Zl =uzl; X=b*Zl+cxLl+ux; Z2Z2=d*Ll+exL2+uz2; Y=a*x21l+g*xX+f*xL2+uy

fL2 +uy+auzl+g (cLl+ux+buzl)

H= {21, 22, X, Y};

(v= (outer[Times, H, H] // Expand) //. {L1L2 >0, Llux » 0, Lluy » 0, Lluzl - 0,
Lluz2 50, L2ux >0, L2uy » 0, L2uzl » 0, L2uz2 - 0, uxuy » 0, uxuzl >0,
uxuz2 » 0, uyuzl » 0, uyuz2 - 0, uzluz2 - 0} // Simplify) // MatrixForm

uzl? 0 buzl?
0 d?L1? + e2 122 + uz2? cdL1?
buzl? cdrni1? c? L1% + ux? + b% uz1? c?gLl?4

(a+bg)uzl? cdgLl’+efL2? c?gLl?+abuzl?+g (ux?+b?uzl?) c?2g?Ll?+f2L2%+g?w
Dimensions [V]
{4, 4}
(# ¥ onto Z1 unconfounded =*)

ryzl =V[[{4}, {1}]].Inverse[V[[{1l}, {1}]1]] // Simplify // Flatten
{a+bg}

(* ¥ onto X confounded =*)

ryx = V[[{4}, {3}]].Inverse[V[[{3}, {3}]]] // Simplify // Flatten

{ J

c?gLl?+gux?+abuzl?+b?guzl?

c?L1% + ux? + b% uzl?
(* ¥ onto X,Z1,Z2 confounded *)

ryxgzlz2 =V[[{4}, {1, 2, 3}]] .Inverse[V[[{1, 2, 3}, {1, 2, 3}]]] // Simplify // Flatten

{

bcdefLl1?2L2%2+a <c2 L12 (ez L2% + u222) + ux? (d2 L1%2+e?2L2%+ uzZz) )

I

c?1L1? (ez 122 + u222) + ux? (d2 L1% + e?21L2% + uzZz)

e fL2? (c? L1? + ux?)

I
c? 112 (ez L22 + u222> + ux? (dz L1%2 +e?2 122+ uz22)

~cdefL1?2L22 +c? gL1? (e? L2% +uz2?) + gux? (d?L1? + e? L.2? + uz2?)

}

c? L1? (ez L2?% + uz22) + ux? <d2 L1%2 +e?2L2%+ uzZZ)

(* double residual regression for X given Z1,Z2 %)

rygzlz2 = V[[{4}, {1, 2}]] .Inverse[V[[{1, 2}, {1, 2}]]] // Simplify // Flatten

cdgLl?+e fL22

{a+bg,
d?L1? + e?2 122 + uz2?

resy = Y -rygzlz2.{z21, 22} //. {L1"2 > VL1, L2"2 » VL2, uz2"2 -» Vuz2} // Simplify

(dLl+eL2+uz2) (cdgVLl+e f VL2)
fL2 +uy+auzl- (a+bg)uzl+g (cLl+ux+buzl) -

d? VL1 + e? VL2 + Vuz2
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rxgzlz2 = V[[{3}, {1, 2}]] .Inverse[V[[{1, 2}, {1, 2}]]] // Simplify // Flatten
{b,

resx = X -rxgzlz2.{21, z2} //. {L1"2 > VL1, L2"2 - VL2, uz2"2 » Vuz2} // Simplify

cdL1?

d? L1? + e2 122 + uz2?

cd (dLl+eL2+uz2) VL1

cLl +ux-
d? VL1 + e? VL2 + Vuz2

(resy * resx // Expand) //. {L1L2 50, L1ux->0, Ll1uy->0,
Lluzl >0, Ll1uz2-50, L2ux >0, L2uy » 0, L2uzl >0, L2uz2 -0, uxuy-> 0,
ux uzl » 0, uxuz2 » 0, uyuzl » 0, uyuz2 » 0, uzluz2 » 0} // Simplify

