(* a simple IV =)

Z=uz;X=a*xZ+c*L+ux; Y=b*xX+dx*xL+uy

dL+uy+b (cL+ux+auz)

H= {2, X, Y}; (V= (Outer[Times, H, H] // Expand) //.
{Luz->0, Lux->0, Luy >0, uzux-» 0, uzuy » 0, uxuy - 0}) // MatrixForm

2 2

auz abuz?
auz c?212 +ux? + a2 uz? bc?21?2+cdl?+bux?+a?buz?
abuz? bc?L?+cdL?+bux?+a’buz? b?2c?L?+2bcdL?+d?L?+b?ux?+uy? + a? b? uz?

uz
2

(* ryx confounded =)

VI[{3}, {2}]] .Inverse[V[[{2}, {2}]]] // Flatten

{ J

bec2l?2+cdL?+bux?+a?buz?

c? L% +ux® + a? uz?
(* Bayes normal =)

ryz =V[[{3}, {1}]] .-Inverse[V[[{1}, {1}]]] // Flatten
{ab}

rxz = V[[{2}, {1}]] .-Inverse[V[[{1}, {1}]]] // Flatten
{a}

iv = ryz / rxz

{b}
(*» biv = (Z'X)A(—l) (Z'Y) projection =)

Inverse[V[[{1}, {2}1]11.V[[{1}, {3}]1] // Simplify // Flatten
{b}

(* IV via projecting X onto Z then Y onto Xhat %)

xhat = (V[[{2}, {1}]].Inverse[V[[{1}, {1}]]] *Z // Flatten) [[1]]

auz

H = {Z, xhat, Y}; (V= (Outer[Times, H, H] // Expand) //.
{Luz >0, Lux->0, Luy->0, uzux->0, uzuy » 0, uxuy - 0}) // MatrixForm

2

uz auz? abuz?

auz? a?uz? a? buz?

abuz? a’?buz? b?c?L?+2bcdL?+d?L?+Db?ux?+uy? +a’b?uz?
VI[{3}, {2}]].Inverse[V[[{2}, {2}]]] // Flatten
{b}

(* IV via projecting X onto Z then Y onto
X and leftnull component of X with respect to Z %)
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res = X - xhat

cL+ux

H = {res, X, Y}; (V= (Outer[Times, H, H] // Expand) //.
{Luz->0, Lux->0, Luy >0, uzux-»0, uzuy » 0, uxuy - 0}) // MatrixForm

c? L2 + ux? c? L2 + ux? bc?1?+cdL? + b ux?

c? L2 + ux? + a? uz? bc?l?+cdL? +bux?+a?buz?
bc?l?+cdL?+bux? be?L?2+cdL?+bux?+a’buz? b?2c?L?+2bcdL?+d?L?+b?ux?+uy? + a?

c? 1.2 + ux?

VI[{3}, {1, 2}]] .Inverse[V[[{1, 2}, {1, 2}]]] // Simplify // Flatten
cdL?

oo ®

c? 1.2 + ux?

(* b conditional IV %)

W=exZ+uw; Y=b*xX+d+*L+f+xW+uy

dL+uy+b (cL+ux+auz) + £ (uw+euz)

H={Z, X, Y, W};

(V: (Outer[Times, H, H] // Expand) //. {Luz->0, Lux->0, Luy->0, Luw- 0,
uzux >0, uzuy->0, uzuw-> 0, uxuy - 0, uxuw-» 0, uy uw -» 0}) // MatrixForm

2

uz auz?

abu
auz? c?2L? + ux?® + a? uz? bc?l?2+cdL®+b

abuz?+efuz? bc?l?+cdL?+bux?+a’buz?i+aefuz? b?c?L?+2bcdLl?+d?L?+ f2 uw? + b?
2

euz aeuz? fuw? +atl

(*+ ryx confounded *)

V[[{3}, {2}]].Inverse[V[[{2}, {2}]]] // Flatten

{(bc?L?+cdL? +bux’ +a’ buz® +ae fuz?) / (¢ L? + ux® + a* uz?) }

(+ Bayes normal )

ryzw = V[[{3}, {1, 4}]].Inverse[V[[{1, 4}, {1, 4}]]] // Flatten // Simplify

{ab, £}

rxzw = V[[{2}, {1, 4}]] .Inverse[V[[{1, 4}, {1, 4}]1]] // Flatten // Simplify
{a, 0}

