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Appendix I
Quantum information

Quantum information follows from physical theory and experiments. Un-
like classical information which is framed in the language and algebra of
set theory, quantum information is framed in the language and algebra of
vector spaces. To begin to appreciate the di!erence, consider a set versus
a tuple (or vector). For example, the tuple

'
1 1

(
is di!erent than the

tuple
'
1 1 1

(
but the sets, {1, 1} and {1, 1, 1} are the same as set {1}.

Quantum information is axiomatic. Its richness and elegance is demon-
strated in that only four axioms make it complete.1

I.1 Quantum information axioms

I.1.1 The superposition axiom

A quantum unit (qubit) is specified by a two element vector, say
)
'
!

*
,

with |'|2 + |!|2 = 1.

1 Some argue that the measurement axiom is contained in the transformation ax-
iom, hence requiring only three axioms. Even though we appreciate the merits of the
argument, we’ll proceed with four axioms. Feel free to count them as only three if you
prefer.
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Let |// (
)
'
!

*
= ' |0/ + ! |1/,2 0/| =

)
'
!

*†
where † is the adjoint

(conjugate transpose) operation.

I.1.2 The transformation axiom

A transformation of a quantum unit is accomplished by unitary (length-
preserving) matrix multiplication. The Pauli matrices provide a basis of
unitary operators.

I =

)
1 0
0 1

*
X =

)
0 1
1 0

*
Y =

)
0 "i
i 0

*
Z =

)
1 0
0 "1

*

where i =
$
"1. The operations work as follows: I

)
'
!

*
=

)
'
!

*
,X

)
'
!

*
=)

!
'

*
, Y

)
'
!

*
= "

)
!i
'i

*
, and Z

)
'
!

*
= "

)
'
!

*
. Other useful sin-

gle qubit transformations are H = 1"
2

)
1 1
1 "1

*
and $ =

)
ei' 0
0 1

*
.

Examples of these transformations in Dirac notation are3

H |0/ =
|0/+ |1/
$
2

; H |1/ =
|0/ " |1/
$
2

$ |0/ = ei' |0/ ; $ |1/ = |1/

I.1.3 The measurement axiom

Measurement occurs via interaction with the quantum state as if a linear
projection is applied to the quantum state.4 The set of projection matrices

2Dirac notation is a useful descriptor, as |0$ =
#
1
0

$
and |1$ =

#
0
1

$
.

3A summary table for common quantum operators expressed in Dirac notation is
provided in section I.2.

4This is a compact way of describing measurement. However, conservation of infor-
mation (a principle of quantum information) demands that operations be reversible.
In other words, all transformations (including interactions to measure) be unitary –
projections are not unitary. However, there always exist unitary operators that pro-
duce the same post-measurement state as that indicated via projection. Hence, we treat
projections as an expedient for describing measurement.
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are complete as they add to the identity matrix.G
m
M†
mMm = I

where M†
m is the adjoint (conjugate transpose) of projection matrix Mm

The probability of a particular measurement occurring is the squared ab-
solute value of the projection. (An implication of the axiom not explicitly
used here is that the post-measurement state is the projection appropriately
normalized; this e!ectively rules out multiple measurement.)

For example, let the projection matrices beM0 = |0/ 00| =
)
1 0
0 0

*
and

M1 = |1/ 01| =
)
0 0
0 1

*
. Note thatM0 projects onto the |0/ vector andM1

projects onto the |1/ vector. Also note that M†
0M0 +M

†
1M1 =M0 +M1 =

I. For |// = ' |0/ + ! |1/, the projection of |// onto |0/ is M0 |//. The
probability of |0/ being the result of the measurement is 0/|M0 |// = |'|

2.

I.1.4 The combination axiom

Qubits are combined by tensor multiplication. For example, two |0/ qubits

are combined as |0/ 1 |0/ =

!%%"
1
0
0
0

#&&$ denoted |00/. It is often useful to trans-
form one qubit in a combination and leave another unchanged; this can
also be accomplished by tensor multiplication. Let H1 denote a Hadamard
transformation on the first qubit. Then applied to a two qubit system,

H1 = H 1 I = 1"
2

!%%"
1 0 1 0
0 1 0 1
1 0 "1 0
0 1 0 "1

#&&$ and H1 |00/ = |00'+|10'"
2

.

