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The projective dimension of a module Mp, written pd(Mg), is the shortest length n of a
projective resolution
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or oo if not finite projective resolution exists. The right global dimension of R is defined by
rgld(R) :=sup{pd(M) | M any right R-module}.

Likewise, lgld(R) is defined; when rgld(R) = lgld(R) (e.g., when R = A is a finite-
dimensional k-algebra) we simply write gld(R). A k-algebra A is called hereditary if
rgld(A) <1 (equivalently, if 1gld(A) < 1).
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Finally, a N-graded k-algebra A is said to be Koszul if it has a linear minimal graded free
resolution, that is, there exists an exact sequence
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where A(—7) 1s the graded algebra A with grading shifted up by j, A(—j); = 4;_;, and the
exponents b; refer to the b;-fold direct sum.
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Let I be a finite set and R := @, k be the algebra of k-valued functions on I. Recall an

R-bimodule M is called N-graded if it has a k-vector space decomposition M = @,, .y M.,
such that M, - M,,, € M,,,,. We say that M = @,y M,, is locally finite if each M, is
finite-dimensional. When R = k, this is the usual definition of a N-graded k-algebra. Also,
note that any R-bimodule N can be seen as an I x [-graded vector space N = @H cr Nij-

We define the (matriz) Hilbert series hy(t) of M to be a matrix-valued series with entries
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