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Dirac calculus
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Hilbert A-module:

〈·, ·〉 : X × X → A : 〈x , y〉∗ = 〈y , x〉 and etc.

Adjointable operators:

T : X → Y : 〈Tx , y〉 = 〈x ,T ∗y〉
C ∗-identity:

‖T‖2 = ‖T ∗T‖
C ∗-category:

L(Y ,Z )L(X ,Y ) ⊆ L(X ,Z )

L(X ,Y )∗ = L(Y ,X )

Positive operator:

T ∈ L(X = Y ) : T ≥ 0 ⇐⇒ W(T ) ≥ 0

0 ≤ x∗a−(a+ − a−)a−x = −x∗a3−x ≤ 0

T ∈ L(X ,Y ) : 0 ≤ T ∗T ∈ L(X )
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Dirac calculus := isometric identification:

X ⊆ L(A,X ) : x(a) := xa, x∗(y) := 〈x , y〉

Algebraic relations:

x∗ ◦ y = 〈x |y〉, x ◦ y∗ = |x〉〈y |

Tx = T ◦ x , (Tx)∗y = x∗T ∗y

The purpose:

X : linear space =⇒ L(AX ) : algebraic

Compact operators K(XA) := X :

“K(YX )” := K(YA)K(AX ) = Y ◦ X ∗
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Matrix calculus for L(. . .) and K(. . .):

L
(
Y1 ⊕ Y2,X1 ⊕ X2

)
=

(
L(Y1X1) L(Y1X2)
L(Y2X1) L(Y2X2)

)
Special instance X = K(XA):(

X
Y

)
= X ⊕ Y and

(
X
Y

)∗
=
(
X ∗ Y ∗

)
:
(
x∗ y∗

)(x
y

)
= x∗x + y∗y

Linking algebra = K(X ⊕ A,X ⊕ A):

X =

(
0 X
0 0

)
⊆
(
XX ∗ X
X ∗ A

)
Abstract OS: Ruan’s original idea: Such corner
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Cuntz isometries:
( u v )

(
u∗
v∗
)

= uu∗ + vv∗
!

= 1(
u∗
v∗
)

( u v ) =
(
u∗u u∗v
v∗u v∗v

) !
= ( 1 0

0 1 )

2-positivity: (
1 a∗
a aa∗+h

)
= ( 1

a ) ( 1 a∗ ) + ( 0
1 ) h ( 0 1 )

h = ( a −1 ) . . .
(

a∗
−1
)

Choi matrix: (
E11 ... E1n

...
...

En1 ... Enn

)
=

( ι1
...
ιn

)
( π1 ··· πn ) ≥ 0

Paulsen decomposition:(
a b
c d

) [
( 1
0 ) ( 1 0 ) + ( 0

1 ) ( 0 1 )

] (
a b
c d

)∗
= ( a

c ) ( a∗ c∗ ) +
(
b
d

)
( b∗ d∗ )

Take-home message:

Dirac calculus: Quite often useful in OS-theory.
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Pimsner algebras
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“Fell bundle”: B1 = X B0 = A B−1 = X ∗ :

XA ⊆ X X ∗X ⊆ A

AX ⊆ X XX ∗ ⊆ A

C ∗-correspondence (X ,A):

AX ⊆ X , XA ⊆ X , X ∗X ⊆ A

Compatibilities:
(ax)∗y = x∗(a∗y), (ab)x = a(bx), etc.