Another important two qubit transformation is the controlled not oper-
ator,

Cnot =

!%%"
1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

#&&$
The controlled not operator flips the target, second qubit, if the control, first
qubit, equals |1/ and otherwise leaves the target unchanged: Cnot |00/ =
|00/, Cnot |01/ = |01/, Cnot |10/ = |11/, and Cnot |11/ = |10/,
Entangled two qubit states or Bell states are defined as follows,
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|!00/ = Cnot H1 |00/ =
|00/+ |11/

$
2

and more generally,

88!ijX = Cnot H1 |ij/ for i, j = 0, 1

The four two qubit Bell states form an orthonormal basis.
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I.2 Summary of quantum "rules"

Below we tabulate two qubit quantum operator rules. The column heading
indicates the initial state while the row value corresponding the operator
identifies the transformed state. Of course, the same rules apply to one
qubit (except Cnot) or many qubits, we simply have to exercise care to
identify which qubit is transformed by the operator (we continue to denote
the target qubit via the subscript on the operator).

operator |00/ |01/ |10/ |11/

I1 or I2 |00/ |01/ |10/ |11/

X1 |10/ |11/ |00/ |01/

X2 |01/ |00/ |11/ |10/

Z1 |00/ |01/ " |10/ " |11/

Z2 |00/ " |01/ |10/ " |11/

Y1 i |10/ i |11/ "i |00/ "i |01/

Y2 i |01/ "i |00/ i |11/ "i |10/

H1
|00'+|10'"

2

|01'+|11'"
2

|00'!|10'"
2

|01'!|11'"
2

H2
|00'+|01'"

2

|00'!|01'"
2

|10'+|11'"
2

|10'!|11'"
2

$1 ei' |00/ ei' |01/ |10/ |11/

$2 ei' |00/ |01/ ei' |10/ |11/

Cnot |00/ |01/ |11/ |10/

common quantum operator rules
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I.3 Observables and expected payo!s

Measurements involve real values drawn from observables. To ensure mea-
surements lead to real values, observables are also represented by Hermitian
matrices. A Hermitian matrix is one in which the complex conjugate of the
matrix equals the original matrix, M† =M . Hermitian matrices have real
eigenvalues and eigenvalues are the values realized via measurement. Sup-
pose we are working with observable M in state |// where

M =

!%%"
#1 0 0 0
0 #2 0 0
0 0 #3 0
0 0 0 #4

#&&$
= #1 |00/ 000|+ #2 |01/ 001|+ #3 |10/ 010|+ #4 |11/ 011|

The expected payo! is

0M/ = 0/|M |//
= #1 0/| 00/ 000|//+ #2 0/| 01/ 001|//

+#3 0/| 10/ 010|//+ #4 0/| 11/ 011|//

In other words, #1 is observed with probability 0/| 00/ 000|//, #2 is ob-
served with probability 0/| 01/ 001|//, #3 is observed with probability 0/| 10/ 010|//,
and #4 is observed with probability 0/| 11/ 011|//.
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I.4 Density operators and quantum entropy

To this point we’ve focused on pure states. How do we proceed if our state
of knowledge indicates a mixture of states (that is, a probability weighted
average of states)? Density operators supply the frame for mixed as well as
pure states. A density operator is defined as

0 =

n7
i=1

pi |/i/ 0/i|

where the trace (sum of the diagonal elements) equals one, tr (0) = 1.
For density operator 0 the expected value associated with observable M =Gn

k=1 #k |k/ 0k| (via spectral decomposition where |k/ is an orthonormal
basis) is 0M/ = tr (0M) = tr (M0).
This follows as the probability of observing #k equals

Pr (#k) = 0k| 0 |k/ =
n7
i=1

pi 0k|/i/ 0/i| k/

and useful properties of the trace.

