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A B S T R A C T

Network science provides a powerful framework for analyzing complex sys-
tems found in physics, biology, and social sciences. One way of studying the
dynamics of networks is to engineer and measure them in the laboratory,
which is particularly difficult with established approaches. In this thesis, I
approach this problem using a hardware device with time-delay elements
executing Boolean functions that can be connected to autonomous Boolean
networks with chaotic, periodic, or excitable dynamics. I am able to make
scientific discoveries for networks with each of these three different node
dynamics, driven by the large flexibility and the non-ideal effects of the
experiment complemented by analytical and numerical investigations.

Using network realizations with periodic Boolean oscillators, I study so-
called chimera states and find that they can disappear and reappear—the
resurgence of chimera states. I measure the transient times of chimera states
and find a power-law relationship between the average transient time and
the phase space volume with an exponent of κ = −0.28± 0.10.

I also study cluster synchronization in networks of coupled excitable sys-
tems. In these artificial neural networks, I find a breakdown of an estab-
lished theoretical tool when the heterogeneity of the link time delays is
greater than the neural refractory period. This phenomenon is used to de-
rive a control scheme for spiking patterns generated by neural networks.

Experimental implementations of these systems take advantage of the
fast timescale of electronic logic gates, large scalability, and low price. These
properties make the system attractive for technological applications, as I
demonstrate by realizing a physical random number generator that has an
ultra-high bitrate of 12.8 Gbit/s and a silicon neuron that is a thousand
times faster than the fastest preceding silicon neuron. For the study of cou-
pled oscillator networks, I develop a phase-locked loop allowing for multi-
ple drivers that may be advantageous for clock synchronization. Instead of
the common topologies with one driver per oscillator, it allows for heavily
connected clock networks to increase robustness against failure.
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Z U S A M M E N FA S S U N G

Netzwerkforschung hat stark zu neuen Erkenntnissen in Physik, Biologie
und den Sozialwissenschaften beigetragen. Die Dynamik von Netzwerken
kann im Labor untersucht werden, jedoch ist dies mit etablierten Versuchs-
aufbauten schwierig. Die in dieser Arbeit verwendete Untersuchungsme-
thode basiert auf einem Logikchip, auf dem Zeitverzögerungselemente mit
Boolescher Dynamik zu sogenannten autonomen Booleschen Netzwerken
verbunden werden. Ich zeige, dass in geeigneten Schaltkreisen chaotische,
periodische und erregbare Dynamiken unterschieden werden können. Mit
Hilfe dieser dynamischen Systeme können wiederum weitere Netzwerke
konstruiert und untersucht werden. In meiner Arbeit fasse ich die wissen-
schaftlichen Erkenntnisse zusammen, die ich in Netzwerken jeder dieser
drei Dynamiken gefunden habe. Die große Flexibilität der experimentel-
len Methode und die nicht-idealen Effekte der Logikbausteine helfen mir,
neue wissenschaftliche Erkenntnisse zu erlangen. Die experimentellen Er-
gebnisse werden ergänzt durch numerische Simulationen und analytische
Untersuchungen.

In Netzwerken Boolescher periodischer Oszillatoren untersuche ich
Chimera-Zustände und entdecke eine neue Dynamik, die ich wiederaufer-
stehende Chimera-Zustände nenne. Die Untersuchung des transienten Ver-
haltens dieser dynamischen Zustände ergibt ein Potenzgesetz zwischen der
durchschnittlichen Lebensdauer und dem Phasenraumvolumen mit einem
Exponenten von κ = −0.28± 0.10.

Netzwerke Boolescher erregbarer Systeme, sogenannte Boolesche Neuro-
nen, zeigen Gruppen-Synchronisation. Ich finde, dass eine etablierte Theo-
rie für diese Dynamik dann nicht gilt, wenn die Heterogenität der Zeitver-
zögerungen im Netzwerk größer als die neuronale Refraktärzeit ist. Mit
Hilfe dieses Phänomens können neuronale Synchronisationszustände kon-
trolliert werden.

Die von mir verwendete Untersuchungsmethodik weist erhebliche Vor-
teile auf. Experimentelle Realisierungen dieser Systeme funktionieren auf
schnellen Zeitskalen, erlauben massive Parallelisierung und sind günstig
herzustellen. Diese Eigenschaften sind attraktiv für vielfältige Anwendung-
en, wie die Implementierung eines physikalischen Zufallszahlgenerators
mit einer hohen Rate von 12.8 Gbit/s unter Verwendung eines Netzwerkes
chaotischer Dynamik. Außerdem identifiziere ich mögliche Anwendungen
der Booleschen Neuronen, die tausendmal schneller als etablierte künstli-
che Neuronen sind, und der Booleschen Oszillatoren, die die Robustheit
von Netzwerken synchronisierter Uhren erhöhen können.
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1
I N T R O D U C T I O N

1.1 network description of complex sys-
tems

In a network description, multi-agent systems, such as collections of interact-
ing genes, assemblies of interconnected neurons, or social communities, are
approximated as sets of nodes and edges. Nodes interact with each other if
they share an edge [New10, Alb02a]. The network description has been ben-
eficial to improve the understanding of a wide range of systems in nature
and society, such as biological cells [Jeo00, Kau93, Kur84, Pom09, Win80],
phone call interactions [Abe99, Gon08], and the World Wide Web [Alb99,
Kum99].

An important early study on networks is the small-world experiment
[Mil67], where Milgram studied social networks. He measured the average
path length in the social graph of the people of the United States, where
the nodes of the network are people and the edges are social links. In
his experiments, Milgram found that the average shortest path length—the
average degree of separation—between two randomly chosen persons is
close to six. With this study, Milgram was the first to report on the existence
of short average path lengths in large networks. Today, such networks,
which are known as small world networks, have been identified for many
systems in nature and technology, for example, for the World Wide Web,
the power grid of the western United States, and the collaboration graph of
film actors [Alb99, Wat98].

The study of network has led to important insight regarding the ro-
bustness of global systems, such as the internet and airline transportation
graphs. Specifically, the short average path length in small-world networks
is often ensured by an underlying scale-free network topology, where the
degree of a nodes, i.e., the number of links per node, follows a power law.
As a result, a small fraction of the nodes, e.g., 20%, have a large fraction
the links, e.g., 80% [New05], and a very few number of nodes, so-called
hubs, have a crucial number of links. These hubs are, in the example of
the internet, websites like Google.com. The hubbed structure of scale-free
networks can make them vulnerable to targeted attacks, which is a con-
cern for the World Wide Web and other computer networks when target of
cyber-attacks [Alb00]. However, such scale-free networks are robust against
accidental failures, which could explain their prevalence in nature [Bar03a].

1
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1.2 dynamics of complex networks 2

As a result, scale-free airline transportation graphs allow for fast and ef-
ficient travel with only a few layovers, but also accelerate the spread of
epidemic diseases [Alb02a, Mel11, Pas01].

Examples of networks in nature, in addition to the ones mentioned
above, are food webs [Mon02, Wil00], where the nodes are species and
the edges represent their predator-prey relationship, science collaboration
graphs [New01c], where the nodes are scientists and edges represent co-
authored articles, and neural networks, where the nodes are neurons or
populations of neurons and edges are synapses or gap junctions. For exam-
ple, the neural network of the worm C. elegans consists of 282 neurons with
a known network topology [Wat98].

While there is much effort in studying the topology of the various net-
works in nature, such as the degree distribution, the clustering, and the
community structure of networks [Alb02a, Muc10], another branch of net-
work science focuses on the dynamics of and on networks and the relation
between dynamics and topology.

1.2 dynamics of complex networks

A well-studied network dynamics is global synchronization or simply syn-
chronization. Synchronization of coupled periodic oscillators was first doc-
umented in the 17th century by Huygens in two mechanically coupled pen-
dulum clocks [Huy86]. Later, synchronization of oscillators has been found
throughout nature with popular examples of synchronization of flashing
fireflies and synchronization of walking crowds on the Millennium Bridge
in London [Mir90a, Smi35, Str93, Str05a]. Synchronization has not only
been observed for periodic systems but also for chaotic and excitable sys-
tems [Oht90, Pec90].

A useful mathematical tool to study network synchronization is the mas-
ter stability function, which separates the influence of the network topology
and the influence of the individual node dynamics to the overall synchro-
nization dynamics [Pec98]. The master stability function has been success-
fully applied to study synchronization in various delay-coupled networks
of different node dynamics [Dah12, Leh11, Kin09, Cho09, Flu10b, Hei11,
Kea12, Wil13, Lad13, Bla13, Sch13, Cho14].

Astonishingly, even when time delays exist along the links, networks
can synchronize with zero time lag, which is emphasized with the ex-
pression zero-lag synchronization. This phenomenon has been observed in
the brain, where, even between distant neural populations, zero-lag syn-
chronized neural activity has been observed [Vic08, Fri97a, Rod99, Roe97,
Sch06i, Var01] and found to be associated with perception and neurological
diseases [Sch11e, Uhl06]. The time delays in neural networks result from
propagation of neuronal pulses along the axons introducing several tens
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of milliseconds of latency, which is significantly larger than the duration
of the action potential (. 1 ms) [Rin94]. Zero-lag synchronization occurs
also in coupled lasers, where signals take a significant amount of time to
be exchanged in the network due to spatial distance and the finite speed of
light [Eng10, Fis06, Loc02, Mas01, Sor13].

One striking extension of this dynamics is zero-lag cluster synchronization,
where the network separates into groups of nodes (the clusters), which are
individually zero-lag synchronized. This dynamics has been observed in
networks of coupled lasers [Nix11, Nix12], neural elements [Var12, Var12a],
and optoelectronic oscillators [Wil13].

The number of dynamical clusters in the networks can under certain con-
ditions be calculated from the network topology using a measure termed
the greatest common divisor of a network topology [Kan11, Kan11a] or
with the master stability function [Dah12, Sor07]. These analytic theories
have been applied to networks with periodic [Bla13, Cho09, Nix12], chaotic
[Kan11, Pec98] and excitable node dynamics [Dah12, Kan11a].

Another network dynamics is partial synchronization, where a fraction
of the nodes is synchronized and the remaining nodes are desynchronized.
The latter dynamics occurs in networks of oscillators when the distribu-
tion of their natural frequencies is broad and the coupling is weak [Kur84,
Mar13, Win67, Cak14].

Coexistence of coherence (synchronization) and incoherence (desyn-
chronization) in networks of coupled oscillators can occur even when
the oscillators are identical and the network topology is homogeneous
[Abr04, Kur02a]. As a requirement to observe this dynamics, the network
has to have, in most studies, a non-local network topology and phase-lag or
time delay along the links. To highlight the occurrence of two very differ-
ent domains of synchronization and desynchronization, this dynamics was
named after the chimera creature in Greek mythology, which is composed
of different animals [Abr04]. Chimera states have been found in networks
of various node dynamics described by a wide range of theoretical models
[Ome10a, Ome11, Ome13, Pan13, Zak14] and also observed in experimental
setups using coupled optical systems [Hag12], electrical [Lar13], chemical
[Tin12, Nko13, Wic13, Sch14a], and mechanical oscillators [Mar13].

In addition to observing the dynamics of networks, some recent work
focuses on its control. For example, researchers are interested in which
network topologies can be controlled [Liu11, Nep12, Sie14, Flu13].
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1.3 challenges and rewards of experi-
mental network realizations

Networks of dynamical systems have also been realized in experimental se-
tups with three major goals. First, such realizations are needed to show that
the various network dynamics are robust enough to occur in an experimen-
tal system because experiments include noise and heterogeneity, which are
often not accounted for in models and even unexpected differences between
models and experiment can exist. Second, an experimenter’s perspective
on network dynamics is different from the dominant theoretician’s point of
view, possibly allowing for game-changing innovations. Third, dynamics
generated by physical networks have important applications. For exam-
ple, hardware neural networks are used to develop new computing struc-
tures inspired by the human brain [Boa00, Boa05, Ind11], opto-electronic
networks are used to ensure private communication [Arg05, Col94, Ron09],
and chaotic dynamics of lasers is used to realize physical random number
generators [Rei09, Oli11, Uch08], which are vital for cybersecurity [Dep14,
Jun99].