1

(g ux® (d® VL1 + e® VL2 + Vuz2) Z
(42 VL1 + e? VL2 + Vuz2)?

cdef (d2 L22 VL1? - uz2? VL1 VL2 + e? L1? V1.2 + 122 VL1 Vuz2 + L1? VL2 Vuzz) +
c’g (dz (e2 L2% + u222) VL1?% + 112 (e2 VL2 + VuzZ)z) )

(resx"z // Expand) //.{L1L2 50, Llux->0, Lluy -» 0, Lluzl >0,
Lluz2 50, L2ux-»>0, L2uy >0, L2uzl -0, L2uz2 >0, uxuy -0,
uxuzl - 0, uxuz2 » 0, uyuzl - 0, uyuz2 - 0, uzl uz2 » 0} // Simplify

(ux2 <d2 VL1 + e? VL2 +VuzZ) 2,2 (d2 (e2 L2% + uzZZ) VL1? + L1 (ez VL2 + VuzZ) 2) )/
(42 VL1 + e? VL2 + Vuz2)?
resyx=%%/%//. {L1°2 >VL1l, L2"2 5 VL2, uz2”2 -» Vuz2} // Simplify

(dz gux’VLl-cdefVL1IVL2+g (ux2 +c? VLl) (ez VL2 +Vu22) > /
(d® ux® VL1 + (ux® + c® VL1) (e® VL2 + Vuz2))

rxGzlz2 = (-cde £L1%°L2% + c? gL1? (e? L2? + uz2?) + g ux? (a4’ L1% + e? L2? + uz2?)) /
(c2 L12 (e2 L22 + uzZz) + ux? (d2 L12+e?212?%+ uz22) ) //.
{L1"2>5VL1l, L2"2 -» VL2, uz2"2 > Vuz2} // Simplify

(d* gux’ VL1-cde f VL1 VL2 + g (ux®+c? VL1) (e’ VL2 +Vuz2)) /
(dz ux? VL1 + (ux2 +c? VLl) (e2 VL2 + VuzZ) )

rxGzlz2 - resyx // FullSimplify
0

(* double residual regression for X given Z1 x)

rygzl = V[[{4}, {1}]].Inverse[V[[{1}, {1}]]] // Simplify // Flatten

{a+bg}

resygzl = Y - rygzl * 21 // Simplify
{cgLl+fL2+gux+uy}
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rxgzl = V[[{3}, {1}]].Inverse[V[[{1}, {1}]]] // Simplify // Flatten

{b}

resxgzl = X -rxgzl * 21 // Simplify
{c Ll +ux}
(resygzl * resxgzl // Expand) //. {L1L2 >0, L1ux->0, L1uy -0,

Lluzl-»>0,Ll1uz2-50,L2ux-»>0, L2uy-»>0, L2uzl »>0, L2uz2 >0, uxuy->0,
uxuzl - 0, uxuz2 - 0, uyuzl - 0, uyuz2 - 0, uzluz2 -» 0} // Simplify

{g (c2 L12 +ux2>}

(resxgzl"Z // Expand) //.{L1L2 50, Llux >0, Lluy » 0, L1uzl >0,
Lluz2 -0, L2ux >0, L2uy » 0, L2uzl -0, L2uz2 » 0, uxuy-» 0,
uxuzl - 0, uxuz2 - 0, uyuzl - 0, uyuz2 - 0, uzluz2 -» 0} // Simplify

{cz L1% + uxz}
%% /% // Simplify
{9}

(* ¥ onto X,Z1 unconfounded =*)

ryxgzl = V[[{4}, {1, 3}]].Inverse[V[[{1, 3}, {1, 3}]1]] // Simplify // Flatten
{a, g}

(* [1] X and 21 &)
(* [2] ryx.zl = g *)
ryxgzlz2 /. g-> 0

{ (bc defrLl?’12%+a (cz 112 (ez L22% + uzZz) + ux? <d2 L1% + e? 122 + uz22) ) ) /
(02 12 (e2 L2% + u222> + ux? (dz L1% + e?L2% + u222> ) ’
(e £ 122 <c2 L1% + uxz) ) / (c2 L1 (ez 22 +uz22> + ux? (d2 L1? + e? 1.22 +uz22) ) ’
- ( (c de fL12 L22) / (c2 112 <92 L2% + u222> + ux? (d2 L1% +e? 122+ uzZz) ) ) }