tr (BA) = tr (AB)

To see this, recognize (AB)ik =
G

j aijbjk then tr (AB) =
G

i,j aijbji and
tr (BA) =

G
i,j bjiaij which is the same as

G
i,j aijbji. Now, let B ( |// 0/|

tr (AB) = tr (A |// 0/|)

=
7
i

0i|A |// 0/| i/

= 0/|A |//

where |i/ is an orthonormal basis for |// with first element |//.5 The second
line implements tr (AB) =

G
i,j aijbji while the third line follows from

orthogonality of the basis for |//, that is, 0/| i/ is either 0 or 1.

5Notice for a pure state |#$, %#|A |#$ = %A$|!#, the expected value of the observable
when the system is in state |#$ equals tr (A |#$ %#|).
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Then, applying the first result followed by the third result in reverse and
repeating based on the second result we have

0M/ =

n7
k=1

Pr (#k)#k

=

n7
k=1

n7
i=1

pi 0k|/i/ 0/i| k/#k

=

n7
k=1

0k| 0 |k/#k

= tr (M0)

=

n7
k=1

n7
i=1

pi 0/i| k/ 0k|/i/#k

=

n7
i=1

pi 0/i|M |/i/

= tr (0M)

Consider an example. Suppose

0 =

)
0.4 0
0 0.6

*
= 0.4

)
1
0

* '
1 0

(
+ 0.6

)
0
1

* '
0 1

(
and

M =

)
1 "2
"2 1

*
= 3

+
1"
2

" 1"
2

, 5
1"
2

" 1"
2

6
" 1

+
1"
2
1"
2

, 5
1"
2

1"
2

6

Then,

Pr (# = 3) =
5

1"
2

" 1"
2

6 )
0.4 0
0 0.6

*+ 1"
2

" 1"
2

,

= 0.4
5

1"
2

" 1"
2

6 )
1
0

* '
1 0

( + 1"
2

" 1"
2

,

+0.6
5

1"
2

" 1"
2

6 ) 0
1

* '
0 1

( + 1"
2

" 1"
2

,

=
1

2
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and

Pr (# = "1) =
5

1"
2

1"
2

6 ) 0.4 0
0 0.6

*+ 1"
2
1"
2

,

= 0.4
5

1"
2

1"
2

6 )
1
0

* '
1 0

( + 1"
2
1"
2

,

+0.6
5

1"
2

1"
2

6 ) 0
1

* '
0 1

( + 1"
2
1"
2

,

=
1

2

Hence, the expected value for the observable M is

0M/ =

27
k=1

Pr (#k)#k

=
1

2
3 +

1

2
("1) = 1

= tr (0M) = tr (M0)

=

)
0.4 "0.8
"1.2 0.6

*
=

)
0.4 "1.2
"0.8 0.6

*
= 1

or

0M/ =
7
i,j

pj 0i|M |// 0/| i/

= 0.4
'
1 0

( ) 1 "2
"2 1

* )
1
0

* '
1 0

( ) 1
0

*
+0.4

'
0 1

( ) 1 "2
"2 1

* )
1
0

* '
1 0

( ) 0
1

*
0.6
'
1 0

( ) 1 "2
"2 1

* )
0
1

* '
0 1

( ) 1
0

*
+0.6

'
0 1

( ) 1 "2
"2 1

* )
0
1

* '
0 1

( ) 0
1

*
=

7
j

pj 0/|M |//

= 0.4
'
1 0

( ) 1 "2
"2 1

* )
1
0

*
+0.6

'
0 1

( ) 1 "2
"2 1

* )
0
1

*
= 0.4 + 0.6 = 1
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I.4.1 Quantum entropy

von Neumann defines quantum entropy as

S = "tr (0 log 0)

For pure states, 0 is a Hermitian matrix whose logarithm (discussed earlier)
involves its spectral decomposition 0 = Q#QT where # has one eigenvalue
equal to unity and the remainder equal to zero. Hence, log 0 = Q log#QT =
0 (by convention, 0 log 0 = 0) so that von Neumann entropy is zero for pure
states.
On the other hand, for mixed states spectral decomposition of 0 isGn
j=1 #j |j/ 0j|. This involves nonzero eigenvalues so that

