Gsp PnzyzxpGEtn

izntpGA7 ClrpF =;)-=;fi7 %–]%9

VlGspEtyp U �pp lyo itxzy R jszxCFzy9 jsp HFp zq Elyozx pˆpnGF xzopwF Gz lwwzJ qzE

nwHFGpEtyr ty tyotItoHlwwA ElyozxtBpo GEtlwF9 Nwtytnlw jEtlwF7 =3=4.%[“-%fi“7 =;;)9

VHyr8dpp �tlyr lyo inzGG � eprpE9 �zyrtGHotylw olGl lylwAFtF HFtyr rpypElwtBpo wtyplE xzopwF9

MtzxpGEtvl7 fi“3%4.%“-==7 %–][9

MEpyG h XzHwGzy9 hlyozx rEzHC pˆpnGF lyo Gsp CEpntFtzy zq EprEpFFtzy pFGtxlGpF9 UzHEylw zq

pnzyzxpGEtnF7 “=3“4.“])-“–fi7 %–][9

MEpyG h XzHwGzy9 Ly twwHFGElGtzy zq l CtGqlww ty pFGtxlGtyr Gsp pˆpnGF zq lrrEprlGp IlEtlmwpF zy

xtnEz HytGF9 jsp EpItpJ zq PnzyzxtnF lyo iGlGtFGtnF7 ClrpF ““?-““]7 %––;9

MEpyG h XzHwGzy lyo btwwtlx N hlyozwCs9 LwGpEylGtIp GpFGF zq Gsp pEEzE nzxCzypyGF xzopw9

PnzyzxpGEtnl. UzHEylw zq Gsp PnzyzxpGEtn izntpGA7 ClrpF [])-[–“7 %–]–9

OlIto X XHEElA9 OpFtry lyo lylwAFtF zq rEzHC8ElyozxtBpo GEtlwF7 IzwHxp =–9 XzyzrElCsF ty

PCtopxtzwzrA 1 M7 %––]9

NsEtF hzmpEGF lyo iGpCspy L hzmpEGF9 OpFtry lyo lylwAFtF zq nwtytnlw GEtlwF JtGs nwHFGpEtyr

pˆpnGF oHp Gz GEplGxpyG9 Nwtytnlw jEtlwF7 =3=4.%)=-%[=7 =;;)9

flHw h hzFpymlHx9 ZmFpEIlGtzylw FGHotpF9 Ty ZmFpEIlGtzylw iGHotpF9 iCEtyrpE7 =;;=9

Ozylwo M hHmty9 hlyozxtBlGtzy lylwAFtF zq pKCpEtxpyGlw olGl. jsp +FspE ElyozxtBlGtzy GpFG

nzxxpyG9 UzHEylw zq Gsp LxpEtnly iGlGtFGtnlw LFFzntlGtzy7 fi)3“fi%4.)–%-)–“7 %–];9
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UlxpF S iGznv lyo XlEv b blGFzy9 SpGpEzFvpolFGtntGA8EzmHFG FGlyolEo pEEzEF qzE +Kpo pˆpnGF

Clypw olGl EprEpFFtzy9 PnzyzxpGEtnl7 fi[3%4.%))-%fi?7 =;;]9

Xtnslpw U bptFF7 Uh �znvJzzo7 lyo Olytpw Q XnNlˆEpA9 PFGtxlGtyr Gsp FGlyolEo pEEzE zq Gsp

txClnG pFGtxlGzE ty tyotItoHlwwA ElyozxtBpo GEtlwF JtGs nwHFGpEtyr9 UzHEylw zq hpFplEns zy

PoHnlGtzylw PˆpnGtIpypFF7 –3“4.?=%-???7 =;%[9

SlwmpEG bstGp9 LFAxCGzGtn GspzEA qzE pnzyzxpGEtntlyF9 Lnlopxtn CEpFF7 =;%?9

i9 btwwtlx9 NzxClEtFzy zq FGlyolEo pEEzEF qzE EzmHFG7 nwHFGpE7 lyo FGlyolEo pFGtxlGzEF9 %––]9

kh� shhC.::UUU-ghlhl-AzK:giCCzfh:qlDg:ghlh:Awighpf-shKw9

UpˆEpA X bzzwoEtorp9 NwHFGpE8FlxCwp xpGszoF ty lCCwtpo pnzyzxpGEtnF9 jsp LxpEtnly

Pnzyzxtn hpItpJ7 –“3=4.%““-%“]7 =;;“9

UpˆEpA X bzzwoEtorp9 PnzyzxpGEtn lylwAFtF zq nEzFF FpnGtzy lyo Clypw olGl9 XTj CEpFF7 =;%;9
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�CCpAotV
TG tF HFpqHw Gz UzEv UtGs l GElyFqzExlGtzy zq Ks�.

js� W =Ks� { 0 Fz GslG Ks� W
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