iv =ryzw[[1]] / rxzw[[1]]
b

(* double residual regression Z given W *)
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reszGw = (Z-V[[{1}, {4}]].Inverse[V[[{4}, {4}]]] *W // Flatten) [[1]] //.
{uz"2 > Vuz, uw”2 > Vuw} // Together

uz Vuw - e uw Vuz

Vuw + e? Vuz

(X * reszGw // Expand) //. {Luz->0, Lux >0, Luy-»0, Luw-» 0, uzux -» 0, uzuy - 0,
uzuw > 0, uxuy >0, uxuw->0, uyuw-» 0} //. {uz”2 » Vuz, uw” 2 » Vuw}

a Vuw Vuz

vuw + e? Vuz

(ressz"Z // Expand) //. {Luz >0, Lux >0, Luy»0, Luw—» 0, uzux -» 0, uzuy > 0,
uzuw >0, uxuy >0, uxuw-> 0, uyuw->0} //. {uz”"2 - Vuz, uw” 2 » Vuw} // Together

Vuw Vuz

Vuw + e? Vuz

rxzGw = %% / %

a

(Y *x reszGw // Expand) //. {Luz->0, Lux>0, Luy->0, Luw-> 0, uzux-»>0, uzuy-»>0,
uzuw-> 0, uxuy-»0, uxuw-> 0, uyuw-» 0} //. {uz”2 - Vuz, uw” 2 -» Vuw}

a b vuw Vuz

Vuw + e? Vuz

(resszAZ // Expand) //. {Luz>0, Lux->0, Luy->0, Luw-> 0, uzux-> 0, uzuy-> 0,
uzuw - 0, uxuy >0, uxuw->0, uyuw-> 0} //. {uz”~2 » Vuz, uw”" 2 » Vuw} // Together

Vuw Vuz

vuw + e2 Vuz
ryzGw = %% / %

ab

ryzGw / rxzGw

b

(* biv = (2'X)"(-1) (2'Y) =*)

Inverse[V[[{1, 4}, {2, 4}]11]1.VI[[{1, 4}, {3}1] // Simplify // Flatten

{b, £}

(*» IV via projecting X onto Z,W then Y onto Xhat,W %)

xhat = (V[[{2}, {1, 4}]].Inverse[V[[{1, 4}, {1, 4}]]1].{%, W} // Flatten) // Simplify

{auz}

xhat = xhat[[1]]

auz

| 3
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H = {W, xhat, Y};
(v= (outer[Times, H, H] // Expand) //. {Luz >0, Lux >0, Luy >0, Luw- 0,
uzux >0, uzuy >0, uzuw-> 0, uxuy - 0, uxuw -» 0, uy uw -» 0}) // MatrixForm

uw? + e? uz? aeuz? fuw’ +abeuz?+e?fu
aeuz? a? uz? a’buz?+ae fuz?
fuw? +abeuz?+e?fuz? a’buzl+aefuz? b?2c?L?+2bcdL?+d?L%+ f2 uw? + b? ux? + uy? + a?
VI[{3}, {1, 2}]].Inverse[V[[{1, 2}, {1, 2}]]] // Flatten // Simplify
{f£, b}

(* IV via projecting X onto Z then Y
onto X and leftnull of X with respect to Z %)

res = X - xhat
cL+ux
H= {res, X, ¥, W};

(v = (Outer[Times, H, H] // Expand) //. {Luz -0, Lux >0, Luy >0, Luw- 0,
uzux >0, uzuy >0, uzuw-> 0, uxuy -» 0, uxuw -» 0, uy uw -» 0}) // MatrixForm

c? L? + ux? c? L? + ux? b

c? L2 + ux? c?L? +ux® + a% uz? bc?L?+cd
bc?L?+cdLl?+bux? bc?l?+cdl?+bux?+a’buz?+aefuz? b?c?L?+2bcdL?+d?L?%+ f%uv
0 a e uz? f uw

V[[{3}, {1, 2, 4}]].Inverse[V[[{1, 2, 4}, {1, 2, 4}]]] // Simplify // Flatten

(2

c? L? + ux?

cdL?
, b, f}

(* b conditional IV; suppose W-Z (reversed) =)

W=uw; Z=exW+uz; X=a*Z+c+*L+ux; Y=b*xX+d*xL+f*xW+uy

dL+fuw+uy+b (cL+ux+a (euw+uz))

H={Z, X, ¥, W};
(V = (Outer[Times, H, H] // Expand) //.{Luz->0,Lux—>0, Luy->0, Luw- 0,
uzux >0, uzuy >0, uzuw-> 0, uxuy » 0, uxuw -» 0, uy uw -» 0}) // MatrixForm

2 2

e? uw? + uz ae?uw? +auz

2 2

ae?uw?+auz c?21? +a?e?uw? +ux? + a2 uz

abe?uw?+efuw?+abuz? bc?l?+cdl?+a’be’?uw?+aefuw?’ +bux?+a?buz? b?c?1L?+2bc
e uw? a e uw?