(* [3] ryxgzlz2 is confounded;

even if g=0 (no causal effect of x on y) still biased *)

(# [4] 21 ind Z2 given null; Z1 not ind 22 given ¥, X or Y&X x)
VI[{1}, {2, 3}]].Inverse[V[[{2, 3}, {2, 3}]]] // Simplify // Flatten

{— ( (bchl2 uzlz) / (cz L1 (e2 1.22 +u222) + (ux2 + b? uzlz) (d2 L1%? + e? 122 +u222) > ) ,
(buzl? (d*L1? + €* L2% + uz2?)) /
(c2 12 (e2 L2% + uzZZ) + (ux2 + b? uzlz) <d2 L1? +e?L2% + uzZZ) ) }
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V[[{1}, {2, 4}]] .-Inverse[V[[{2, 4}, {2, 4}]]] // Simplify // Flatten
{((a+bg) (—cdngz—efLZZ) uzlz)/(—(cdgL12+efL22)2+
(02 g?L1%+ £f2 122 + g? ux? +uy? +a? uzl? + 2 abguzl? + b? g? uzlz) (dz L1?% + e? L22+u222)),
((a+bg) uzil? (d2L12+e2L22+u222)>/(—(cdgL12+efL22)2+

(02 g?L1%+ f2 122 + g2 ux? +uy? +a? uzl? + 2 abguzl? + b? g? uzlz) (dz L1% + e? .22 +u222) )}

VI[[{1}, {2, 3, 4}]] .Inverse[V[[{2, 3, 4}, {2, 3, 4}]]] // Simplify // Flatten
{— ( ( (ae f L22 (cz L12 +ux2) +bcdLl? (f2 .22 +uy2) ) uzlz) /
(e?L2? ux® uy* + 2abcde f L1 L2% uzl? + a® e® L2% ux® uz1? + b* e’ L2% uy® uz1® +
d? 112 (bz uy? uz1? + ux? (uy2 +a? uzlz) + £2 1,22 (ux2 +b? uzlz> ) +
£2 1,22 ux? uz2? + ux? uy? uz2? + b? £2 .22 uz1? uz2? + a® ux? uz1? uz2? +
b? uy? uz1? uz2? + c? .12 (e2 1,22 (uy2 +a? uzlz) + (fz 122 + uy? + a2 uzlz) u222) ) ) ’
(uzl2 (b (—c defglLl?12%2+e?1n2%2uy?+d%2112 (fz 122 + uy2> + <f2 122 +uy2) uzZz) -
a (—c defr1?12%2+c?grLl? (ez 1.22 +u222) +gux? (d2 L1%2 + 21,22 +u222) ) > ) /
(e2 L22ux?uy’+2abcde fL12L2%2 uzl? + a? e? L2%2 ux? uz1? + b? €2 .22 uy? uz1? +
d? 12 (b2 uy? uz1? + ux? (uy2 +a? uzlz) + £2 1,22 (ux2 +b? uzlz) ) +
£2 122 ux? uz2? + ux? uy? uz2? + b? £2 122 uz1? uz2? + a? ux? uz1? uz2? +
b? uy? uz1? uz2? + c? .12 (ez 1,22 (uy2 +a? uzlz) + (fz L2% + uy? + a? uzlz) u222) ) ’
(uzl2 (bc defril’12%+a (cz 112 (ez 122 + u222> + ux? <d2 L1% +e?2 1.2% + uzZZ) ) ) ) /
(e?12? ux® uy* + 2abcde f L1° L2% uzl? + a® e® L2% ux® uz1? + b* e’ L2% uy® uz1® +
d? 12 (b2 uy? uz1? + ux? (uy2 +a? uzlz) + £2 1,22 (ux2 + b? uzlz) ) +
£2 122 ux? uz2? + ux? uy? uz2? + b? £2 122 uz1? uz2? + a? ux? uz1? uz2? +
b? uy? uz1? uz2? + c? .12 (ez 1,22 (uy2 +a? uzlz) + (fz L2% + uy? + a? uzlz) uzZz) ) }