While research on physical realizations of networks can be very reward-
ing, it is also challenging because multiple systems have to be set up and
coupled. This is especially true for networks that generate complex dynam-
ics, such as chimera states or cluster synchronization, because they have
to include a large number of highly-connected nodes. For this, most of
the traditional experimental systems from nonlinear dynamics research are
not feasible, such as classical analog electronic circuits and opto-electronic
circuits [Rul95, Ill11, Hei01b]. Recent studies on coupled lasers, however,
allowed to couple as many as 100 nodes [Dav12, Fri10, Nix12, Ama12].
In studies on experimental chimera states, namely in Ref. [Hag12, Lar13,
Mar13, Nko13, Tin12, Wic13, Sch14a], workarounds allow to couple many
nodes into complex topologies. For example, these studies either use com-
puter algorithms to manage the coupling or they are restricted to simple net-
work topologies or a small number of nodes [Hag12, Mar13, Tin12, Wic13].
Laurent Larger and collaborators use an elegant mapping from node num-
ber to time domain that allowed him to realize a virtual network with a
single time-delayed feedback electronic circuit [App11, Lar13]. However,
there has not yet been an all-physical realization of chimera states with a
network that has a similar topology to the originally studied network in
Refs. [Abr04, Kur02a] and includes more than 30 nodes.

In this thesis, I pursue a novel approach to experimental network real-
izations using Boolean networks built with electronic logic circuits. I take
advantage of recent developments in very-large-scale integration (VLSI) of
digital electronics that allow me to realize large networks with hundreds of
highly-connected nodes, beyond reach of traditional setups. Furthermore,
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their fast timescale on the order of 100 ps means that the physical networks
have several potential applications, such as network-based information pro-
cessing [Jae04, Maa02]. The study of Boolean networks is also interesting
from a fundamental point of view because these systems are a popular
generic model in complex systems theory, as is discussed next.

1.4 boolean networks

Boolean networks were first proposed in 1965 by Walker and Ashby [Wal65]
as a general, interesting complex system; in a groundbreaking paper from
1969, Kauffman popularized Boolean networks as a model for genetic cir-
cuits [Kau69]. These so-called Kauffman networks were extended by Ghil
and Mullhaupt in 1984 with Boolean delay equations by including time delays
[Dee84, Ghi85]. Later, Glass and collaborators popularized piecewise linear
differential equations with a Boolean switching term as another approach to
Boolean networks [Mes96, Gla98].

Boolean network descriptions are commonly used today to model com-
plex systems that exhibit threshold behavior, have multiple feedbacks, and
multiple time delays [Alb00b, Ghi08, Kau69, Kau03, Soc03]. Boolean net-
works are seen as a way towards understanding large coupled systems
that are too complex to be modeled in every detail, especially including
amplitude-specific interactions [Ghi08, Nor07, Rib08, Soc03, Sun13]. For ex-
ample, simple models such as Boolean networks are helpful in the fields
of life sciences and geosciences. In biology, Boolean networks are used to
model genetic regulatory networks, where genes interact with each other
via transcriptional factors [Alb00b, Cha05, Kau69, Kau93, Kau03, Kau04].
The study on Boolean networks led to the idea that the attractors in ge-
netic networks represent different cell expressions [Kau69, Kau93]. In geo-
sciences, Boolean networks have been used as an idealized climate model
for a wide range of timescales ranging from climate change on interanual to
paleoclimatic timescales [Dar93, Ghi87, Ghi08, Woh95]; they have also been
used in seismicity for earthquake modeling and prediction [Ghi08, Zal03,
Zal03a].

Applications of Boolean networks include neural network models, which
are needed for novel approaches to computing, and systems biology, for
example with the mathematical description of Kauffman networks [Che10,
Hop82, Mcc43, Shm02, Sny12]. Last but not least, with processors, most
of the modern-day electronic equipment is based on Boolean algebra. In
the development of these systems, the logic designs are usually simulated
extensively with Boolean delay models known as timing simulation [Bro08].

In addition to a large body of theoretical work on Boolean networks, they
have been used to build physical systems that can potentially be applied
in signal processing because of their fast timescale and very complex dy-
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namics. A so-called autonomous Boolean networks was built by Zhang and
collaborators in 2009 [Zha09a], which is the starting point for the research
in this thesis.

1.5 overview

The thesis is organized in ten chapters, where Ch. 2 and 3 introduce au-
tonomous Boolean networks and their experimental implementation. Chap-
ters 4 and 5 focus on chaotic autonomous Boolean networks, where each
node executes a Boolean function. In Ch. 6 and 8, on the other hand, I de-
velop autonomous Boolean networks with periodic and excitable dynamics
that are used in Ch. 7 and 9 to construct meta-networks of these systems.
There, I consider the periodic or excitable dynamical systems as nodes and
the meta-networks simply as a networks. The resulting scientific findings
are summarized in Ch. 10.

Specifically, Ch. 2 introduces Boolean network models and preceding
work on experimental realizations of Boolean networks with electronic logic
gates, especially the electronic realization of a chaotic autonomous Boolean
network by Zhang and collaborators [Zha09a]. Chapter 3 discusses a new
experimental platform used for the experimental implementation of net-
works in this thesis. The design flow of implementing networks is dis-
cussed. The experimental platform allows to realize large networks of hun-
dreds of nodes.

Chapter 4 focuses on chaotic dynamics in autonomous Boolean networks
with a system that I term delayed-feedback XNOR oscillator. This chaotic
dynamic system, motivated by an early theoretical study on Boolean net-
works, consists of only a single dynamical node with time-delayed feedback.
In Ch. 5, the chaotic dynamics are applied to physical random number gen-
eration. I characterize how the network dynamics changes as a function of
the network size and characterize its complexity with common measures,
such as the entropy and the autocorrelation. I find that a hybrid Boolean
network generates high-quality physical random numbers with a record
bitrate of 12.8 GHz.

Chapter 6 focuses on periodic dynamics of autonomous Boolean net-
works. I introduce and study two concepts to realizing periodic Boolean
oscillators: modified ring oscillators and Boolean phase oscillators. The
latter is based on all-digital phase-locked loops, allowing for weak cou-
pling. With both concepts I study small network motifs of coupled periodic
Boolean oscillators and study the synchronization regimes. In Ch. 7, the
Boolean phase oscillators are applied to studying large networks in a non-
local coupling topology. I find that these networks show intriguing network
dynamics known as chimera states and discover a new dynamics that I call
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resurgence of chimera states. I also find that the dynamics is transient with
a transient time that follows a power law of the phase space volume.

In Ch. 8, I propose and characterize an autonomous Boolean network
that shows excitable dynamics and is a particularly fast silicon neuron. Its
spiking dynamics is characterized in small network motifs of two silicon
neurons and is used to confirm experimentally previous theory results on
the dynamics of biological neural systems. The silicon neurons are used
in Ch. 9 to study cluster synchronization in directed, interconnected ring
networks. I find that an established theory for the neurodynamics breaks
down when the time-delay heterogeneity is larger than the neural refractory
period.

I summarize the results of the thesis in Chapter 10, where I also give an
outlook over possible continuation of my work.



2
P R E V I O U S W O R K O N B O O L E A N
N E T W O R K S

2.1 abstract

This chapter summarizes both previous theoretical and expeirmental work
on Boolean networks. I distinguish between synchronous and autonomous
Boolean networks in Sec. 2.2 and introduce Boolean network models and
preceding experimental work with electronic circuits in Secs. 2.3 and 2.4.

2.2 synchronous and autonomous bool-
ean networks

A Boolean network is a composition of nodes that can be in one of two
Boolean states—either “on” or “off”, “1” or “0”—and links that connect the
nodes [Wal65, Kau69]. The network dynamics is determined by Boolean
functions of the Boolean states, processing delays, and, especially, the up-
dating method of the Boolean states.

I distinguish between two forms of Boolean networks depending on the
updating method: synchronous and autonomous Boolean networks. Synchro-
nous Boolean networks evolve in discrete time steps, mathematically de-
scribed by iterated maps and experimentally realized with clocked logic
circuits. The processing delays are then given by one iteration step of the
map. Autonomous Boolean networks evolve in continuous time, mathe-
matically described by differential equations or Boolean delay equations
and experimentally realized with unclocked logic circuits. The processing
delays in autonomous Boolean networks originate from processing times of
the nodes and propagation delays along the links.

One important example for an autonomous Boolean network is a syn-
thetic biological circuit termed the “repressilator,” which is similar to natu-
rally occurring biological circuits that function as biological clocks [Jeo00].
This circuit includes three transcriptional repressors that inhibit each other
in a cyclic way, leading to oscillations [Elo00, Nor09].

A simplified network topology of the repressilator is shown in Fig. 1.
It consists of three autonomous nodes connected in a directional ring as
shown in Fig. 1(a). In this example, each node executes the inversion Bool-
ean function, hence, it adjusts its Boolean state to be the opposite of the state

8
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node 1

node 2 node 3

(a) (b)

node 1

node 2

node 3

time

0 1 0 1

FIGURE 1: (a) Example of an autonomous Boolean network with three nodes. Each

node inhibits one neighbor as indicated by arrows. (b) Schematic of the resulting dy-

namics. The Boolean states are indicated by �0� and �1� in the �rst waveform.

of the input node, which is referred to as inhibition in a biological context.
The specific dynamics of the network depends on the underlying modeling
framework and corresponding parameters, which I discuss below, but, for
large enough processing delays, the states of the nodes oscillate. This oscil-
lation is a result of an odd number of inversion operations and processing
delays of the nodes, as illustrated in Fig. 1(b). A transition in the first node
results in a transition in the second node after one processing delay; after
three processing delays, the first node displays another transition, resulting
in an oscillation period of six processing delays.

2.3 boolean network models

In this section, I describe three standard Boolean network models, known as
Kauffman networks, Boolean delay equations, and piecewise-linear differ-
ential equations by Glass and collaborators. The first assumes synchronous
operation and the latter two autonomous operation.

2.3.1 kauffman networks

In 1969, Kauffman popularized a synchronous Boolean network descrip-
tion for genetic control circuits, where genes are approximated as Boolean
nodes that switch between active (“on”) and inactive (“off”) and links that
describe the interactions of genes via Boolean functions. The nodes change
their Boolean states at fixed time steps in synchronous temporal evolution.
This is mathematically described with a map, where one time step corre-
sponds to the node processing delay.
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In Kauffman’s description, N Boolean nodes interact via their Boolean
states Xi, according to the Boolean map

Xi(t + 1) = Λi(Xi1(t), Xi2(t), ..., XiK(t)), i = 1, ..., N, (1)

where Λi(·) : {0, 1}K → {0, 1} are Boolean functions with inputs from
K nodes in the network [Kau69, Kau93]. The Boolean functions, which
are associated with the genetic interaction, are picked at random because
they were (and still are) unknown. Kauffman assumed that the Boolean
functions are evaluated simultaneously in discrete time steps t. Under these
conditions, this Boolean network model is known as Kauffman N-K networks
or simply Kauffman networks.

Mathematically, such a Boolean map description is a finite-state machine
or cellular automaton, with a phase space composed of 2N states and rules
for the transition between states [Neu66, Wol83]. The finite number of states
means that every trajectory will at some point reach a previously visited
state. From there, since the dynamics is deterministic, the trajectory will
fall into a limit cycle.

To characterize the dynamics, distance measures tailored for Boolean sys-
tems are needed. This is especially necessary to characterize the complexity
of the dynamics, such as the divergence of nearby orbits [Gon12]. A widely
used Boolean distance measure is the Hamming distance from coding theory,
which reads for two network states {Xi}N

i=1 and {Yi}N
i=1 with Boolean states

Xi, Yi ∈ {0, 1},

h =
N

∑
i=1
|Xi −Yi| . (2)

The Hamming distance corresponds to the number of nodes in the network
that differ in their Boolean states.

For Kauffman networks, the Hamming distance can under certain condi-
tions increase exponentially over time calculated between two initially close
network states, i.e. consider a small perturbation of the network dynamics
by switching the Boolean states of a few nodes. These networks satisfy,
therefore, the sensitivity to initial conditions of chaotic systems [Pom09].
On the other hand, because Kauffman networks are finite-state machines,
all orbits are closed and periodic, which violates one condition for deter-
ministic chaos. I discuss deterministic chaos and its requirements in detail
in Sec. 4.2. The periods can, however, be as long as T = 10150 iterations for
N-K networks of N = 103 nodes and in-degrees of K = N [Kau69].

Kauffman networks can display a dynamical transition to such long tra-
jectories with exponential growth of the Hamming distance. The dynami-
cal instability has implications for biology because Kauffman proposed that
different attractors in Boolean networks correspond to different cell types
of organisms [Kau69]. Specifically, this dynamical instability in biological
systems has been hypothesized to be the cause for some types of cancer.
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Furthermore, researchers have proposed that a method of controlling this
dynamical instability could be a route towards curing cancer [Pom09].