S = "tr (0 log 0)

= "tr

<> n7
j=1

#j |j/ 0j|
n7
j=1

log (#j) |j/ 0j|

?A
= "tr

<> n7
j=1

#j log (#j) |j/ 0j| |j/ 0j|

?A
= "tr

<> n7
j=1

#j log (#j) |j/ 0j|

?A
= "

n7
i=1

#i log #i

The latter result follows from equality of the sum of the eigenvalues and
the trace of a matrix.

I.5 Some trigonometric identities

Most trigonometric identities follow directly from Euler’s equation:

e±i' = cos - ± i sin -

Remark 1 cos2 - + sin2 - = 1

Proof.

ei'e!i' = e0 = 1

(cos - + i sin -) (cos - " i sin -) = cos2 - + i cos - sin - " i cos - sin - + sin2 -
= cos2 - + sin2 -
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Remark 2 1!cos '
2 = sin2 '2

Proof.

2"
/
ei' + e!i'

0
4

=
2" 2 cos -

4
=
1" cos -

2

2"
)-
e
i$
2

.2
+
-
e!

i$
2

.2*
4

=
2"

'
2" 4 sin2 '2

(
4

= sin2
-

2

Details related to the second line are below.

-
e
i$
2

.2
=

3
cos

-

2
+ i sin

-

2

42
= cos2

-

2
" sin2

-

2
+ 2i cos

-

2
sin

-

2

-
e!

i$
2

.2
=

3
cos

-

2
" i sin

-

2

42
= cos2

-

2
" sin2

-

2
" 2i cos

-

2
sin

-

2

-
e
i$
2

.2
+
-
e!

i$
2

.2
= 2 cos2

-

2
" 2 sin2

-

2

= 2" 4 sin2
-

2

Remark 3 1!cos '1 cos '2
2 = cos2 '12 sin

2 '2
2 + sin

2 '1
2 cos

2 '2
2

Proof. From the two preceding identities

1" cos -
2

= sin2
-

2
= 1" cos2

-

2

and

cos - = 1" 2 sin2
-

2

= 2 cos2
-

2
" 1



110 Appendix I. Quantum information

Therefore,

1" cos -1 cos -2
2

=
1"

/
1" 2 sin2 '12

0 /
2 cos2 '22 " 1

0
2

=
1"

/
2 cos2 '22 " 2 sin

2 '1
2 2 cos

2 '2
2 " 1 + 2 sin

2 '1
2

0
2

= " cos2
-2
2
+ 2 sin2

-1
2
cos2

-2
2
+ 1" sin2

-1
2

= cos2
-2
2

3
2 sin2

-1
2
" 1
4
+ cos2

-1
2

= cos2
-2
2

3
2 sin2

-1
2
" cos2

-1
2
" sin2

-1
2

4
+ cos2

-1
2

= cos2
-2
2

3
sin2

-1
2
" cos2

-1
2

4
+ cos2

-1
2

= cos2
-2
2
sin2

-1
2
" cos2

-2
2
cos2

-1
2
+ cos2

-1
2

= sin2
-1
2
cos2

-2
2
+ cos2

-1
2

3
1" cos2

-2
2

4
= cos2

-1
2
sin2

-2
2
+ sin2

-1
2
cos2

-2
2

Remark 4 sin 2- = 2 cos - sin -

Proof.

ei2' " e!i2'

2i
=

cos 2- + i sin 2- " (cos 2- " i sin 2-)
2i

=
2i sin 2-

2i
= sin 2-/

ei'
02 " /e!i'02
2i

=
(cos - + i sin -)

2 " (cos - " i sin -)2

2i

=
cos2 - + 2i cos - sin - " sin2 - "

/
cos2 - " 2i cos sin - " sin2 -

0
2i

=
4i cos - sin -

2i
= 2 cos - sin -


