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The Kadison-Kaplansky conjecture

[Comaik = €T redace by CY(T) W

[ Let@ be a (countable) discrete group. L3 /C}‘ R u&7

» How to construct idempotents in C[T']? VPP

> Assume that I" has non-trivial torsion.
> Let(R)e T of order n > 1.
> |fOIS a nth root of unlty then the element

fPrP

is an idempotent in C[I'].

> Assume that I is torsion-free.

> We don't know how to construct idempotents # 0, 1.
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Kadison-Kaplansky conjecture (1949)

If T' is torsion-free, then C*(I") has no nontrivial idempotents.

> If T is abelian, then we have (Pontryagin duality) —‘f

A — T owueT pul&é?_,
r f"f“@“\‘t o) Eo(D).

Gocred . Y e

> Moreover, the following are equivalent:
@ C(T') has no nontrivial idempotents,

er is connected, ” AJOHM ﬁ{ g <H,ﬁo Leaww}

© I is torsion-free.
Foomg it @ fDFO{OX\
CO\AQ\‘H

T
(Rt
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K-theory

5 t: hult J7au P'zojev{iw.
e . .
m Let A be a (unital) C*-algebra. — i * lmﬂ }'ww UM'4WUL"-"/.
= We will look at two kind of elements: self-adjoint idempotents
and unitaries. o (x J’(d{n(m)
> Given p,q € Py (A), we put

6&“/\ C,M
P o,q < Fv € Mo (A) such that|p = v*v and ¢ = vo*

M%_wa. nrWA
> Given u,v EZ/IOO(/}):,: eup%i {th’) — /,(iAS\ U(OM'I(A))

w
A~p [u ~1 v/< Ik = max{n,,n,} such that u®ly_,, ~p v®ly_p,

. Put:zmm K1 (A) = Up(A)/ ~1.

§tplo-Lah} 7= WA,
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Examples

RW\'L No  DYS p ond ? e he sume

! Vavbe =5 Ume *IA&@
( ¥ neN.
= If A:= M,(C), then
Ko(Mn(C)) = Z and K1(M,(C)) = (0)
\L Tadt %‘M@\ (S @ ei
t’) OJJA‘AV‘Q (NAV?& L{O[Tv\ : MD (0“,}(:”——7
Sy 00 (7 7 Qg& T
[y T pooes Ab J{ ) Lp ifly isam. (£
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cIl ~ C\(7) 2, €lo —0 o4, 0
Z7 .
m IfT is/a finite group, then W\/\O‘b@ v=# cmﬂg!ws ?‘f N
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3) k(R) ~id) ®
s/t A := C(S'), then

Ko(C(SY) = Z and K,(C(SY)) = Z
. sc\= G
Y (€)= (GIRY) = sy @R ¥
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K-homology » e Nor a!k«ebtw‘c Lza,u,mab

m X, locally compact space with I' —~ X by homeomorphisms =
I = Co(X): v f(z):= f(y '), Vyel, ze X, feCy(X).

Generalized elliptic I'-operator

A generalized elliptic T-operator on X is a triple ((H,u),w, F)
where  f-cyd=
- u is a unitary representation of I' on the Hilbert space H,

- 7:Cy(X) —> B(H) is a '-equivariant *-homomorphism{~
- and F € B(H) self-adjoint (
and F € B(H) self-adjoin PoR nol tou 05 (/ldMOo])J
such that

«/Z(" f/F‘[ n(f)(v-F—-F) e K(H),

\_/
for all f e C’o( )and all yeT.
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K-homology

= (KT ()= K%(Co(Xi). gener. elliptic Ioperators

- = KO(Co(X even|gener. elliptic F—operators.
lt L homotopy
l— 1= H “ H,(

L§u~(U\o O)
ez (9 ) el
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Examples

Go&\ - C
A

w If T is finite and X := {*}, then 7
R = B RN ——> o (ek)

CEP G = 0. Lugd-lud (‘*" N Wj’(, 0}

o O,
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Examples

nifT:=7, @ and Z —~ R by translation, then

> H := L?(R) with representation u of Z given by
S~———

—p un(f)(t):=f(t—n)VneZ fe L*(R),teR.