Kauffman’s description of genetic interaction is appealing from a net-
work point of view because it reduces complex interacting systems, espe-
cially genetic circuits, to systems involving only network topology and
Boolean functions. But, it also neglects several aspects of the physical
system that could be important for the dynamics. For example, Boolean
descriptions neglect continuous-variable (non-Boolean) interactions that ac-
count for the amplitude of the dynamics. Furthermore, Kauffman’s descrip-
tion does not include continuous-time interactions and finite transmission
delays between nodes. Time delays have been proven to play a crucial
role for the dynamics in many systems because they lead to an infinite-
dimensional phase space. For example, time delays can dictate the period-
icity of oscillations and stabilize and destabilize fixed points and periodic
orbits [Sch07, Hoe05, Ern09, Ata10, Jus09, Flu13, Sun13a].

2.3.2 boolean delay equations

Ghil and Mullhaupt introduced Boolean delay equations as an autonomous
Boolean network model [Ghi85]. The Boolean state of the node Xi evolves
according to the Boolean delay equation

Xi(t) = Λi(Xi1(t− τi,1), Xi2(t− τi,2), ..., XiN(t− τi,N)), i = 1, ..., N, (3)

which has a similar structure as Kauffman networks in Eq. (1) with the
Boolean function Λi on the right hand side. However, the resulting dy-
namics can be very different from Kauffman networks because it includes
continuous-time updating and time delays τi,j, which correspond to the
transmission times along the links. Boolean delay equations can be used to
model genetic circuits [Che13].

Ghil and Mullhaupt are especially interested in the dynamics of a partic-
ular Boolean network given by the Boolean delay equation

X(t) = X(t− θ1)⊕ X(t− θ2)⊕ ...⊕ X(t− θδ), (4)

which includes δ ≥ 2 time delays θi with 0 < θδ < ... < θ2 < θ1 = 1
[Ghi85]. The operator ⊕: {0, 1} × {0, 1} → {0, 1} denotes the “exclusive or”
(XOR) operation that maps two Boolean inputs that have combined 22 = 4
possible states, namely 00, 01, 10, and 11, to one Boolean output. This
mapping is uniquely defined by a look-up table that connects all possible
Boolean input combinations (here, a total of four) to one Boolean output
value. Specifically, Fig. 2(a) shows the look-up table for the XOR logic
operation. Equation (4) includes δ − 1 XOR operations with two inputs
each, which is equivalent to a single generalized δ-input XOR operation.

The Boolean delay equation (4) is visualized with a circuit diagram in
Fig. 2(b) for δ = 2, where I use the standard graphical representation of an
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FIGURE 2: (a) Look-up table and a variation on the ANSI/IEEE Std 91-1984 repre-

sentation for an XOR logic gate. The look-up table determines the Boolean output of

the logic gate for every possible combination of Boolean inputs. (b) Illustration of the

circuit that is represented by the Boolean delay equation (4) with δ = 2 delays. The

delayed feedback lines are represented by wire connections and rectangles. (c) The so-

lution x(t) of Eq. (4) with delays of θ2 = (
√

5− 1)/2 and θ1 = 1; the dynamics are

initialized with one transition at time t = 0.

XOR logic gate. It can be seen that the XOR logic operator is subject to two
delayed feedback lines.

This Boolean delay equation [Eq. (4)] leads to aperiodic dynamics, when
the delays {θi}δ

i=1 are incommensurate, for all initial conditions except
x(t) ≡ 0 [Ghi85, Ghi08]. On the other hand, the initial condition x(t) ≡ 0
(t ∈ (−1, 0]) leads to a stable fixed point, where the output and the input of
the Boolean function stays at the low Boolean value.

The resulting dynamics is shown in Fig. 2(c) for an initial function that
includes one initial transition at time t = 0 and δ = 2 delays of θ2 =
(
√

5− 1)/2 and θ1 = 1 in Eq. (4). The figure shows that with each time unit
(corresponding to the delay θ1 = 1), the number of transitions increases. In
fact, this increase follows a power law in time as reported by Ghil and col-
laborators [Ghi85, Ghi08]. Because these increasingly fast dynamics result
in an unlimited growth of frequency over time, Zhang and collaborators
referred to that effect as an inevitable ultraviolet catastrophe [Zha09a].

This complex behavior is not practically observed in nature because the
information-transmitting wires (or media) and the processing element (the
XOR logic operator) have, when physically realized, a maximum operation
frequency. Hence, they cannot transmit or generate signals above a certain
frequency. For electronics, this effect is known as low-pass filtering. A
maximum operation frequency also exists in biological systems, such as
biological genes.

2.3.3 piecewise-linear differential equations

To overcome these problems, Glass and collaborators proposed an auto-
nomous Boolean network model with continuous-time, continuous-state
differential equations that include Boolean switching terms [Gla98, Edw00,
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Mes97]. Specifically, Kauffman networks in Eq. (1) are expanded with piece-
wise-linear differential equations that include a first-order approach to the
Boolean levels, according to

dxi

dt
= −xi + Λi(Xi1(t), Xi2(t), ..., XiK(t)), i = 1, ..., N, (5)

where, similar to Kauffman networks, Λi(·) : {0, 1}K → {0, 1} are the
Boolean functions and {Xi}N

i=1 the Boolean states. The equation describes
the continuous temporal evolution of continuous states {xi}N

i=1, which are
used to calculate the Boolean states according to the threshold condition

X(t) =

1, if x(t) ≥ 0.5,

0, if x(t) < 0.5,
(6)

Equation (5) is more realistic than Eq. (1) to describe physical systems,
but it is still a highly simplified model. Glass and collaborators justify
this step towards higher complexity with the model’s “remarkable mathe-
matical properties that facilitate theoretical analysis” [Gla98, Edw05]. For
example, Eq. (5) can be solved analytically with simple exponential func-
tions.

To construct the analytical solution, consider the times {t1, t2, ..., tk} of
switching events when any of the variables xi crosses the threshold 0.5 and
hence the Boolean functions can change values. The solution of Eq.(5) is
then

xi(t) = xi(tj)e
−(t−tj) + Λi(Xi1(tj), Xi2(tj), ..., XiK(tj))(1− e−(t−tj)), (7)

for t ∈
[
tj, tj+1

]
[Gla98].

As an example, I discuss the resulting dynamics for a single variable x in
the network with Λ = 0 for t < 0 and Λ = 1 for t ≥ 0. Then, the dynamics,
shown in Fig. 3, approaches the Boolean level of Λ with a rise time of

T1/2 = ln(2). (8)

The figure also shows the corresponding Boolean variable X that switches
Boolean states when x reaches 0.5. Due to the finite rise time T1/2, the
Boolean variable X takes on the value of Λ only after T1/2, leading to the
effective processing delay T1/2.

Mestl and collaborators have investigated the dynamics of Eq. (5) for
random networks of N nodes with a fixed in-degree of K [Mes96, Mes97].
They have chosen the Boolean functions of the nodes at random by filling
the look-up table with 0’s and 1’s with a probability p. This probability p
is known to produce more complex dynamics the closer it is to 0.5 [Shm04].
They also include a slight variation on the Boolean levels for each gate by
±0.01 to introduce heterogeneity and thus increase the complexity in the
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FIGURE 3: Analytic solution Eq. (7) of Eq. (5) for a Boolean driving term Λ that

switches from zero to one at t = 0. Shown are Λ, x, and X and the rise time T1/2.

dynamics. They have shown that, for N = 64, 9 ≤ K ≤ 25, and p = 0.5,
chaos is the usual behavior [Mes97, Gla98]. It is assumed that chaos occurs
for most network realizations when the network is above a certain size
and p ≈ 0.5 [Gla13]. In these studies, the network topologies exclude self-
feedback loops and loops that are composed of only two nodes because
they can lead to fast oscillations that dominate the dynamics [Gla98].

The solution of this network of N nodes exists in a phase space of N
dimensions. An inclusion of time delays in Eqs. (5), however, will result in
a much larger phase space and is hence likely to have a drastic effect on the
dynamics. I include such time delays to model the transmission time of the
signals between nodes to model experimental dynamics in Sec. 4.4.2.

2.3.4 overview of boolean network models

The three standard Boolean network models are summarized in Table 1.
The Boolean networks interact via discrete states and, in the piecewise-
linear differential equations by Glass and collaborators, an additional con-
tinuous variable is used for the temporal evolution of nodes. They evolve
either in discrete time steps or in continuous time, which determines their
type to be either synchronous or an autonomous, respectively.
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N-K networks
Boolean delay
equations

Glass models

states x discrete discrete discrete/continuous
time t discrete continuous continuous
type synchronous autonomous autonomous

math. descrip.
finite-state
machine

Boolean delay
equation

ordinary differential
equation

TABLE 1: Overview of the three discussed models for Boolean networks. I use the abbre-

viation `Glass models' for piecewise-linear di�erential equations by Glass and collabora-

tors [Gla98]

2.4 electronic realizations of boolean

networks

Central processing units (CPUs) are highly specialized, electronically real-
ized synchronous Boolean networks, similar to Kauffman networks. These
systems are finite-state machines where set rules determine the transition
from one state to the next every clock cycle, where clock speeds can be as
high as several gigahertz. CPUs are the method of choice to perform linear
operations at a high rate and are included in everyday electronic equipment.
However, from a fundamental point of view, the physical network problem
becomes more interesting when synchronous clocking is removed from the
setup and replaced by continuous-time evolution, i.e. the autonomous oper-
ation. Especially when the signal transmission times matter, the system’s di-
mensionality increases substantially. Furthermore, the operation frequency
increases to the limit of the Boolean nodes. Then, the system can be used
for novel network-based computing approaches and other applications.

For fundamental research, unclocked logic circuits can be used to test
the validity of autonomous Boolean network models, such as the piecewise-
linear differential equations by Glass and collaborators. With this goal, they
have built an electronic realization of a Boolean network of five nodes based
on unclocked logic gates [Gla05]. In this study, they found qualitative agree-
ment between model and experiment in both periodic and chaotic dynami-
cal states, when parameters used in the simulation are derived from the ex-
perimentally measured dynamics. However, they have not shown that the
experimental dynamics is indeed deterministic chaos. Furthermore, their
dynamics is, with a timescale on the order of tens of milliseconds, rather
slow for applications.
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FIGURE 4: (a) Schematic of the network topology considered by Zhang and collabora-

tors in Ref. [Zha09a]. (b) Schematic of the corresponding logic circuit with XOR and

XNOR logic gates. The look-up table of an XNOR gate can be obtained by inverting

the output row of the look-up table of an XOR gate shown in Fig. 2(a). (c) Experi-

mental implementation with integrated circuits that perform Boolean operations (logic

gates, black rectangles) on an electronic circuit board (photo by Seth Cohen).

2.4.1 autonomous boolean network by zhang and

collaborators

As an extension, Zhang and collaborators have realized an unclocked logic
circuit with a timescale on the order of nanoseconds and have shown that
deterministic chaos occurs [Zha09a].

Their Boolean network is composed of three nodes with a topology
shown in Fig. 4(a). The system is an electronic circuit that realizes the
Boolean nodes with logic gates, specifically two XOR logic gates and one
XNOR (inverted XOR) logic gate as shown in Fig. 4(b). For the physical
implementation of this logic design, they use several separate electronic
integrated circuits that each execute one logic function and connect them
with electronic wires on a printed circuit board as shown in Fig. 4(c).

Zhang and collaborators find that, depending on the delays in the cir-
cuit, the circuit displays either periodic dynamics or chaotic dynamics. Fig-
ure 5(a) shows a time series from chaotic dynamics recorded by Zhang and
collaborators. The dynamics fluctuates between the Boolean low and high
voltage of 0 and 3 V with an irregular timing of transitions. Narrow pulses
and dips in the chart do not reach the Boolean voltages because of finite
rise and fall times. This non-ideal behavior is due to low-pass filtering of
the electronic logic gates, specifically, capacitances in the micro circuits that
constitute a logic gate. In addition, amplitude noise is present as can be
seen in the graph when the system is close to the Boolean voltage levels.
Figure 5(b) shows the power spectrum of this dynamics. It extends from dc
to high frequencies of ∼ 1.3 GHz at −10 dB dropoff. This large bandwidth
is a characteristic of chaos, which is reassured by the irregularity of the
waveform.