(* ryx confounded =)
VI[{3}, {2}]] .Inverse[V[[{2}, {2}]]] // Flatten
{(bchz+ch2+a2be2uw2+aefuw2+bux2+a2buzz)/(c2L2+a2e2uw2+ux2+a2uzz)}

(» Bayes normal =)
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ryzw = V[ [{3}, {1, 4}]].Inverse[V[[{1, 4}, {1, 4}]1] // Flatten // Simplify
{ab, £}

rxzw = V[ [{2}, {1, 4}]].Inverse[V[[{1, 4}, {1, 4}]1] // Flatten // Simplify
{a, 0}

iv = ryzw[[1]] / rxzw[[1]]
b

(* biv = (2'X)"(-1) (2'Y) =*)

Inverse[V[[{1, 4}, {2, 4}]11]1.VI[[{1, 4}, {3}]] // Simplify // Flatten
{b, £}

(*» IV via projecting X onto Z,W then Y onto Xhat,W x)

xhat = (V[[{2}, {1, 4}]1] .Inverse[V[[{1, 4}, {1, 4}]1].{Z, W} // Flatten) // Simplify

{a (euw +uz) }

xhat = xhat[[1]]

a (euw +uz)

H = {W, xhat, Y};
(v = (Outer[Times, H, H] // Expand) //. {Luz -0, Lux >0, Luy >0, Luw- 0,
uzux >0, uzuy >0, uzuw-> 0, uxuy - 0, uxuw-» 0, uy uw -» 0}) // MatrixForm

2

uw a e uw? abeuw?+ fu

a e uw? a? e? uw? + a? uz? a’be?uw? +ae f uw?
abeuw?+ fuw? a’be?uw?+aefuw?+a’buz? b?c?L?+2bcdl?+d?L?+a?b?e?uw?+2abef
VI[{3}, {1, 2}]].Inverse[V[[{1, 2}, {1, 2}]]] // Flatten // Simplify
{£, b}

(* IV via projecting X onto Z then Y
onto X and leftnull of X with respect to Z %)

res = X - xhat
cL+ux
H= {res, X, ¥, W};

(v = (outer[Times, H, H] // Expand) //. {Luz -0, Lux >0, Luy >0, Luw- 0,
uzux >0, uzuy >0, uzuw-> 0, uxuy -» 0, uxuw -» 0, uy uw -» 0}) // MatrixForm

c? L? + ux? c? L? + ux?
c? L2 + ux? c?L? + a%? e? uw? + ux? + a? uz? bc?
bc?L?+cdLl?+bux? bec?l?+cdl?+a?be’?uw?+aefuw? +bux?+a?buz? b>c?L?+2bcdL?+
0 a e uw?

V[[{3}, {1, 2, 4}]].Inverse[V[[{1, 2, 4}, {1, 2, 4}]]] // Simplify // Flatten

(2

c? L? + ux?

cdL?
, b, f}
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(* ¢ IV with additional confounders )

Z=-exL2+uz;X=a*Z+c*L+f*xL2+ux; Y=b*xX+d*L+uy
dL+uy+b (cL+fL2+ux+a (eL2+uz))
H={Z, X, Y};

(v = (outer[Times, H, H] // Expand) //. {Luz >0, Lux >0, Luy >0, LL2 >0,
uzux >0, uzuy >0, uzL2 50, uxuy >0, uxL2 -0, uyL2 » 0}) // MatrixForm

e? 1,22 y uz? ae?L2?+e fL2?+auz?
ae?L2?+e fL2?+auz? c?l?+a?e?1L22+2aefL22+ £f2122 + ux? + a uz?
abe?l2?2+befl2?2+abuz? bc?l?2+cdl?+a?be?l22+2abeflL22+bf2L22+bux?+a?buz?