> m: Co(R) — B(L?(R)) defined by (pointwise)
{edhpio® (DF: L*(R) —> L?(R) given by multiplication b

iplication.
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Kasparov K K-theory

m Generalisation of both K-theory and K-homology.
» Bifunctor KK (-,-) defined on (separable) C*-algebras.

» KK(A,B) is an abellan group. j&/\@ﬂdﬁ'&i ?'f Yam. QM‘I}
» KK(C,B) = A b(AH/\eo“l

’KKA(C—KO ./\—) k ke
’.Kaséarzz Z__)roducB 5‘3 > Cw,w'/"av‘

®: KK(A,C) x KK(C,B) — KK(A, B).
C

u I'-equivariant version: KK (A, B) «~~> descent principle:
N

jr: KK"(A,B) — KK(AxT,BxT)
N~ -
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The BC assembly map

The BC assembly map
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The BC assembly map

General ideas

= Problems.

> It is hard to extract struct

> It is hard to compute K, (

> Torsion of I" should be handled in some way.
A ——
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The BC assembly map

General ideas

m Problems.

> It is hard to extract structural information of C*(T").

> It is hard to compute K, (C;(T")).

> Torsion of I" should be handled in some way. |Q3'll-/o :
m Strategy.

> Apply topological /geometrical techniques to study\C*(T).
> Find a topological space associated to I" able to encode all

relevant information of K, (C/(T)).
> @ local data (coming from the torsion phenomena) to

understand the global space. /’%U
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The BC assembly map The classifying space

A model for ET

2 X5 Looll g e fom FU) * b
m X, Hausdorff space.

= I' = X by homeomorphisms.—> (S 1 (l)J.c-u\ kﬂ”‘ N {/“’“k

Proper action

We say that X is a proper I'-space or that the action I' ~ X is
proper if for ever@e X there exists a triple (de%, Pz ), where

- U, is a [-invariant open neighborhood of z, 3

- Avxis a finite subgroup of T’

- and p, : U, —> I'/A, is a T-invariant map.

Rubén Martos An overview of the Baum-Connes conjecture



The BC assembly map The classifying space
The conjecture

A model for ET
. l,! 7 s )nwdtﬂ =‘>M c‘u&iam 6?? MR ]3717)97-> éﬂ_:'}a

3] T a2 s e Y ks o3

Universal example

ET are I'-homotopic.

» ET is unique up to I'-homotopy.
—— |

*\ E 7 augs @3S, o) do soas
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The BC assembly map The classifying space
The conjecture

A model for ET

Probability measures with finite support

/ ET):= {f:F—>[O,1]\fhasfinitesu’__@r_t and er(x)=1

m ET is a metric space with the sup-norm:

I1f = gllo = Slellr)ﬂf(ﬂﬁ) —g(z)|}, Vf, g€ ET.

m [' —~ ET properly via

A N\—

v flx) = f(fy_laj), Ve,vel', feEl.

m ET is a universal example for proper actions of I'.
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The BC assembly map The classifying space
The conjecture

Construction of the assembly map

want undesland .

m Right hand side:

m Left hand side: lim KL(X) | [ L
xe@n) T |k l/:olmﬂ:j Yy W
N T—compact .
m We can construct a group homomorphism car~l B’L{})

W ) — K (crm))| |V

L\ , » Baum-Connes-Higson's approach v~ deal directly with

. K-homology.
/ » Kasparov's approach v~~~ use K K-theory + descent principle.