Zhang and collaborators model Boolean chaos with an extension on
Ghil’s Boolean delay equations that includes non-ideal attributes of the ex-
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FIGURE 5: (a) Waveform of Boolean chaos generated by the system described in

Fig. 4(b). (b) Power spectrum of the dynamics with a bandwidth at −10 dB dropo�

of 1.3 GHz. The illustrations are taken from Ref. [Zha09a].

periments [Cav10, Zha09a]. Specifically, important effects included in the
model are low-pass filtering and a degradation function that includes a
rejection of short-pulses and a history-dependent gate delay.

2.4.2 boolean chaos

In Section 2.3.1, I have discussed that the quantification of complexity in
Boolean systems requires a distance measure specialized for Boolean sys-
tems, such as the Hamming distance. However, the Hamming distance is
a measure for synchronous Boolean systems that does not work for small
autonomous Boolean systems. As a solution for autonomous Boolean net-
works, Zhang and collaborators use a distance measure that is sensitive
to the timing of Boolean transitions, termed the Boolean distance [Ghi85,
Zha09a]. It is defined as

d [x, y] (t) =
1
T

∫ t+T

t
x(t′)⊕ y(t′), (9)

where x and y are two Boolean waveforms that are compared, T indicates
an integration interval, which should include on average about five tran-
sitions, and ⊕ indicates the XOR Boolean function of the Boolean scalars
x(t′) and y(t′) [Ghi85, Zha09a]. The result is a contribution to the inte-
gral whenever the two waveforms have different Boolean states; specifically,
d [x, x] = 0.

Using the Boolean distance, they calculate the largest Lyapunov expo-
nent Λ of their system, which is a measure for the divergence of close orbits
used to quantify chaotic systems, as I introduce in Section 4.2.1. They cal-
culate a Lyapunov exponent of Λ = 0.16 ns−1 from the experimental time
series of their Boolean oscillator. The positive sign confirms the divergence
of close orbits and is usually considered a proof of deterministic chaos.

They show that the complexity and chaoticity of the dynamics is encoded
in irregular timing of transitions. Specifically, with the calculation of the
Lyapunov exponent, they show that small perturbations in the timing of



2.5 conclusion 18

transitions grow exponentially over time, leading to completely different
transition times after a long time [Zha09a]. On the other hand, a small
perturbation in the voltage from the Boolean level does, in most cases, not
affect the dynamics over time.

Zhang and collaborators termed the chaotic dynamics in an autonomous
Boolean system Boolean chaos. Boolean chaos can possibly be applied to
random number generation and chaotic radar (radio detection and ranging)
because of the broad power spectrum and the fast time-scale dynamics. Fur-
thermore, Boolean chaos in the experiment also gives fundamental insight
into the dynamics generated by autonomous Boolean networks [Zha09a].

2.5 conclusion

In this chapter, I have discussed previous work on Boolean networks. I have
destinguished between synchronous and autonomous operation, which re-
sults in very different dynamics. In the next chapter, I discuss a new meth-
od of realizing experimental autonomous Boolean networks.



3
A U T O N O M O U S B O O L E A N N E T W O R K S
O N E L E C T R O N I C C H I P S

3.1 abstract

In this chapter, I discuss the experimental implementation of autonomous
Boolean networks on electronic chips. Specifically, I describe the setup and
non-ideal characteristics of the used microelectronic chips in Sec. 3.2 and
the design flow of implementing circuits in Sec. 3.3. With this chapter, I
lay the technical foundation for this thesis. As a simple exemplary sys-
tem, I implement the autonomous Boolean network by Zhang and collab-
orators [Zha09a] that is introduced in Sec. 2.4.1. Instead of implement-
ing the logic circuit with discrete logic gates on a printed circuit board
as in their study, I realize it on a single electronic chip known as a field-
programmable gate array (FPGA), which has several advantages. Specifi-
cally, the re-configurable chip allows for fast and inexpensive design cycles
when compared to printed circuit boards that have to be re-manufactured
for each instantiation. In addition, electronic chips allow for a much larger
number of network nodes on the order of 100,000. Similar to the design by
Zhang and collaborators, the resulting network evolves on a fast timescale,
which is indispensable for many applications. The purpose of this chapter
is to introduce the experimental platform used in the rest of this thesis.1

3.2 field-programmable gate arrays

Autonomous Boolean networks can be realized experimentally with elec-
tronic logic circuits on various microelectronic chips, which are the foun-
dation of modern computing hardware. In this thesis, I mainly implement
the logic circuits with programmable microelectronic chips called field-pro-
grammable gate arrays (FPGA); specifically, I use the FPGA Cyclone IV with
model number EP4CE115F29C7N. In Sec. 5.4.1, I also use several other FP-
GAs and a device called a complex programmable logic device (CPLD) to
show that some of the autonomous Boolean networks I study generate sim-
ilar dynamics independent of the specific hardware. CPLDs are based on
an older technology than FPGAs with a lower number of programmable
logic elements. The autonomous Boolean networks can, in principle, also

1 A part of the content of this chapter is published in Refs. [Ron12, Ros13b].
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FIGURE 6: Functional description of an FPGA logic element.

be implemented as application-specific integrated circuits (ASIC), which
are custom-built microelectronic chips. ASICs allow for faster logic and, in
large production sizes, lower costs, but they have much longer and more
expensive design cycles.

3.2.1 architecture of field-programmable gate ar-
rays

FPGAs are off-the-shelf devices that include a grid of CMOS-based pro-
grammable logic elements and programmable connections. They can be
configurated to realize a custom hardware design for a wide range of ap-
plications, such as digital signal processing, prototyping, and high-perfor-
mance computing [Max09]. Here, I discuss both programmable logic ele-
ments and programmable connections.

Logic gates are physical implementations of Boolean functions such as
the XOR Boolean function. By cascading electronic logic gates, mathemati-
cal algorithms can be implemented physically to perform calculations, such
as addition. A Boolean function of K inputs is defined with a look-up table
of 2K Boolean entries, leading to 22K

possible operations.
The programmable logic gates on FPGAs are called logic elements, which

include a look-up table block (LUT), a flip-flop, and a multiplexer as shown
in Fig. 6. The LUT can implement any of the 22K

possible Boolean functions,
defined by 2K bits that are saved to random access memory (RAM) at the
configuration phase (startup) of the FPGA. Furthermore, each logic element
includes a flip-flop to allow for clocked operation. A multiplexer, controlled
by another RAM bit, is used to switch between clocked and un-clocked op-
eration. The logic gate has some additional features that are not shown here,
such as different outputs routing back to itself, routing to the logic gates
close to it within a region called logic array block, and to the routing fabric.
Furthermore, logic gates have a carry-bit input and output that connects
neighboring logic gates with reduced delay used for the implementation of
fast adders [Alt10].
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The Altera Cyclone IV FPGA, which I mainly use in this thesis, includes
more than 105 logic elements. Each element has K = 4 inputs and can drive
up to 48 other logic elements [Alt10].

The connections between logic gates are achieved via on-chip wires called
interconnect. The interconnect is organized as shown in Fig. 7; logic ele-
ments are grouped together in logic array blocks (LAB) of 16 logic elements,
which are connected via local interconnect. In addition, the local intercon-
nect is connected to adjacent LABs via direct links and to all other LABs
via row and column interconnect. The specific connection between logic
elements is turned on and off by RAM bits that are loaded onto the chip at
startup [Alt10].

In addition to logic elements and interconnect, FPGAs also contain var-
ious other elements depending on the complexity of the chip. The Altera
Cyclone IV device used in this thesis, for example, includes four config-
urable phase-locked loops, configurable memory, and several embedded
multipliers [Alt10].

Direct link
interconnect
from adjacent
block

Direct link
interconnect
to adjacent
block

Row Interconnect

Column 
Interconnect

Local InterconnectLAB

Direct link
interconnect
from adjacent
block

Direct link
interconnect
to adjacent
block

FIGURE 7: Schematic of the interconnect on the Cyclone IV FPGA. The Figure is modi-

�ed from Ref. [Alt10].
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3.2.2 autonomous mode of operation

Logic circuits can be set to operate in different modes with important impli-
cations for the dynamics, similar to differences between synchronous and
autonomous Boolean networks (see Sec. 2.2). In this thesis, I deal with
two modes of operation of logic elements: synchronous (clocked) and au-
tonomous (un-clocked). Another mode of operation that I do not discuss
further is known as asynchronous design, where a self-clocked circuit gen-
erates its own clock signals that indicate completion of operations [Wer97].

Synchronous operation is used for most applications of digital designs,
such as for processor designs. This mode is achieved by including clocks
and flip-flops in the logic circuit. Flip-flops store the state information
and update only once every period of the clock. The clock frequency is
chosen slow enough to ensure that logic gates have enough time to settle
to unambiguous Boolean states between consecutive clock cycles [Bro08].
As a result, a properly clocked system behaves in a digital fashion as a
fully predictable finite-state machine, similar to Kauffman networks (see
Section 2.3.1).

In the autonomous mode of operation, in contrast, the logic circuit does
not include clocks. As a result, the circuit displays a continuous-time dy-
namical evolution governed by the logic gates’ continuous dynamics and
propagation delays [Zha09a]. The logic gates, however, still fulfill Boolean
threshold conditions and output the Boolean voltages most of the time, so
that autonomous logic circuits can be regarded as Boolean networks.

Different from the synchronous operation, autonomous logic circuits can
be very sensitive to small changes in the properties of the logic elements,
caused, for example, by ambient temperature fluctuations. In synchronous
operation, the clocking guarantees that the system will implement the same
finite-state machine if the transmission delays stay below the clock period.
However, in the autonomous operation, the system is sensitive to non-ideal
effects, such as time delays, because they are an important part of the dy-
namical system. Consequently, two autonomous logic circuits of identi-
cal layout that are realized on different regions on the FPGA may display
slightly different dynamics because logic gates vary slightly in their non-
ideal effects due to production variation.

3.2.3 non-ideal effects of autonomous logic gates

Physically-implemented autonomous logic gates are subject to non-ideal ef-
fects that deviate from perfect Boolean switching. Figure 8 shows these non-
ideal effects within an equivalent circuit for an autonomous logic gate. The
logic gate is shown with an equivalent circuit that includes ideal Boolean
operation on the Boolean inputs, a sigmoidal gate activation function, a
low-pass filter, and a gate propagation delay.
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FIGURE 8: Simpli�ed model of a few non-ideal behaviors present in an electronic logic

gate.

The low-pass filtering is caused by capacitors inside the logic gate that
need a finite time to charge until the output can change value, leading to a
maximum frequency that a logic gate is able to respond to. One result of
the low-pass filter is short-pulse rejection, where short pulses at the input
to a logic gate do not affect the output of a logic gate.

The delay and the low-pass filter properties can be state- and history-
dependent, meaning that its parameters, such as the propagation delay or
the rise and fall times, depend on the near history of Boolean states and the
current Boolean state. One example for state dependency of the low-pass
filter is that rise and fall times can be different. Cavalcante and collaborators
have identified memory effects as an important dynamical feature of the
system to generate chaotic dynamics [Cav10]. They termed the memory
effect “degradation” and described it mathematically with a degradation
function.

Another non-ideal property of physically-realized Boolean networks is
heterogeneity, where copies of the same logic gates differ in their properties,
such as the filter properties and the gate propagation times. I quantify
the heterogeneity of the propagation delay of logic gates in Appendix A.2.
Furthermore, the dynamics are subject to amplitude noise and phase noise.

3.3 design flow of implementing auto-
nomous boolean networks on elec-
tronic chips

In this section, I explain how I generate configuration binary files, which
are loaded onto an FPGA to implement a custom logic circuit, such as an
experimental realization of an autonomous Boolean network. This binary
file is generated with the help of computer aided design (CAD) tools, such as
Altera Quartus II, which, among other operations, optimizes the logic cir-
cuit for best functionality. However, the optimization algorithms are usually
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written for synchronous and not autonomous designs. To define the logic
design, one can, for example, draw a logic diagram, known as schematic de-
sign. I prefer a text-based approach with a hardware description language
because it allows me to generate hardware descriptions of many nodes us-
ing for-loops, rather than the graphics-based schematic design, where the
logic circuit has to be specified by hand.