(* ryx confounded =)

VI[{3}, {2}]] .Inverse[V[[{2}, {2}]]] // Flatten // Simplify

{(cdL?+Db (c®L?+2ae f12%+ £2 L2 + ux? + (e2L22+uzz)))/

(c2L2+2aefL22+f2L22+ux2+a2 (e2L22+u22>)}

(* Bayes normal =)

ryz = V[[{3}, {1}]] .Inverse[V[[{1}, {1}]]1] // Flatten // Simplify
b (e fL22+a (e?L2? +uz?)) }

2

rxz = V[[{2}, {1}]].Inverse[V[[{1}, {1}]]] // Flatten // Simplify

{ J

e2 122 +uz

ae?L2?+efL2?+auz?

e? L2? +uz?
iv=ryz/rxz // Simplify

{b}

(* biv = (2'X)"(-1) (2'Y) *)

Inverse[V[[{1}, {2}]111.V[[{1}, {3}]1] // Simplify // Flatten
{b}

(*» IV via projecting X onto Z then Y onto Xhat x)

xhat =q* 2

g (eL2 +uz)

res = X - xhat // Simplify

cL+fL2+ux+a (el2+uz)-q (elL2+uz)
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H = {res, xhat, Y};
(v= (outer[Times, H, H] // Expand) //. {Luz -0, Lux >0, Luy >0, LL2 -0, uzux - 0,
uzuy >0, uzL2 -0, uxuy->0, uxL2-50, uyL2 -0} // Simplify) // MatrixForm

c?L?+f2127-2efL22g+e?L2? g +ux? + g uz? +a? (e?L2? +uz?) -2a (-e fL22 +e? L2? g+ quz
q(efLZZ—eZLZZq—quzz+a(e2L22+u22))
ch2+b<c2L2+f2L22—efL22q+ux2+a2 (e2L22+uzz>—a(—2efL22+e2L22q+quzz))
iv = V[[{3}, {2}]].Inverse[V[[{2}, {2}]]] // Flatten // Simplify

b (efL22+a <e2 L22+uzz)>

q (e? L2% + uz?)

iv/.q-»rxz // Simplify // Flatten
{b}

(*» IV via projecting X onto Z then Y
onto X and leftnull of X with respect to Z *)

H= {res, X, Y};
(V: (Outer[Times, H, H] // Expand) //. {Luz->0, Lux>0, Luy-»0, LL2->50,
uzux >0, uzuy >0, uzL2 50, uxuy >0, uxL2 >0, uyLZ—)O}) // MatrixForm
c’lL?+a’e?L2?+2aeflL22+f?L22-2ae?l2?2g-2eflL2?2q+e?L22g?+ux?+a%uz?-2aquz?+
c’l?+a’e?L2?+2aefL22+f?L22-ae?L2?2g-e fL22g+ux?+a?uz?-aquz?
bc?L?2+cdL?+a’be?L22+2abefL22+bf?L22-abe?L22g-beflL22g+bux?+a?buz?-ab

iv=V[[{3}, {1, 2}]] .Inverse[V[[{1, 2}, {1, 2}]1]1] // Simplify // Flatten
{(chz (efL22+a (e2 L22+uzz)>>/<q (ez L2% ux? + (fz L22+ux2> uz? + c? 1.2 (ez L22+uzz)>),
(—ach2 (e2 L22+uzz) +bc?L?q (ez L22+uzz) +
cdL? (—efL22+e2 L22q+quzz) +bg (ez L2% ux? + <f2 L22+ux2) uzz))/
(a (e L2? ux® + (£2 12% + ux?) uz® + * L? (e? L2% +uz?)) )}
iv/.g->rxz // Simplify // Flatten

{(chz (e2 L22+uzz>)/(e2 L.22% ux? + (fz L22+ux2) uz? + c? 1.2 <e2 L22+uzz)>, b}

(* ¢' conditional IV (W) with additional confounders =)

Z=-exL2+uz;W=g*Z2+uw; X=a*Z+c*L+f*xL2+ux; Y=b*X+d*L+h*W+uy

dL+uy+b (cL+fL2+ux+a (eL2+uz)) +h (uw+g (e L2 +uz))

H={Z,X, Y, W};

(V: (Outer[Times, H, H] // Expand) //. {Luz->0, Lux>0, Luy-»0, LL2->50,
Luw-»0, uzux->0, uzuy->0, uzL2-50, uzuw-> 0, uxuy -0,
uxL2 >0, uxuw-»>0, uyyL2 50, uyuw- 0, L2uw—>0}) // MatrixForm

e? L2? + uz? ae?rn2?
ae?L2?+efL2%2+auz? c’L?+a’e’L2?+2a
abe?L2?+beflL22+e? ghlL2?+abuz?+ghuz? bc?L?+cdL?+a’be?L2?+2abe fL2%2+b f?:
e? g L2? + g uz? ae?gL2?
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(* ryx confounded =)