N
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The BC assembly map The classifying space
The conjecture

Baum-Connes conjecture (1982)
We say that I' satisfies the Baum-Connes conjecture if the
assembly map

puh s KPP(0) — Ky (CHI))

is an isomorphism.
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The BC assembly map The classifying
The conjec

Some consequences

@ If the BC conjecture is true, then we would have a method to

compute K, (C}(I")): through topological /geometrical
techniques.

np O ul surjective@ Kadison-Kaplansky conjecture for I' holds.

~D e u |n.J_ect.|ve :> consequenc.es in geometr)./ (eXIste.nce of
specific invariants on manifolds -~~~ Novikov conjecture).
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Perspectives of the conjecture

Perspectives of the conjecture
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Perspectives of the conjecture

Elementary examples

m If T :=e, then C}({e}) = C and E{e} = {x}.

= If I'is finite, then C¥(I ) = (—TBM;CZ((C) and(ET = {x}.
LT 4
(1[')5{71“/

" Ko(CHT) zfm. Ki(CFD) = (0).

sow - ’ © KD({#)) = R(T), KT ({+}) = (0).

> Moreover, ! realizes the isomorphism between K.7({+}) and
Ky (CE(I)).

Rubén Martos
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Perspectives of the conjecture

Elementary examples

m If T :=e, then C}({e}) = C and E{e} = {x}.
= If T is finite, then C*(T") = ,<-_7"9le1, (C) and ET = {x}.
» Ko(CH(D)) = R(D), Ki(CE(D)) = (0).

" K ({#}) = R(I), KT ({+}) = (0).

> Moreover, ! realizes the isomorphism between K.°7({+}) and
Ky (CE(T)).

m I satisfies the Baum-Connes conjecture!
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Perspectives of the conjecture

Elementary examples

LG Tity<s— Ao 7;“’-

u If I' =7, then C#(Z) = C(S') and EZ :@@
alﬂshu@' Ko(C}(2)) = Z, K0 (C}(2)) = Z.
(SW“ > KO ~7, KZ(R) 7

> Moreover, i’ realizes the isomorphism between K.”(R) and
K (C(SY)).
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Dirac-dual Dirac method
P ilts

Perspectives of the conjecture o
Versions of the conjecture

Elementary examples

w If T'=Z, then C¥*(Z) =~ C(S') and EZ = EZ =R
» Ko(CH@)) = Z, Kr(CHZ) = Z.

> KE(R) =~ Z, KE(R) =~ Z.

> Moreover, i” realizes the isomorphism between K.”(R) and
K. (C(8Y).

m Z satisfies the Baum-Connes conjecture!
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Dirac-dual Dirac method

Perspectives of the conjecture coniec
> conjecture

How to tackle the conjecture?

m Most of the known proofs of BC are based in this method and
it was formallsed by J.-L. Tu (1999).

u Put %t := {pfoper T' — C* — algebras}: :I\n(\,( m A < 77

m Assume that there exist

—>® ae KK'(A, (C) (Dlrac element), S QlQIDﬂA{

-5 ® and S € KKFé(C A dwent) &_‘1 )
suchthatv-ﬁ@a— CGKKF((C C). (+ condire~/.

kMPw?u*’ . )
Then the Baum-Connes conjecture holds for I'! wf//“

=1
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Dirac-dual Dirac method
Partial results

Perspectives of the conjecture PR e
Versions of the conjecture

Obstructions?

P 3&'/& Wb “doidd s, s au l&>la+e<l paal amory
== sty \?c)ej)s g "

Yoo v oo

If T is a hyperbutic 'group, then I' satisfies the Baum-Connes
conjecture.

> Many hyperboli, groups have property (T): lattices in
sympectic groups.

> Very rare to find (infitite) discrete groups with property (T)
for which we know to show the BC conjecture...

T~<}vmewt6 KKP(G,, ¢) ﬂ@_ € KK]’(‘@ ¢
5 delyitj . T NS undenlyiny —ep.