3.3.1 hardware description for autonomous bool-
ean networks

I discuss the hardware description for the autonomous Boolean network by
Zhang and collaborators as a general example for an autonomous hardware
design on an FPGA [Zha09a]. In their original hardware design they used a
printed circuit board, which allowed them to control the delays by varying
the supply current of the logic gates. For simplicity, I realize the delays here
by separating the logic gates spatially on the electronic chip; I assume that
the delay is proportional to the length of on-chip wire connecting the logic
gates. This is different from the following chapters, where I use a more
efficient way to realize time delays. I extend the original circuit, shown
schematically in Fig. 9(a), by adding two buffer gates, so that I can adjust
time delays by moving the buffers and the other logic gate with respect to
each other on the chip. In addition to the buffers, the circuit includes two
XOR gates and one XNOR gate.

⊕
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⊕
xor[0]

xor[1]

xor[2]buf[0]

buf[1]
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my_buf[0]

my_xor[2]

my_xor[0]

my_xor[1]

my_buf[1]
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dyn_out[2]
dyn_out[1]

FIGURE 9: (a) Schematic of Zhang and collaborators' logic circuit [Zha09a] extended

by two bu�er gates. (b) Chip layout that visualizes the placement of the logic circuit

on the FPGA Altera Cyclone IV with product number EP4CE115F29C7N (less than

3% of the FPGA real estate is shown). The three XOR gates are routed on locations

(x, y, z) = (108, 7, 8), (112, 10, 8), (102, 3, 8) and the bu�er gates are at (102, 10, 16)
and (112, 3, 8) as indicated by arrows. The output pins are also marked with arrows.

The blue part of the chip are blocks of programmable logic gates, the brown line are

output pins, and the green line are memory elements. The black area has no functional-

ity.
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1 module zhang_osc ( dyn_out ) ;
2 output [ 2 : 0 ] dyn_out ;
3 wire [ 2 : 0 ] my_xor /* s y n t h e s i s keep */ ;
4 wire [ 1 : 0 ] my_buf /* s y n t h e s i s keep */ ;
5

6 ass ign my_xor [ 0 ] = my_buf [ 0 ] ^ my_xor [ 2 ] ;
7 ass ign my_xor [ 1 ] = ~(my_buf [ 1 ] ^ my_xor [ 2 ] ) ;
8 ass ign my_xor [ 2 ] = my_xor [ 0 ] ^ my_xor [ 1 ] ;
9

10 ass ign my_buf = my_xor [ 1 : 0 ] ;
11 ass ign dyn_out = my_xor ;
12 endmodule

FIGURE 10: This Verilog module speci�es the logic gates (nodes) and connections

(topology), contained between the statements module and endmodule. The dynam-

ics are routed to three output pins named dyn_out, speci�ed as a vector with three

components in line 2. The XOR, XNOR, and bu�er gates are introduced in lines 3 and

4 and speci�ed in lines 6-11. The directive /*synthesis keep*/ (for Altera FPGAs)

guarantees that the logic gates are implemented by the compiler. Some logic gates

such as the bu�er gates are redundant in synchronous operation and would hence be

removed by the compiler. The implementation of an XOR logic gate is speci�ed with

the �^� operator; the XNOR logic gate is speci�ed as a combination of an XOR and

an inversion operation, speci�ed with �~�. The bu�ers are speci�ed with a simple equal

assignment in line 10. For deeper understanding of the syntax of Verilog, I refer the

reader to Ref. [Mcn01].

Figure 10 shows the hardware description language to generate the cir-
cuit as an example. The code snippet shows that the logic circuit can be
easily defined in a few lines. In the code, the outputs of the XOR, buffer,
and output buffer logic gates are named my_xor, my_buf, and dyn_out, re-
spectively. The code also shows statements that force the implementation
of logic gates that are seen as redundant by the compiler and would other-
wise be removed. These logic gates are indeed redundant in synchronous
circuit design, but can be important in autonomous circuit design. Com-
piling the high-level hardware description leads to a binary programming
file that includes the specific Boolean function and the routing of the logic
gates on the FPGA. After loading this on the FPGA, I obtain a true phys-
ical (not emulated) network of logic gates, which is a physically realized
autonomous Boolean network on a chip.
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3.3.2 chip placement of autonomous boolean net-
works

The specific placement of logic gates on the FPGA is usually handled by
the compiler. It can, however, be modified using the Altera CAD tool Quar-
tus II Chip Planner, which allows for better control over the circuit imple-
mentation. Each possible logic gate has a physical address x, y, z, where
in addition to the address of the logic array block (LAB) x ∈ {1, 2, ..., 114},
and y ∈ {1, 2, ..., 72}, the z dimension z ∈ {0, 2, 4, ..., 30} specifies the in-
dex of a logic gate within a LAB (numeric values for the Altera Cyclone IV
FPGA with model number EP4CE115F29C7N). By assigning the logic gates
to specific coordinates on the chip, I specify the layout shown in Fig. 9(b).

I vary the specific placement of the logic gates on the chip, which changes
the time delays along the links, until chaotic dynamics appears. This
method is equivalent to the method by Zhang and collaborators of chang-
ing the time delays via the supply current of logic gates [Zha09a]. For
an estimate of the transmission delays between logic gates, I measure the
transmission delay between two logic gates that are spaced as far as the two
opposite corners of the chip. Depending on the specific wiring, the delay
varied between 2.5 and 5 ns, which is one order of magnitude greater than
the characteristic timescale of a logic gate (rise time of τLG = 280± 10 ps).
The large variation of the time delay is a problem of this method of separat-
ing logic gates on the chip. This method is also very inefficient because the
circuit could fit in a single LAB if the delays were generated more efficiently,
as introduced in the next chapter.

Figure 9(b) also shows output gates that are used on the FPGA to route
the signals outside the chip. Such gates are also implemented when sig-
nals are sent into the chip. These input output (I/O) gates alter the time
course of the waveforms because they include the non-ideal effects dis-
cussed in Section 3.2.3, such as a sigmoid gate activation function and
lowpass-filtering. For example, some characteristics of the waveform could
be pruned when the lowpass filtering of the output gate is stronger than
the one of the programmable logic gates. The output logic gates, however,
cannot be circumvented because they protect the chip from overvoltage and
scale the input and output voltages to desired values. Furthermore, the chip
manufacturers require these logic gates to protect them against reverse en-
gineering [Max09]. This is also the reason why they do not provide specific
information of the properties of the programmable logic gates, such as the
SPICE model parameters [Ant93].

3.3.3 resulting dynamics

Figure 11 shows the resulting dynamics of the logic design (a detailed dis-
cussion of this dynamics is left for the next chapter). The measured dynam-





4
C H A O T I C D Y N A M I C S O F
A U T O N O M O U S B O O L E A N N E T W O R K S

4.1 abstract

In this chapter, I apply autonomous Boolean networks to one particularly
popular topic of complex systems research: deterministic chaos. I first in-
troduce the concept of deterministic chaos in Sec. 4.2 and then extend in
Sec. 4.3 the previous work on Boolean chaos with a simple autonomous
Boolean network that has been proposed in a similar form in an early
theoretical study by Ghil and Mullhaupt [Ghi85]. I measure and analyze
the dynamics of an experimental implementation and develop a time de-
lay piecewise-linear switching model for autonomous Boolean networks in
Sec. 4.4. Both experimental and simulated dynamics agree qualitatively in
power spectrum and autocorrelation.

The main result of this chapter is the development of a particularly sim-
ple autonomous Boolean network for generating Boolean chaos using guide-
lines from Boolean network models. These guidelines, however, cannot pre-
dict with certainty whether a network will display complex dynamics. For
example, a prediction of complex dynamics with a Boolean network model
breaks down when the network is realized in the experiment, where the
network instead shows transient relaxation towards a fixed point.1

4.2 introduction to deterministic chaos

Deterministic chaos is a non-repeating, deterministic behavior of dynam-
ical systems that can be found in meteorology, physics, engineering, eco-
nomics, and biology [Str94a, Sch84]. It can be defined with three properties
[Str94a]. First, chaotic systems display aperiodic long-term behavior, mean-
ing that they do not settle down asymptotically to fixed points or periodic
orbits. Second, they are deterministic in that their behavior arises from the
system’s nonlinearity rather than from noise. Third, chaotic systems are
sensitively dependent on initial conditions, which is popularly known as
the Butterfly Effect.

The paramount example of a system generating deterministic chaos is
the Lorenz system, which was developed to describe atmospheric convection

1 Results of this chapter are published in Ref. [Ros13b].
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4.2.1 lyapunov exponent

A characteristic measure for chaotic systems is the Lyapunov exponent
[Str94a], which measures the rate of separation between close trajectories.
Consider two trajectories that start at ~Z0 and are separated at time t = 0
by a small amount ~δZ0; then, this initial separation will grow or decay over
small time periods according to∣∣∣ ~δZ(t)

∣∣∣ ≈ exp(λt)
∣∣∣ ~δZ0

∣∣∣ , (11)

where λ is the local Lyapunov exponent in the direction of ~δZ0 at ~Z0. The
average of the local Lyapunov exponents along the attractor results in the
(global) Lyapunov exponents. When the largest Lyapunov exponent is
greater than one, small differences in initial conditions grow over time; oth-
erwise they decay or stay constant. Specifically, a positive largest Lyapunov
exponent describes mathematically the necessary condition for determin-
istic chaos that the system is sensitive to initial conditions, which can be
confirmed for the Lorenz system with λmax ≈ 0.9 [Str94a].

The Lyapunov exponent λ has practical applications for random number
generation, which is the topic of Ch. 5. Within a timescale given by 1/λ,
a small perturbation of the dynamical state approximately triples in mag-
nitude so that it dominates the system dynamics already after several 1/λ

time periods. In an experimentally realized system, such perturbations are
constantly supplied by physical noise, such as thermal and shot noise. Shot
noise originates from the discrete nature of electronic charge, which leads
to random fluctuations in an electronic current. Thermal noise or Johnson
noise originates from statistical deviations from thermodynamic equilib-
rium of electronic distributions, which leads to random voltage fluctuations
[Hor89]. These fluctuations are a weak physical entropy source that is in-
herently unpredictable. When subjected to a chaotic system, the physical
entropy is amplified to a rate given by the Lyapunov exponent [Mik12].
Therefore, physically-realized chaotic systems can be applied to random
number generation to achieve a random bit rate that is high compared to
direct measurement of the physical noise source. In addition, non-ideal
characteristics of the noise source can be removed by the system dynamics,
which is known as the mixing property of chaotic systems [Har12].

4.2.2 strong and weak chaos

A recent important addition to chaos theory in the framework of time-
delayed coupled systems is to distinguish between strong and weak chaos
[Hei11]. Coupling of oscillators can, as discussed in Sec. 6.2, lead to syn-
chronization with striking implications for biology and important applica-
tions to communication. For example, a network of two chaotic oscillators
can display synchronization so that one oscillator displays the same or a
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shifted chaotic waveform as the other oscillator [Hei01b, Lu04] which can
be applied as a private communication scheme [Cuo93, Col94, Van98a]. En-
cryption using synchronization of chaotic systems—so-called Chaos comm-
unication—is a popular field of research and received considerable atten-
tion when a network of three chaotic optoelectronic oscillators was imple-
mented in the metropolitan fiber network for Athens [Arg05].

For communication applications, time delays are of particular importance
because the communicating parties are usually far apart and the timescale
of the dynamics is fast to encode information at high rates. Even at the
speed of light, the distances translate into time delays that are large com-
pared to the internal timescale.

Two synchronized oscillators can be analyzed by considering the so-called
synchronization manifold, where the system equations reduce to the equa-
tions of one oscillator as the dynamics of the second oscillator can be de-
duced from the first. In this description, mutual coupling terms change to
feedback terms and time-delayed coupling changes to time-delayed feed-
back [Koc96, Hei11, Flu09]. The Lyapunov exponent associated with the
synchronization manifold encodes the chaoticity of the synchronized sys-
tem and is hence of great importance for applications like chaos communi-
cation.

For coupled systems showing weak chaos, the maximum Lyapunov ex-
ponent in the synchronization manifold decreases towards zero when the
delay approaches infinity (λ→ 0 for τ → ∞). Therefore, when weak chaos
is used for chaos communication, the communication channel will allow for
decreased privacy or a decreased rate when the communication partners in-
crease their distance. Strong chaos, on the other hand, does not show this
effect as the maximum Lyapunov exponent in the synchronization manifold
tends towards a constant positive value when the delay approaches infinity
(λ→ λ0 with λ0 > 0 for τ → ∞) [Hei11].