VI[{3}, {2}]] .Inverse[V[[{2}, {2}]]] // Flatten // Simplify

{(cdL?+gh (e fL2?+a (e’ L2° +uz®)) +b (c?L?+2ae £ L2% + £2 L2% + ux® + a’ (e? L2 +uz?))) /
(c2L2+2aefL22+f2L22+ux2+a2 (e2L22+u22>)}

(* Bayes normal =)

ryzw =V[[{3}, {1, 4}]] .Inverse[V[[{1, 4}, {1, 4}]]] // Flatten // Simplify

b (efL22+a (e2 L22+uz2))

. h}
e? 1,22 + uz?

rxzw = V[[{2}, {1, 4}]] .Inverse[V[[{1, 4}, {1, 4}]]] // Flatten // Simplify

{ , 0}

ae?L2?+efL2?+auz?

e? 122 + uz?

iv=ryzw[[1]] / rxzw[[1]] // Simplify
b

(* biv = (2'X)"(-1) (2'Y) =*)

Inverse[V[[{1, 4}, {2, 4}]11]1.VI[[{1, 4}, {3}]] // Simplify // Flatten
{b, h}

(*» IV via projecting X onto Z,W then Y onto Xhat %)

xhat =q* 2

g (eL2 +uz)

res = X - xhat // Simplify

cL+fL2+ux+a (elL2+uz)-q (elL2+uz)

H = {res, xhat, ¥, W};
(V= (Outer[Times, H, H] // Expand) //. {Luz->0, Lux->0, Luy-»>0, LL2->0,
Luw-»>0, uzux->0, uzuy >0, uzL2 >0, uzuw-» 0, uxuy -» 0,
uxL2 50, uxuw-> 0, uyL2 >0, uyuw- 0, L2uw->0}) // MatrixForm
c?L?+a’e?1L22+2aeflL22+f2122-2ae?L22g-2eflL22g+e?L2
ae’lL2?g+eflL2?2g-e?L22g?>+aquz?
bc?l?+cdl?+a’be’L2?2+2abeflL22+bf?L22+ae’ghL22+efghlL2?2-abe?L22g-beflL:
ae’gl2?+efglL2?2-e?gL22g+aguz?

iv = V[[{3}, {2, 4}]].Inverse[V[[{2, 4}, {2, 4}]]] // Flatten // Simplify

b (efL22+a (e2 L22+uz2))

h
q (e? L2% + uz?) r B)

iv/.q-> rxzw[[1]] // Simplify
{b, h}
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(» IV via projecting X onto Z then Y
onto X and leftnull of X with respect to Z x)
H= {res, X, ¥, W};
(v = (outer[Times, H, H] // Expand) //. {Luz >0, Lux >0, Luy >0, LL2 >0,
Luw-»0, uzux->0, uzuy->0, uzL2-50, uzuw-> 0, uxuy -0,
uxL2 >0, uxuw-> 0, uyL2 >0, uyuw-> 0, L2uw—>0}) // MatrixForm
c’L?+a’e?L2?+2aeflL22+f?L22-2ae?L22g-2eflL2?2g+e?L2
c?l?+a’e’L2?2+2aeflL2?2+f?L22-ae?l22g-efL2?
bc?L?2+cdL?+a’be?L2?+2abefL2?2+bf?L22+ae’ghL2?2+efghL2?2-abe?L22g-be fL:
ae’gL2?+efgL2?2-e?gL22g+aguz?

iv=V[[{3}, {1, 2, 4}]] .Inverse[V[[{1, 2, 4}, {1, 2, 4}]1]] // Simplify // Flatten
{(cdL? (e fL2? +a (€ 122 +uz?))) / (q (e L2% ux® + (£2 L2% +ux’) uz® + c’ L? (e?L2? +uz?)) ),
(—ach2 (e2 L22+uzz) +bc?L?q (ez L22+u22) +
cd1? (—efL22+e2 L22q+quzz) +bg (e2 L22 ux? + <f2 L22+ux2) uzz))/
(a (e L2? ux® + (£ L2% + ux?) uz® + * L? (e’ L2% +uz?®))), h}
iv/.q-> rxzw[[1]] // Simplify
{(chz (e2 L22+uzz>)/(e2 122 ux? + (fz L22+ux2) uz? + c? 1.? <e2 L22+uzz)>, b, h}
iv/.q-> rxzw[[1]] // Simplify

{(ch2 (e2 L22+uzz>) / (e2 122 ux? + (f2 L22+ux2) uz? + c? 1.? <ez L22+uzz>>, b, h}