= Folicr.
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Dirac-dual Dirac method
Partial results
Versions of the conjecture

Perspectives of the conjecture

Other positive answers

MW——M o _3}11/\»«“*‘/1\‘?:(% / \('\OV)"}W'LVIA':?”

e T

Theorem (N. Higson & G. Kasparov, 2001)

If I' has the Haagerup property, then I' satisfies the Baum-Connes
cor‘jecture.

> Very large class of groups: abelian, finite, amenable,
K-amenable...

> M‘a&* o ID'QIEMLN& a.v\c1 Y¥—A_
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al Dirac method

Perspectives of the conjecture . .
rsp J Versions of the conjecture

Beyond discrete groups

m G, locally compact group.
~—T T

m G v~ G, locally compact groupoid. >
\/\_’v\_’

m Groups v~ X metric spaces: coarse geomeétry.
NN
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Dirac-dual Dirac method
Partial results

Perspectives of the conjecture . .
P J Versions of the conjecture

Beyond discrete groups

m [ v G, locally compact group.
m G v~ G, locally compact groupoid.

m Groups > X metric spaces: coarse geometry.

p -~
= In all cases, we can include coefficients: C\((@-) when A=C

WG KI%(G, A) — K@)

» The Baum-Connes conjecture with coefficients turns out to be
false (Higson-Lafforgue-Skandalis, 2001).
—_——
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ual Dirac method
results

Perspectives of the conjecture . .
P J Versions of the conjecture

Beyond geometry

So far, the formulation of BC has a fundamental geometrical
component...

Can we obtain a quantum Baum-Connes conjecture?

Groups, G v~ Quantum Groups, G

e

4
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orification of the Baum-Connes conjecture
ds a quantum BC
Meyer-Nest's approach

Meyer-Nest's approach
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fication of the Baum-Connes conjecture
a quantum BC
Meyer-Nest's approach

General ideas

u Problems.
> The geometry behind BC avoids its translation into a quantum
framework.
> The BC assembly map makes sense only for K-theory v~
define a BC assembly map for other equivariant homology
theories?
> KLP(T) creates, sometimes, more problems than K, (C*(I)).
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rification of the Baum-Connes conjecture
juantum BC
Meyer-Nest's approach

General ideas

u Problems.
> The geometry behind BC avoids its translation into a quantum
framework.
> The BC assembly map makes sense only for K-theory v~
define a BC assembly map for other equivariant homology
theories?
> KLP(T) creates, sometimes, more problems than K, (C*(I)).
m Strategy.
> Adopt a categorical approach.
> Find generating subcategory: Z <~ torsion of I.
> Replace KLP(T') by other K-theory groups that approximate
K. (CHT)) in terms of £t through spectral sequences.
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Categorification of the Baum-Connes conjecture
Towards a quantum BC
Meyer-Nest's approach

The Kasparov category

m If T'is a (countable) discrete group, # #T denotes the
I'-equivariant Kasparov category:

> Obj(H# #T') := separable I'-C*-algebras.
e HOm(%/()(I‘ (A, B) = KKF(A, B)

m Suspension of C*-algebras, ¥, is an auto-equivalence (by Bott
periodicity).

m Given an equivariant x-homomorphism f: A — B, a
mapping cone triangle is the following diagram

S(B) — Cy — AL B.

u Theorem (Meyer-Nest, 2006): (# #1 %, Ax) is a
triangulated category.
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Categorification of the Baum-Connes conjecture
Towards a quantum BC
Meyer-Nest's approach

Choice of the complementary pair in

m F := family of all finite subgroups of I'.
m Compactly induced objects:

L= {AeObj(##Y)| A= Ind\(B), Ne F, Be XX }).
m Compactly contractible objects:
N = {A € Obj(# #T) | Resh(A) = (0) VA € F}.