(* [5] same as [4] and X ind Y given Zl if g =
0 but X not ind Y given Z2 or Z1&Z2 if g = 0 *)

V[[{4}, {2, 3}]].Inverse[V[[{2, 3}, {2, 3}]]] // Simplify // Flatten

{(czele2 L22-abcdL1?uzl?+ e f L22 (ux2+b2 uzlz))/
(c2 12 (e2 L2% + uzZZ) + (ux2 + b? uzlz) <d2 L1? +e?L2% + uzZZ) ) ’
(—c defL1?12%2+c? gL1? (e2 122 + u222) +
(abuzl2 +g (ux2 +b? uzlz) ) (d2 L1%2 +e? 122+ uzZz) ) /
(02 12 (e2 L2% + u222> + (ux2 +b? uzlz> (dz L1? +e?L2% + u222> ) }

(* [6] revisits direction of X,
Z1 relation since Z0 ind 21 if Z1-X unless condition on X but Z0 not ind Z1 if X-
z1l unless condition on X ([4] already addreses this);
main point:x* if there is a bow between X and Y or Zl1l not observed,
Z0 allows identification of X-
Y causal effect ** (do vanishing tetrads discover this latent variable L3? no);
ryz0 = gh; rxz0 = h; ryz0/rxz0 = g IV estimand =*)

z0
z2

uz0; Z1 =uzl; X=b*2Zl+c*Ll+h%2Z0+1i%L3+ux;
dxLl+e*xL2+uz2; Y=a*xZl+g*X+£f*L2+3j*L3+uy

fL2+jL3+uy+auzl+g (cLl+iL3+ux+huzO+buzl>
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H = {21, Z2, 20, X, Y};

(v= (outer[Times, H, H] // Expand) //. {L1L2 >0, Llux » 0, Lluy » 0, Lluzl - 0,
Ll uz2-50, L1uz0-»0, L1350, L3L2>50, L3ux->0, L3uy >0, L3uzl->0,
L3uz2-50, L3uz0-»0, L2ux-»0, L2uy » 0, L2uzl » 0, L2uz2 -0, L2uz0-> 0,
uxuy » 0, uxuzl » 0, uxuz2 » 0, uxuz0-> 0, uy uzl » 0, uyuz2 -0,
uy uz0 » 0, uzl uz2 » 0, uzl uz0 » 0, uz2uz0 -0} // Simplify) // MatrixForm

uzl? 0 0 buzl?
0 d? 112 + e? 122 + uz2? 0 cdLl?
0 0 uz0? h uz0?
buzl? cdLi1? h uz02 c?11%2+i21.32%2 + ux? + h2 uz02 + b2 uzl?

(a+bg) uzl? cdgLl’+efL2? ghuz0? c?gLl?+ijL3?+abuzl?+g (i?L32+ux?+h? uz0
ryz0 = V[ [{5}, {3}]].Inverse[V[[{3}, {3}]]] // Simplify // Flatten
{gh}
rxz0 = V[ [{4}, {3}]].Inverse[V[[{3}, {3}]]] // Simplify // Flatten
{h}
ryz0 / rxz0
{9}

(* (2'X)"(-1)(2'Y) *)

Inverse[V[[{3}, {4}11]1.V[[{3}, {5}]] // Simplify // Flatten
{9}

(» ryx confounded x)

ryx = V[[{5}, {4}]].Inverse[V[[{4}, {4}]]] // Simplify // Flatten

{(c2 gLl1?+ijL3?’+abuzl®+g (i2 L3? + ux® + h? uz0? + b? uzlz)> /
(02 L1%2 +i2 132 + ux? + h? uz0? + b? uzlz)}