Same as ∗-rep A→ L(X ).
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Graph correspondence:

A = c0(ver) X = `2(edges) :

r(x) · x = x = x · s(x)

x∗y = s(x = y)

Directed graphs [KPQ12]: A = c0(ver)
Topological graphs: A = C0(space)

Similar: Quantum graphs
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Morphism (τϕ) : (XA)→ (YB):

ϕ(a)τ(x) = τ(ax), τ(x)∗τ(y) = ϕ(x∗y), τ(x)ϕ(a) = τ(xa)

Last one automatic:

(τ(xa)− τxϕa)∗(τ(xa)− τxϕa)

= τ(xa)∗τ(xa)− . . .+ ϕ(a)τ(x)∗τ(x)ϕ(a) = 0

Representation: Morphism → C ∗-algebra (BB).
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Tensor product X ⊗ Y =: XY :

a(xy) = (ax)y , (xb)y = x(by), (xy)c = x(yc)

(xy)∗(xy) = y∗(x∗x)y

Graph correspondence:

X ⊗ X ⊗ X = XXX = `2(EEE ) :

zyx 6= 0 ⇐⇒ rx = sy , ry = sz
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[KPW98, lemma 2.1]

Every morphism τϕ : XA→ YB induces:

τ : X ⊗ X → Y ⊗ Y

τ : X ⊗ X ∗ → Y ⊗ Y ∗

τ = ϕ : X ∗ ⊗ X → Y ∗ ⊗ Y

Moreover, if ϕ : A→ B is faithful/vanishes, then also all above.

Note with care:

supp(X ) = X ∗ ⊗ X ⊆ A

K(X ) = X ⊗ X ∗ ⊆ L(X )
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Sketch of proof from [KPW98]: Use Dirac calculus∑
n

xny
∗
n = ( x1 ··· )

(
y∗1
...

)
=: xy∗

and their trick

‖xy∗‖2 = . . . = ‖
√
x∗x
√
y∗y‖.

Note the matrix:

x∗x =

(
x∗1
...

)
( x1 ··· ) =

(
x∗1 x1 x∗1 xn

. . .
x∗n x1 x∗n xn

)
It follows ‖τ(. . .)‖ = ‖ϕ(. . .)‖.
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Representation: Ambient C ∗-algebra

Universal: Toeplitz algebra:

T X B

XA

∃!

Adjunction:
Hom(XA→ B) ∼= Hom(T X → B)

Coming now:

Cuntz–Pimsner algebras:
Quotients = additional relations
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Covariances
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General morphism: τϕ : XA→ YB

Covariance square:
= Possibly NC

KX KY ⊆ L(Y )

A ∩KX ⊆ A B

τ :X→Y

ϕ:A→B

Covariance morphism:
= Measure of NC

ϕ− τ : A ∩KX → L(Y )

Multiplicative:
(ϕa− τa)(ϕb − τb) = . . . = ϕ(ab)− τ(ab)

Covariance ideal:

cov(XA→ YB) := ker(ϕ− τ)
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Fixed covariance ideal: I E A ∩K(X ):

(ϕ− τ)I = 0 ⇐⇒ I ⊆ cov(τϕ)

Covariant representation: Ambient C ∗-algebra

+ additional relation: a ∈ I : ϕa = τa

Universal: Cuntz–Pimsner algebra

T X OI B

XA

I ⊆ cov

Note: Toeplitz algebra T X = O(I = 0).
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Existence:

Generators and relations: bounded
Zero representation: fully covariant

Later task:

Enough (covariant) representations?
Basic attempts: XA→ B = 0, XA→ (0,A)

Instead first:

Can we maybe classify/parametrize all reps?
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Correspondence category: Morphisms XA→ YB.

Which kernels and cokernels exist?

0 ker(. . .) XA coim(. . .) 0

YB(= BB)

=0

Kernels all exist:
ker(XA→ YB) = (X ker, ker) ⊆ XA

Characterisation: intrinsic

For K E A: (XK ,K )→ (XA) is a categorical kernel iff X ∗KX ⊆ K (invariance).

Forward direction: [Kat07, lemma 5.10 (i)–(iii)]
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Sketch of proof: Forward direction: Kernels are invariant: K = ker:

X ∗ kerX ⊆ ker : ϕ(. . .) = τ(X )∗ϕ(ker)τ(X ) = 0

Converse direction: Invariance =⇒ classical quotient =⇒ ker(. . .) = (XK ,K ) :

(XA)→
(

X
XK ,

A
K

)
: (a + K )(x + XK ) = . . .

