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Entropy

Definition. Let (2, F,v) be a measure space. If p is another measure on (€2, F), we define

dp
) = [ P 1og

if v is absolutely continuous with respect to v, and h(ul|v) = —oo otherwise.

Exercise 1. If ;4 and v are probability measures, then h(u|v) < 0. Hint: Apply Jensen’s inequality
to —tlogt.

Exercise 2. Let V : R — R such that V is bounded below and fe*V dx = 1. Let dx denote
Lebesgue measure on R? with their respective Borel o-algebras. If y is a Borel probability measure,
then

e da) = hiudo) ~ [V dn
provided that at least one of the terms on the right-hand side is finite.

Exercise 3. For a Borel probability measure p on R?,
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Definition. Let © and Q' be metric spaces equipped with the Borel o-algebra. If u is a probability
measure on  and f: Q — Q' is continuous, we define f.u by

fen(B) = p(f~H(E)).
Exercise 4. Let f be a diffeomorphism of R? and let V' : R¢ — R be a function such that i e Vidr=1.
Then
f*(e*V dz) = ef(Vof_1710g|deth_1\) d.

Exercise 5. Let f be a diffeomorphism of R? and p a Borel probability measure on R%. Then

fmf;undx>::h(qux)4-J/10g|detz)f|du.



Upper semicontinuity

Definition. Let Q be a topological space. A function f : Q@ — [—o0,00] is said to be upper semi-
continuous if f~1([—o0,t)) is open for every t € R.

Exercise 6. A function f : 8 — [—00, 00] is upper semi-continuous if and only if, for every net (z;);er

converging to a point x, we have
lim sup f(z:) < f(2).
iel

Exercise 7. If F is a family of upper semi-continuous functions 2 — [—o0, o], then

g(x) = ji,g;f(x)

is upper semi-continuous.
Exercise 8. Let a,b € [—00,00] with a < b. Let E C Q, and let

a, r€F,
f(x){b, zeQ\E.

Then f is upper semi-continuous if and only if E is open.

Exercise 9. If f: Q — [—00, 0] is upper semi-continuous and K C ) is compact, then f achieves a
maximum on K.