Strong and weak chaos has been measured in optical and electrical sys-
tems. In Refs. [Hei11, Hei13], the existence of strong and weak chaos is
demonstrated in a single system by monotonically increasing an adjustable
system parameter which shifts the system from weak to strong chaos and
back to weak chaos in agreement with the system equations. The authors
distinguish the system to be in a state of strong or weak chaos by measuring
whether the network desynchronizes or synchronizes with another node,
respectively. However, to my knowledge, strong and weak chaos has not
yet been measured experimentally by observing changes in the Lyapunov
exponent when the time delay is changed. Autonomous Boolean systems
might be ideally suited for this task as their realization on microelectronic
chips allows for an adjustment of time delays over a wide range. For this,
two chaotic autonomous Boolean systems have to be synchronized, which
has not been realized yet, and could be a possible extension of this thesis.
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4.3 delayed-feedback xnor oscillator

In this section, I introduce a new chaotic oscillator, which I call a delayed-
feedback XNOR oscillator.

4.3.1 motivation for developing a new chaotic os-
cillator

The fundamental motivation for this chapter is to find a simple network
showing Boolean chaos that consists of a small number of nodes and links.
Particularly, I generalize the specific network topology studied previously
by Zhang and collaborators of three interconnected nodes [Zha09a, Cav10]
to a network of only one node with three time-delayed feedback lines.

This chapter is also motivated technologically by two problems of the de-
vice developed by Zhang and collaborators for applications of chaos, such
as random number generation and chaos-based radar. First, their design
is restricted to one specific topology and, second, it only shows chaos in
certain parameter ranges of the feedback delays [Zha09a, Cav10]. However,
for applications of chaos, different topologies and implementations should
be explored to find the most efficient one. More importantly, the system
should display chaos consistently for a wide range of parameter values.

4.3.2 search for a simplified network topology

In this section, I search for a simple network topology with a small num-
ber of nodes and links that displays Boolean chaos. In the construction of
networks, I am guided by known properties of Boolean network models in-
troduced in Ch. 2. These models, however, can only approximately describe
the dynamics of experimentally-realized autonomous Boolean networks be-
cause they do not include all non-ideal behaviors, discussed in Section 3.2.3.
I use these models to identify two guidelines by analyzing previous studies
on complexity in various Boolean network models and add another guide-
line that I derive from an experimental observation. Then, I implement
different experimental networks in accordance with the guidelines until a
simple network with Boolean chaos is found.

Synchronous Boolean networks, introduced in Sec. 2.3.1, are Boolean
maps, where the network state—a vector of N Boolean variables—is mod-
ified each iteration according to Boolean functions of the network state.
Specifically, synchronous Boolean networks called linear feedback shift reg-
isters can generate dynamics with high complexity, which is why they can
be used for deterministic random (pseudorandom) number generation (see
Sec. 5.2.2). Here, high complexity can be defined via the length of limit cy-
cles, with the maximum length of 2N− 1 for synchronous Boolean networks
of N nodes. Heavily studied synchronous Boolean networks are Kauffman
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networks, where certain assumption are made to apply them to describe bi-
ological gene networks [Kau69, Kau93] (see also Sec. 2.3.1). These assump-
tions are that each Boolean node evaluates a Boolean function of K inputs
from the network with synchronous updating and that the Boolean func-
tions are random, but fixed. Under the assumption of Kauffman networks,
several known findings about dynamical complexity exist in the literature.

The application of predictions resulting from Kauffman networks to ex-
perimentally realized autonomous Boolean networks, however, have to be
treated with caution because they are synchronous Boolean network mod-
els and hence do not account for the continuous evolution of time and time
delays in the experimental system. Nevertheless, the large body of work on
Kauffman networks can still provide valuable guidelines for the design of
autonomous Boolean networks.

Complexity in Kauffman is assessed with the Lyapunov exponent λ using
the Hamming distance, where a larger positive Lyapunov exponent means
that the Boolean state vector diverges faster [Pom09] (see also Sec. 2.3.1).
However, the synchronous network cannot show chaos because the phase
space is restricted to 2N − 1 points. The Lyapunov exponent has been
shown to follow the relation

λ = log E, (12)

where E is the average Boolean sensitivity, i.e., the larger E the larger the
complexity of the dynamics [Sol96, Shm04, Fri98]. The Boolean sensitivity
is defined for a point v ∈ {0, 1}K by the number of neighboring points
(points, where only one component of v is changed) for which f differs, ac-
cording to |{v′ : f (v′) 6= f (v), dist(v, v′) = 1}| (here, the Hamming distance
is used, defined in Eq. (2)) [Fri98]. The average Boolean sensitivity E can
also be expressed with the bias p of “0”s and “1”s in the look-up table
describing Boolean functions. Then the average Boolean sensitivity is

E = 2Kp(1− p), (13)

where the average is taken from a distribution of look-up tables with bias
p and in-degree K (the number of input connections to a node) [Shm04,
Pom09]. The Boolean sensitivity is the highest for an XOR or XNOR gate
with E = K.

To summarize, results obtained from synchronous Boolean networks can
only give guidelines for the design of an experimental autonomous Boolean
network that displays chaos because the models neglect the continuous
nature of time. The synchronous models display the most complex behavior
when Boolean functions have high average Boolean sensitivity, which can
be achieved with randomly chosen Boolean functions of low bias an high
in-degree K or most effectively by using XOR and XNOR Boolean functions.
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Guideline (i)—Experimentally realized autonomous Boolean networks
should include XOR and XNOR Boolean functions to achieve chaotic dy-
namics.

More evidence for the preference of XOR and XNOR Boolean functions
for generating chaotic dynamics can be found from studies on autonomous
Boolean networks modeled with piecewise-linear switching networks by
Glass and collaborators [Gla98, Mes97]. They have shown that large au-
tonomous Boolean networks have the highest probability to generate chaos
when the look-up table of Boolean functions includes zero bias.

Guideline (i) is also supported by Ghil and Mullhaupt’s Boolean delay
equations for autonomous Boolean networks [Ghi85]. They identified com-
plex dynamics in a system of a single n-input XNOR Boolean function with
n incommensurate time delayed feedback terms (see Sec. 2.3.2). In the
framework of Boolean delay equations, complex dynamics corresponds to
unordered timing of transitions, where the rate of transitions grows without
limit over time, identified as an ultraviolet catastrophe (see also Sec. 2.3.2).

Ghil and Mullhaupt’s study gives further important insight that time de-
lays along the links play a crucial role for chaotic dynamics. Specifically,
the relation of time delays is important because the dynamics changes from
complex to regular when the relation of time delays changes from commen-
surate to incomensurate [Ghi85].

The importance of time delays is also supported by previous work by
Zhang and collaborators [Zha09a], who found Boolean chaos in an exper-
imental circuit of 2 XOR and and one XNOR logic gates with time delays
(see also Sec. 2.4.1). When the relation of the time delays is changed, the
dynamics can also show a transition between chaos and regular oscillations.
Note that Cavalcante and collaborators found that Boolean chaos can origi-
nate from history-dependent delay, which they term degradation [Cav10].

Guideline (ii)—Experimentally realized autonomous Boolean networks
should include time delays that might need to be adjusted to achieve chaotic
dynamics.

My first approach to finding a simple network with a low number of
nodes and links is to implement the network by Ghil and Mullhaupt shown
in Fig. 13(a) and introduced with Eq. (4) (δ = 2) in Section 2.3.2 [Ghi85].
This network is likely to lead to Boolean chaos because it shows complex
dynamics when described with a Boolean delay equation in the framework
of autonomous Boolean networks. The topology is simple: it includes
only one node—an XOR Boolean function—with two time-delayed feed-
back links that can be adjusted, so that it conforms with guidelines (i) and
(ii). I realize the network with unclocked logic gates.

Figure 14(a) shows the experimental dynamics after initialization with
the high Boolean state as explained in the figure caption. After a long
transient of about 50 µs, the dynamics relax to the low Boolean state. The
transient length varies considerably. Therefore, the dynamics do not show
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FIGURE 13: (a) Two-input XOR gate with two time-delayed feedback lines τ1 and τ2

(shown as rectangles), as proposed by Ghil and Mullhaupt [Ghi85]. (b) Same setup as

in (a) with a modi�ed logic gate. Speci�cally, the logic gate should exclude Boolean

�xed. (c) Look-up table of the 2-input XOR gate. (d), (e) The two look-up tables that

do not lead to �xed point when connected as in (b) and have an equal number of �1�
and �0�.

stable chaos, which contrasts the theoretical results by Ghil and Mullhaupt,
where the fixed point is not reached for all but one initial condition [Ghi85].
This breakdown is due to the non-ideal behaviors in the experimental real-
ization of autonomous Boolean networks, such as finite rise times and jitter
(see also Sec. 3.2.3), because it does not show up in the ideal mathematical
model of delay differential equations.

Figure 14(b) shows the dynamics within the transient on a nanosecond
timescale. The dynamics show a complex non-repeating pattern that is
reminiscent of the chaotic dynamics found by Zhang and collaborators
[Zha09a]. When the delay of the feedback is changed, the dynamics are
affected. They can, for example, show much shorter transients of a few
nanoseconds or stable periodic behavior. Because of the fixed point, how-
ever, I believe that stable Boolean chaos is not a possible in this specific
experimentally-realized system as the dynamics will earlier or later always
collapse into the fixed point. I confirmed this behavior of the setup with
several delay combinations, where I kept one delay constant, constructed
with 8 inverters, and changed the other delay to vary between 2 and 20

inverters (see also Appendix A.1).
The ultimately regular dynamics in this network is caused by a Boolean

fixed point that satisfies the Boolean algebra of the network. To prevent the
collapse of the dynamics to such a fixed point, I first introduce a guideline
for the network topology to remove Boolean fixed points from the network.

A Boolean fixed point in the feedback system corresponds to rows in the
lookup table, where all entries have the same value and hence inputs and
outputs can be the same. For example, in the XOR Boolean function, the
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FIGURE 14: (a) Dynamics of an XOR gate with two delayed feedback lines as shown

in Fig. 13(a). A clock signal disables the XOR logic gate for about 0.5 s to output a

constant Boolean �1;� subsequently, it enables the XOR logic gates also for about 0.5 s.
In the �gure, the logic gate is enabled at time t = 0. (b) Dynamics as in (a) on a

short timescale of several nanoseconds. The delay lines are constructed from 2 and 8

inverters as discussed in Appendix A.1.

fixed point corresponds to the first row that is filled exclusively with “0,”
as marked red in Fig. 13(c). This leads me to the following guideline.

Guideline (iii)—Experimentally realized autonomous Boolean networks
should not include a Boolean fixed point, for which all Boolean functions
are satisfied simultaneously.

The rows in the look-up table corresponding to the Boolean fixed point
in the delayed-feedback oscillator should be changed. For general autono-
mous Boolean networks, all states have to be tested to make sure that no
Boolean fixed point exists, which is also referred to as frustration [Fog84].

I modify the logic gate in the feedback system, as shown in Fig. 13(b). In
agreement with guideline (iii), I require that the first and last row in the
lookup table is “1” and “0”, respectively, and, as a weak form of guide-
line (i), I require an equal number of “0”s and “1”s, which leads to higher
Boolean sensitivity in synchronous Boolean networks. Then, only two Bool-
ean functions fulfill guideline (i), (ii) and the weak form of guideline (iii),
whose lookup tables are shown in Fig. 13(d) and (e). These, however, corre-
spond to Boolean functions that are independent of one input, so that they
are equivalent to a circuit with a single feedback line, which I discuss in
Ch. 6 as a ring oscillator. I find that these autonomous Boolean networks
lead to oscillations rather than Boolean chaos.

The remaining 2-input Boolean functions that fulfill guideline (iii) have a
large bias, where either “0” or “1” appear three times more in the lookup
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delayed-feedback XNOR oscillator composed of a 3-input XNOR logic gate with three

time-delayed feedback lines. (c) Topology of the autonomous Boolean network underly-

ing the delayed-feedback XNOR oscillator.

table. These are unlikely to show chaos, but they cannot be fully ruled out
from theoretical analysis with Boolean network models that do not include
all aspect of the experiment.

Because the feedback circuit with two delay lines and a 2-input logic gate
is unlikely to show Boolean chaos, I increase the complexity of the system
by allowing for 3-input Boolean functions and adding another time-delayed
feedback line to the system. I find that the 3-input XNOR Boolean function
is the only 3-input Boolean function that fulfills guideline (i) and (iii) as it
has no Boolean fixed point in contrast to the 3-input XOR function. The
3-input XNOR Boolean function with a look-up table as in Fig. 15(a) is a
generalization of the XOR and XNOR Boolean functions to more than two
inputs and corresponds to the least-significant bit of an addition operation
and the inversion of it or the parity and inverted parity operation on the
Boolean input states, respectively. The complexity of the dynamics of the
resulting autonomous Boolean network also depends on guideline (ii) that
the delays are important and might need to be adjusted.