X∗KX⊆K
⊆ ax + XK

ker
(
XA→ X

XK
A
K

)
= (XK ,K )

Consequence: Cokernels all exist too:

ϕ(A) ⊆ L E B : L = span
n≥0

X−nI(ϕA)X n :
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Flipped perspective:
(XA→ B) Hom(B → B ′)

Universal(I ) = ?
Universal(?) = B

Split problem in two steps: 1) Faitfhul lift:

0 ker(. . .) XA coim(. . .) 0

B
=0 ⊆

2) Associated covariance:

cov
(
X̃A→ B

)
E Ã ∩KX̃
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[Kat04, prop 3.3 first result]

For faithul representations XA→ BB :

cov(XA→ B) ⊥ ker(A y X )

Katsura’s ideal ≡ maximal potential covariance:

JX := (A ∩KX ) ∩ ker(A y X )⊥

Graph correspondence:

J(XE ) = c0
(

0 < |s−1v | <∞
)

= c0(reg) :

A ∩K = c0(|s−1v | <∞)

ker(A y X ) = c0(|s−1v | = 0)
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[Kat04, prop 3.3 second result]

For faithul morphism X̃A→ YB:

cov(X̃A→ YB) = (Ã→ B)−1 im(KY ← KX̃ )

Covariance pullback:

I (XA→ YB) := (A→ Ã)−1 cov
(
X̃A→ YB

)
Linear problem:

I (XA→ YB) = (A→ B)−1 im(KY ← KX )

=⇒ Slogan:

cov(. . .) = 0 ⇐⇒ im(A→ B) ⊥ im(KX → KY )

[Kat07, lemma 5.10 (v)] Skip example

Original covariance: cov(XA→ YB) = I (XA→ YB) ∩KX
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Quotients and kernels: fully covariant.
Inclusions: Generally non-covariant!

Canonical Hilbert module: (XA) ≡ D ⊕ D
Twisted left action A y X :

(a⊕ b y x ⊕ y) := b ⊕ a · x ⊕ y

Subcorresp by I = D ⊕ 0 E A :

(XI , I ) = (D ⊕ 0,D ⊕ 0) ⊆ (X ,A) :

0⊕ D · D ⊕ 0 = 0

=⇒ Trivial left action I y XI .
=⇒ Covariance domain I ∩K(XI ) = I .
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However: I ⊆ A y X faithfully:

0⊕ a · D ⊕ D ≡ 0 =⇒ a = 0

=⇒ Maximally non-commuting:

I A

K(XI ) L(X ).

=0 6=

=⇒ Zero covariance:
cov(XI , I → XA) = 0
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Final parametrization: O(K ⊆ ker, I ⊆ cov)

K E A : X ∗KX ⊆ K I E A/K : 0 ⊆ I ⊆ max

Covariance Lattice:

XA XA
K

XA
K ′ . . .

T X = O(0, 0) O(K , 0) . . .

. . . . . . . . .

OX = O(0,max) O(K ,max) . . .

I Gauge theorem: Lattice captures all gauge reps!
I Fock representation: All parametrizing pairs realized!
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Gauge theorem
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Gauge action (α : T y XA):

αz(x) := z · x αz(a) := a.

Equivariant repr (. . .)→ (β : T y B):

βzτ(x) = z · τ(x) βzϕ(a) = 1 · ϕ(a)

Universal prop =⇒ ∃ gauge action:

(T y XA)→ (T y OI ) equiv

Adjunction: Equivariant version:

T - Hom(XA→ B) = T - Hom(T X → B)
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The gauge theorem [Pim97], . . . , [Kat04]

Every gauge-equivariant representation

τϕ : (T y XA)→ (T y B)

faithfully represents its own universal representation,

C ∗(XA→ B) = O(ker, cov) ⊆ B.