» Theorem (Meyer-Nest, 2006): (£, A1) is a complementary
pair in # #T.
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Categorification of the Baum-Connes conjecture
Towards a quantum BC
Meyer-Nest's approach

Categorifying the assembly map

m Consider the functor
F: xx" — bl?
A —> F(A):=K.(AxT)

m The categorical Baum-Connes assembly map is the natural
transformation
n :LF — F
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Categorification of the Baum-Connes conjecture

Towards a quantum BC
Meyer-Nest's approach

Categorical Baum-Connes conjecture

We say that T satisfies the (categorical) Baum-Connes
conjecture if n' is a natural equivalence.

We say that T satisfies the strong (categorical) Baum-Connes
conjecture if £ = # #T.

Strong Baum-Connes conjecture «~~ Dirac-dual Dirac
method.
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Categorification of the Baum-Connes conjecture
Towards a quantum BC

Meyer-Nest's approach

Reformulation

Reformulation of BC (R. Meyer & R. Nest, 2006)

The following assertions are equivalent:

@ I satisfies the Baum-Connes conjecture (with coefficients):
Y is an isomorphism, for every I'-C*-algebra A.

® The natural transformation 1" : LF — F' is a natural
equivalence.
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Categorification of the Baum-Connes conjecture
Towards a quantum BC

Meyer-Nest's approach

Reformulation Il

Reformulation of BC (R. Meyer & R. Nest, 2006)

The following assertions are equivalent:

@ T satisfies the Baum-Connes conjecture (with coefficients)

® F(A) = K(Ax,T) =(0), for every I'-C*-algebra Ae 4.

®© If A, B are I'-C*-algebras such that K(A x A) =~ K(B x A)
for every A € F, then K(A>7§I‘) ~ K(B >T4TF). '
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Categorification of the Baum-Connes conjecture

Towards a quantum BC

Meyer-Nest's approach

Main problem: what is torsion for and how to handle it in
the previous famework?

< yields torsion for

The family of finite discrete quantum subgroups of does not
cover the whole torsion phenomena for !

The Induction-Restriction approach must be revisited v~ how
to choose the complementary pair in 2 ¢ 7
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Categorification of the Baum-Connes conjecture
Towards a quantum BC
Meyer-Nest's approach

Some results

s |4

Jﬁm Al !

m BC for basic examples: SU,(2), O*(n), gn) S (C. Voigt
and R. Vergnioux, 2011-2015). — L’

@K—theory computations for their C*-algebras. fCQ:A/fQ

m Stability of BC: it passes through the free product WS _
construction (C. Voigt - R. Vergnioux, 2013), it passes doout
through the quantum semi-direct product construction (R. gl_'&[_dtj
M., 2017), it passes through the free wreath product 40\;’1@

construction (A. Freslon - R. M., 2017). amd
q- dejo.
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Categorification of the Baum-Connes conjecture
Towards a quantum BC

Meyer-Nest's approach

Torsion phenomena:
Classification results: S¥ (C. Voigt, 2015), G 1, S5 (A.
Freslon - R. M., 2017), T' x G (P. Fima - R.M., in progress),
projective torsion is given by projective representations (K. De
Commer - R. Nest - R. M., in preparation).

Stability of torsion-freeness: it passes through the free product
construction (Y. Arano - K. De Commer, 2015), it passes
through the quantum semi-direct product construction (R. M.,
2017), it passes through divisible discrete quantum subgroups
(R. M., 2020).
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Categorification of the Baum-Connes conjecture

Towards a quantum BC

Meyer-Nest's approach

BC formulation:

Candidate for £ (within the works of C. Voigt).

(&, AN) is complementary in £ 2% (Y. Arano - A. Skalski,
2020).

(& ,N) is complementary in # ¢ when s

permutation torsion-free (K. De Commer - R. Nest - R. M., in
preparation).
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m Understanding the structure of group C*-algebras.
> Geometry.
> Analysis.
> Representation theory.
» Category theory.

m Linking mathematics of different flavour and nature.
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Thank you!
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