4.3.3 setup of the delayed-feedback xnor oscilla-
tor

Figure 15(b) shows the schematic setup of the autonomous Boolean net-
work termed delayed-feedback XNOR oscillator. Three delayed feedback lines
connect the output of the XNOR logic gate to its three inputs. The net-
work evolves autonomously without clocks or external inputs. The network
topology is similar to the Boolean network proposed by Ghil and Mullhaupt
with Eq. (4) in Sec. 2.3.2 with δ = 3, only differing in inverted entries of the
look-up table.

I realize delay lines by cascading ni inverter gates, where in total the
signal gets delayed by ni times the gate propagation delay of an inverter
logic gate τLG = 0.28± 0.01 ns, corresponding to a total delay of

τi = niτLG, (i = 1, 2, 3). (14)
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i ni τi

1 18 5.04± 0.18
2 6 1.68± 0.06
3 2 0.56± 0.02

TABLE 2: Numerical values used for the three delay lines in the delayed feedback

XNOR oscillator using Eq. (14).

This construction of delay lines and the measurement of the gate propaga-
tion time is explained in detail in the Appendices A and A.2. This construc-
tion of delay lines is also used for other setups in this thesis.

I can vary the delay of the feedback lines with parameters ni. Here, I
use parameters as shown in table 2, which lead to a total number of logic
gates included in the oscillator of n1 + n2 + n3 + 1 = 27. The delay lines
are chosen so that complex dynamics emerge [corresponding to guideline
(iii)]; different parameter choices can lead to regular behavior as discussed
in the next section. I show the corresponding hardware description in Ap-
pendix B.2.

With 27 logic gates, the delayed-feedback XNOR oscillator has a consider-
ably larger logic gate count than the oscillator by Zhang and collaborators
that uses three logic gates and six time delays [Zha09a]. The oscillator
presented here is hence not preferable for applications, such as random
number generation, but it provides a fundamentally simple topology con-
sidering that most of the logic gates are used for delay lines. From a funda-
mental point of view, this network is very simple as it consists of a single
autonomous Boolean node with three delayed feedback links as shown in
Fig. 15(c).

4.4 dynamics of the delayed-feedback xnor

oscillator

In this section, I investigate the dynamics of the delayed-feedback XNOR
oscillator in both experiment and simulation. For the numerical simulation,
I develop a model based on piecewise-linear Boolean network models with
time delays.

4.4.1 dynamics measured from the experiment

When implemented on the FPGA, I observe that the delayed-feedback
XNOR oscillator displays complex and non-repeating dynamics as shown
in Fig. 16(a). The dynamics alternate irregularly between the Boolean high
and low voltage of VH = 1.3 V and VL = 0 V, respectively. Fast but finite-
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FIGURE 16: (a) Dynamics of the delayed-feedback XNOR oscillator implemented on

the FPGA and measured after an input output logic gate (see Sec. 3.3.2). (b), (c)

Power spectrum and autocorrelation of (a). Both are calculated with an acquisition

of length T = 13 µs and sampling time dt = 25 ps; the power spectrum is averaged

over 20 MHz to remove noise. The delayed-feedback XNOR oscillator is realized with

parameters n1 = 18, n2 = 6, and n3 = 2. Here and in the following, when not stated

di�erently, I realize the experiments on the FPGA Altera Cyclone IV with the model

number EP4CE115F29C7N. The dynamics are measured with an oscilloscope of the

device family DSO9 with 8 GHz analog bandwidth.

time transitions connect the Boolean levels and also lead to short pulses
and dips that can terminate in-between Boolean levels. These effects are
caused by the non-ideal effects of the logic gates as discussed in Sec. 3.2.3.

4.4.1.1 Power Spectrum

Figure 16(b) shows the power spectrum of the dynamics, which is the power
spectral density (PSD) as a function of the frequency, calculated from the
temporal evolution. The PSD in dBm measures the power of the waveform
in a certain frequency window ∆ f , typically 1 Hz, according to

PSD( f , f + ∆ f ) = 10 log10 [P( f , f + ∆ f )/(1 mW)] , (15)

where P( f , f + ∆ f ) is the power in the spectral range [ f , f + ∆ f ] [Opp97].
It can be calculated with the Fourier transform of the waveform, according
to

P( f , f + ∆ f ) = A2
f ∆ f /R, (16)

where A f is the Fourier amplitude of a sine wave corresponding to the
frequency f and R = 50 Ω is the termination of the oscilloscope.
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I calculate the Fourier amplitude with the Fast Fourier Transform algo-
rithm (A2

f ∆̃ f =̂ |FFT [V] ( f )/N|2) with a frequency step ∆̃ f = 1/T, where
T is the total acquisition time. To rescale the power to correspond to
∆ f = 1 Hz, I calculate

P( f , f + ∆ f ) =
∆ f

∆̃ f

|FFT [V] ( f )/N|2

R
. (17)

The important measure that can be read from the resulting power spec-
trum in Fig. 16(b) is the width of the spectrum characterized by the com-
monly used 3 dB dropoff, corresponding to half the power. Beyond the 3 dB
dropoff, frequency modes have less than 50% of the maximum power and
hence contribute significantly less to the dynamics. With this measure, I
find that the system has a wide spectrum of about 400 MHz.

The power spectral density P( f , f +∆ f ) has a low amplitude with a max-
imum value of −76 dBm/Hz. The total power, however, has the expected
numerical value of about (VH/2)2/R ≈ 7 mW with the high Boolean volt-
age VH = 1.3 V, which can be calculated by integrating the graph over a
wide range of about 400 MHz with the PSD given in frequency units per
Hz. The absolute power is of lower significance for the dynamics because
it changes when the output logic gates are configured to different Boolean
voltage levels.

4.4.1.2 Autocorrelation

The autocorrelation function is defined for a real-valued, infinite long signal
f as

R f (τ) =
1
A

∫ ∞

−∞
f (t) f (t− τ)dt. (18)

Here, the constant A is chosen as a normalization, so that R f (τ = 0) = 1.
For a finite-time, discrete signal, such as the one measured with the oscillo-
scope, the autocorrelation function is expressed as a sum and windowing
procedures have to be considered depending on the maximum shift τ. R f (·)
can be calculated efficiently using the Wiener-Khinchin theorem and the
Fast Fourier Transform. The autocorrelation is a measure for the similarity
of the signal with a shifted copy of itself. In a delayed chaotic system, the
autocorrelation is an important tool that can uncover time delay signatures
of the system at certain time shifts, which can diminish the applicability of
chaos for random number generation, for example [Ron07].

Figure 16(c) shows the autocorrelation of the dynamics in the setup,
which falls off to close to zero within a fast de-correlation time of ∼ 1 ns and
then stays close to zero. Therefore, the system does not show time delay
signatures, which makes the dynamics potentially useful for applications,
such as random number generation. The fast drop of the autocorrelation
function is a sign of strong chaos.
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4.4.1.3 Chaos

Strong evidence exists that the dynamics is chaotic because I generate
the signal with a similar electronically realized autonomous Boolean net-
work of simple topology like the network by Zhang and collaborators, who
proved the existence of chaos [Zha09a]. Furthermore, the waveform of the
dynamics of the XNOR oscillator in Fig. 16(a) is similar to the waveform of
the oscillator by Zhang and collaborators in Fig. 5(a) [Zha09a]; both wave-
forms show an irregular spacing of transitions, for example. Other evidence
is given by the fast-decaying and quasi-unstructured autocorrelation func-
tion. I tried to measure the Lyapunov exponent with the method of the
Boolean distance similar to Zhang and collaborators [Zha09a]using 26 µs
of data, corresponding to approximately 15,000 transitions. Even with this
amount of data, I was not able to identify Boolean neighbors required for
the calculation. The failure to apply this method for the delayed-feedback
XNOR oscillator could be due to a higher dimensionality of the dynam-
ics. Future work could explore different approaches to measuring the Lya-
punov exponent of an experimental Boolean network or consider applying
the Boolean distance with much more data than 26 µs at 20 GSa/s sampling
rate.

4.4.2 boolean network model for the chaotic dy-
namics

In this section, I motivate the autonomous Boolean network model by Glass
and collaborators [Gla98, Mes96] that is introduced in Sec. 2.3.3; I take an
experimental point of view and extend the model with time delays. This
derivation is also the foundation for the mathematical models in the fol-
lowing chapters, where I use similar descriptions. The model is simulated
numerically to compare the resulting waveforms to experimental observa-
tions.

The dynamic behavior of electronic logic gates can in principle be mod-
eled from first principles using SPICE models [Vla94]. Here, however, I
use simple piecewise-linear switching models for two reasons. First, a sin-
gle programmable look-up table block (logic gate) on the FPGA includes
at least 30 transistors [Max09], which would each be modeled with several
differential equations depending on the model, leading to very slow numer-
ical simulations for larger circuits. Second, the required parameters are not
provided by the manufacturer to protect against reverse engineering; hence,
the SPICE models are unknown.

I describe the electronic logic gates on the FPGA with an equivalent
circuit shown in Fig. 17, which separates its operation into ideal Boolean
switching and subsequent frequency filtering. I assume a simple first-order
low-pass filter for the logic gate because the actual filter characteristics is un-



4.4 dynamics of the delayed-feedback xnor oscillator 42

Boolean
operation

first-order 
low-pass filtertime delays

logic element

threshold 
condition

XNOR
LUT

FIGURE 17: Equivalent circuit for the model. The output state x is delayed by three

di�erent time delays τ1, τ2, and τ3. Within the equivalent logic gate, the states are

subject to a threshold condition, an ideal Boolean operation, and a �rst-order low-pass

�lter.

known and cannot be measured. Instead only signals from the output gates
can be measured, which may have different filter characteristics. Therefore,
a simple model is preferred.

A frequency filter can be expressed mathematically with a transfer func-
tion

H(ω) =
F {Vout(t)} (ω)

F {Vin(t)} (ω)
(19)

that relates the Fourier spectrum F {·} (ω) of the output signal Vout to the
Fourier spectrum of the input signal Vin for frequencies ω. Specifically, for
a first-order low-pass filter, the transfer function reads

HLP(ω) =
γ0

1 + iωτLP
, (20)

where γ0 is the attenuation of the low-pass filter and τLP is the filter con-
stant given by the inverse of the cutoff frequency

τLP =
1
ω

=
1

2π f+
. (21)

I assume that the filter is loss-less (γ0 = 1), leading to

(1 + iωτLP)F {Vout(t)} (ω) = F {Vin(t)} (ω). (22)

Applying the property

iωF { f (t)} (ω) = F
{

d
dt

f (t)
}
(ω) (23)

and the linearity of the Fourier transform, I obtain

F
{(

1 + τLP
d
dt

)
Vout

}
(ω) = F {Vin} (ω), (24)
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which becomes when comparing the arguments of the Fourier transform(
1 + τLP

d
dt

)
Vout = Vin(t). (25)

This is equivalent to the differential equation

τLP ẋ(t) = −x(t) + xdr(t), (26)

where I have replaced the output voltage Vout(t) by a dimensionless vari-
able x(t), and the input voltage Vin(t) by a driving term xdr(t) and ab-
breviate the temporal derivative with a dot. The dimensionless variable x
can be scaled to correspond to the experimental variable V by multiplying
VH = 1.3 V, depending on the used output gate.

For the setup of the delayed-feedback XNOR oscillator, the low-pass fil-
ter is driven by a 3-input inverted XOR Boolean function XNOR: {0, 1} ×
{0, 1} × {0, 1} → {0, 1} as shown in Fig. 17. I model the three delayed feed-
back lines (τ1, τ2, τ3) with mathematical time delays. The driving signal of
the lowpass filter is then

xdr(t) = XNOR [X(t− τ1), X(t− τ2), X(t− τ3)] , (27)

where the Boolean variable X(t) is calculated from x(t) with the threshold
condition

X(t) =

1, if x(t) > xth,

0, if x(t) ≤ xth,
(28)

with the low and high Boolean values 0 and 1 and a symmetric threshold
xth = 0.5. Combining Eq. (26) and (27), I arrive at the delay differential
equation

τLP ẋ(t) = −x(t) + XNOR [X(t− τ1), X(t− τ2), X(t− τ3)] , (29)

which I use in the following to model the dynamics of the delayed-feedback
XNOR oscillator. This equation is an extension with time-delayed feedback
terms of the piecewise-linear differential equations introduced by Glass and
collaborators for autonomous Boolean networks [Mes96, Gla98].