Outline: Step 1: Fixed point algebra:

A0 → B0 faithful =⇒ A→ B faithful
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Step 2: Fine structure. WLOG C ∗(im) = B.
Cancellation X ∗X ⊆ A:

B = span
m,n≥0

τ(Xm)τ(X n)∗

=⇒ Fourier subspaces:

Bk = span
k=m−n

. . .
k=0
= span

n≥0
. . .

Increasing subalebras:

DN := span
[0,N]

. . . ⊆ B0 : span
N

DN =
⋃

N
DN

Dn → B all faithful =⇒
⋃

N
DN → B faithful

Step 3: Proof by induction, see [Kak16].
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Fock representation
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I understand the algebraic structure X

I analyse its representations
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Recap: Correspondence:

XA ⊆ X

X ∗X ⊆ A

AX ⊆ X

XX ∗ ⊆ A

Representation τϕ : XA→ B :

ϕ(a)τ(x) = τ(ax), τ(x)∗τ(y) = ϕ(x∗y)

τ(x)ϕ(a) = τ(xa)

Attempt: Linking algebra:

(X ,A) =

(
0 X
0 A

)
⊆
(
XX ∗ X
X ∗ A

)
:

( x ) ( a ) = ( xa ) , ( x∗ ) ( y ) = ( x∗y ) ,

( a ) ( x ) = 0 6= ( xa )
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Recall: Tensor product X ⊗ X = XX .
Fock space = Hilbert module:

FX := A⊕ X ⊕ XX ⊕ XXX ⊕ . . .

Gauge action T y L(FX ):

αz(T ) :=
(

1
z
z2

)
T
(

1
z
z2

)∗
Fock representation XA→ L(FX ) :

ϕ(a) :=

a
a

a

 τ(x) :=

0
x 0

x 0


Creation and annihilation:

x : X → XX : x(y) = xy

x∗ : XX → X : x∗(yz) = x∗y · z
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Induced ∗-homomorphism:

τ : K(X )→ L(FX ) : τ(K ) =
(

0
K

K

)
Indeed we compute:

τ(x)τ(y)∗ =

0
x 0

x 0

0 y∗

0 y∗

0

 =

0
xy∗

xy∗


Theorem

The Fock representation (XA)→ L(FX ) is universal,

T X = O(0, 0) = C ∗(. . .) ⊆ L(FX ).
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Proof: Recall gauge theorem:

C ∗(XA→ B) = O(ker, cov) ⊆ B.

Kernel vanishes:
Left action λ : A y X .

A ⊆
(
A

0

)
: ϕ(a) = ( a

λa ) = 0 =⇒ a = 0

Covariance vanishes:
Recall slogan:

imϕ =
(
A

0

)
⊥
(
0
λA

)
= im τ

The theorem follows.
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Some covariance J E A ∩KX :

0 T X · δ(J) · T X T X OJ = O(?, ?) 0

Covariance morphism:
δ := (ϕ− τ) : δ(a) = ( a

0 )

Cuntz–Pimsner SES

K(FX · J) =
(

A
X
...

)
J ( A X ... ) = T X

(
J
0

)
T X

Hint: Right and left shift:(
0
x 0
x 0

)
= xR,

(
a
0
0

)
= a(1− RL),

(
0 y∗

0 y∗

0

)
= y∗L
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Kernel and covariance

ker(A→ OJ) = J ∩ ker(A y X )

I (XA→ OJ) = cov(XA→ OJ) = J

Corollary

Every pair (K , I ) is realized:

ker
(
XA→ O(KI )

)
= K , cov

(
X̃A→ O(KI )

)
= I

Conclusion: Covariance Lattice:

Complete description of all gauge reps
Whole range for parametrising pairs occurs
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Dilations & Fell bundles
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TBA if desired
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Thank you for your attention!
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