I integrate Eq. (29) numerically with a linear multistep method as discuss
in Appendix B.8. I choose the three time delays so that complex dynamics
emerge. As the low-pass filter constant, I use τLP = 0.4 ns, which corre-
sponds to the 3 dB dropoff of f+ = 400 MHz measured from the experiment
[see Eq. (21), Sec. 4.4.1.1 and Fig. 16(b)]. In addition, this value also corre-
sponds to the propagation delay of a logic gate τLG = τLP ln(2) [see Eq. (8)]
with τLG = 0.28± 0.01 ns measured as discussed in the Appendix A.2.

Figure 18(a) shows the waveform resulting from numerical integration
of Eq. (29) for time delays stated in the caption. The waveform displays
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FIGURE 18: (a) Dynamics of the delayed-feedback XNOR oscillator from numerical

simulation of Eq. (29). (b), (c) Power spectrum and autocorrelation of (a). The power

spectrum is calculated with T = 26 µs and dt = 50 ps and averaged over 20 MHz to

remove noise. The model parameters are τLP = 0.4 ns, τ1 = 10.119 ns, τ2 = 1.732 ns,
and τ3 = 0.297 ns.

complex behavior and irregular spacing of transitions. The number of tran-
sitions per nanosecond, however, is larger than for the experimental wave-
form in Fig. 16(a). Moreover, the numerical integration leads to chaotic
dynamics only for narrow ranges of the feedback delays, whereas the ex-
periment shows chaotic dynamics consistently when the feedback delays
τ1, τ2, and τ3 are above a certain value as discussed in the next section.

These differences may be due to several non-ideal behaviors of the ex-
perimental system. For example, as discussed in Sec. 3.3.1, the voltages
measured from the FPGA are routed through output buffer gates before
they are measured with the oscilloscope. These can reduce the number
of transitions, especially when they have stronger filtering than the pro-
grammable logic gates or a different threshold voltage. The disagreement
may also be due to history- and state-dependency of the feedback delays
in the experiment, heterogeneity, and noise, which are not captured by the
simplified model (see also Sec. 3.2.3). Lastly, the disagreement may also be
caused by a frequency characteristic of the logic gates that differs from a
first-order low-pass filter characteristic used to derive the model.

I also show the power spectrum calculated from the numerical data in
Fig. 18(b). It has a 3 dB dropoff corresponding to the cutoff frequency f+ =
400 MHz (τLP = 0.4 ns. The power spectrum from numerical integration
is similar to the experimental measurement in Fig. 16(b). I also show the
autocorrelation of the numerical data in Fig. 18(c). It drops quickly to values
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close to zero after a de-correlation time of 1 ns, which is similar to the
experimental data in Fig. 16(c).

To summarize the comparison between experiment and simulation, I find
that they have similar power spectra and autocorrelations, but differ in the
waveforms as they show a different number of transitions per unit time. I
find, however, that the model is well suited to simulate regular dynamics,
such as oscillations in autonomous Boolean networks as discussed in later
chapters.

4.4.3 transition to chaos

While I have shown in the previous section that the delayed-feedback
XNOR oscillator with the setup shown in Fig. 15(b) displays chaos for one
particular choice of feedback time delays, I discuss in this section the dy-
namics of the experimental system for various different feedback delays.

The three time-delayed feedback lines are constructed from chains of ni
inverter gates, which result in time delays according to Eq. (14). The oscil-
lator shows chaos for parameters n1 = 18, n2 = 6, and n3 = 2, as discussed
in the previous section. I explore different dynamics of the oscillator by
changing n1 from n1 = 0 to n1 = 14 in steps of 2 while keeping n2 = 6
and n3 = 2 fixed. Figure 19 shows the resulting dynamics as waveforms of
the output voltage of the delayed-feedback XNOR oscillator over time for
different values of n1.

The first tested value of the feedback delay of n1 = 0 corresponds to a
feedback line that does not include inverter gates, but rather is built only
with on-chip interconnect leading to a delay that is negligible compared
to the delay of an XNOR logic gate, so that the total delay corresponds
approximately the delay of the XNOR logic gate (the delay of a 3-input
XNOR gate is τXNOR = 0.38± 0.02 ns, as measured in Appendix A.4). The
resulting output voltage of the oscillator is at a constant value of V≈0.7 V,
but also shows small voltage fluctuations on the order of 0.01 V due to
electronic amplitude noise. This value is close to V = Vth = (VH − VL)/2,
which is the threshold voltage of the logic gate. Therefore, I observe that
short delayed feedback can stabilize the threshold value. Depending on
the placing of this setup on the electronic chip, I also sometimes observe
constant Boolean levels of high or low Boolean voltage, which is likely due
to a difference between the threshold values of the XNOR logic gate and
the output logic gates.

In the waveform in Fig. 19(b), I have increased the delay substantially
from the delay of one logic gate to τ = 2τLG + τXNOR = 0.94 ± 0.02 ns
by including n1 = 2 cascaded inverter gates in the feedback line. The
waveform shows a periodic evolution of the voltage over time, where the
same pattern repeats with a period of T = 4.3 ± 0.1 ns. This period is
related to the largest delay in the system that consists of six inverter gates,
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FIGURE 19: Dynamics of the delayed-feedback XNOR oscillator for di�erent values of

feedback delays measured from the experiment. From (a) to (h), n1 is increased from

zero to 14 in steps of two leading to di�erent delays according to Eq. (14). n2 = 6,
n3 = 2 are �xed corresponding to delay lines of length τn2 = (1.7± 0.1) ns, τn3 =

(0.56± 0.02) ns. For the total feedback delay, the gate delay of the XNOR logic gate

(τXNOR = 0.38) has to be added. FPGA and oscilloscope as in Fig. 16.

resulting in τ3 = 6τLG + τXNOR = 2.06± 0.08 ns (using τLG = 0.28± 0.01 ns
and τXNOR = 0.38± 0.02 ns, as measured in Appendix A.4). As explained
in Ch. 6, the period in the oscillatory regime for such feedback systems is
given by twice the delay, i.e., T = 2τ3, which corresponds to the measured
value.

For values from n1 = 4 to n1 = 8 in Fig. 19(c)-(e), the resulting wave-
forms show periodic oscillations, but with more complex patterns than in
Fig. 19(b). For example, in Fig. 19(c), the voltage shows a pattern of two
minima and two maxima and one dip to a level close to the threshold volt-
age and, in Fig. 19(d), the periodic pattern shows four maxima with differ-
ent amplitudes and different spacing. An extension of this thesis could be
to study the formation of these complex patterns as a function of the time
delays.

For values of n1 above ten in Fig. 19(f)-(h), the voltage shows a complex
temporal evolutions without strict periodicity, which I have identified with
Boolean chaos in Sec. 4.4.1.3. For n1 = 10 and n1 = 12, the waveform
includes recurring patterns within the chaotic dynamics (not shown in the
figure), which is not the case for n1 = 14 and for several parameter values
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n1 ≥ 14 that I have tested. Therefore, I conjecture that the dynamics is
chaotic consistently for n1 ≥ 14. The dependence of the dynamics on the
time delays in the system is in agreement with guideline (ii).

The dynamics can be affected by placing the oscillator on a different area
of the chip, because the logic gates are heterogeneous (see Section 3.2.3).
This can lead to different wave patterns in the periodic dynamics and a
different threshold value nk at which the network displays Boolean chaos.

I characterize the complexity of the dynamics for different network sizes
in the next chapter, which also includes extensive numerical simulation
and comparison between model and experiment. For this reason, I have
not included numerical simulation in this section.

4.5 conclusion

In this chapter, I have studied simple autonomous Boolean networks that
display Boolean chaos. The networks are designed with the help of three
guidelines derived from Boolean network models that are likely to increase
the complexity in experimentally realized autonomous Boolean networks.
These guidelines, however, do not guarantee complex dynamics because of
differences between Boolean network models and experimental realizations.
Specifically, a network that is predicted to show stable complex dynamics
with an autonomous Boolean network model relaxes to a fixed point after
a complex transient in the experiment. This breakdown of the theory is
one important result of this chapter. I have also identified a network topol-
ogy with stable complex dynamics in the experiment—termed the delayed-
feedback XNOR oscillator—that is a structurally simple network of only
one node with three delayed feedback lines. The delayed-feedback XNOR
oscillator shows a dynamic transition from regular dynamics to Boolean
chaos when the feedback delays are increased.

Boolean chaos has several applications, such as chaos-based radar and
physical random number generation [Sob00, Liu04]. In the next chapter, I
explore the latter striking application.



5
U LT R A - FA S T P H Y S I C A L G E N E R AT I O N
O F R A N D O M N U M B E R S U S I N G
H Y B R I D B O O L E A N N E T W O R K S

5.1 abstract

I discuss in this chapter how chaotic dynamics in autonomous Boolean
networks can be used for high-speed physical random number generation.
I start this chapter in Sec. 5.2 by introducing to random number genera-
tion. In Sec. 5.3, I develop a hybrid Boolean network that consists of both
autonomous and synchronous Boolean nodes. In Sec. 5.4, the Boolean net-
work is utilized for random number generation. 1

The main contribution of this chapter are:

• introducing a network-based approach to random number generation,
which allows for post-processing schemes that do not reduce the rate
or increase the size of the system;

• realizing a physical random number generator based on a chaotic
Boolean system with a compact circuit that is inexpensive and can
be integrated with other components as a system on a chip (SoC);

• realizing an ultra-high bit rate of 12.8 GHz.

5.2 introduction to random number gen-
eration

Random numbers are the backbone of cryptographic protocols used for
private communications, such as everyday bank transactions and cloud
services, and proof-of-work protocols, which are the foundation of cryp-
tocurencies such as Bitcoin [Asm07, Jun99, Nak08]. They are also essential
for Monte-Carlo simulations, which are used in various fields, such as cli-
mate or biomedical sciences [Bin10, Met49, Moo97].

1 Results of this chapter are published in Ref. [Ros13a].
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5.2.1 application of random numbers to private com-
munication

A common situation in cryptography is when two parties, called Alice and
Bob, communicate, while an eavesdropper, called Eve, is able to read all
exchanged messages. Eavesdropping is easily possible for wireless com-
munication and communication via the internet. Therefore, private com-
munication requires message encryption, which, in its most reliable form,
is achieved with symmetric-key encryption as visualized in Fig. 20(a). Al-
ice and Bob share a secret key via a secure line, for example by meeting
each other or via quantum key distribution [Ved06]. This key is then used
by Alice to encrypt the message, where it is converted to a ciphertext via
a complex invertible algorithm in combination with the key, and used by
Bob to decrypt the message, where the ciphertext is converted back to the
message via the inverted algorithm in combination with the key. Eve can
read the ciphertext, but deciphering the text is computationally prohibitive.
However, the key has to be changed on a regular basis so that Eve has
limited time for finding it. A historical example of a simple invertible en-
cryption algorithm supposedly used by Julius Caesar is to shift the letters
in the alphabet by a certain number given by the secret key, which is easy
to encrypt and decrypt when the key is known but harder to decipher if the
key is unknown. Today, encryption algorithms are, of course, much more
complex [Sin11].
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FIGURE 20: (a) Schematic of symmetric-key encryption with a shared key via a secure

line. (b) Schematic of public key exchange via a public line. The picture is a modi�ed

version of the public domain content http://commons.wikimedia.org/wiki/File:

Public_key_encryption.svg.

In modern private communication, the key is exchanged publicly, as vi-
sualized in Fig. 20(b). Alice randomly generates a private key and infers

http://commons.wikimedia.org/wiki/File:Public_key_encryption.svg
http://commons.wikimedia.org/wiki/File:Public_key_encryption.svg
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from it a public key, where the private key is hard to infer from the public
key (the inverse operation). Bob uses an encryption mechanism to encrypt
a message with the public key, such that Eve cannot decipher the mes-
sage in reasonable time without the private key. Alice then decrypts Bob’s
message using a combination of the private and public key. The message
includes a new secret key that is used to communicate via symmetric-key
encryption. The common algorithm for public key exchange, known as
RSA2 encryption, relies on multiplying two prime numbers, which is fun-
damentally hard to invert (known as prime number factorization) scaling
in computation time exponentially when the number of digits increases
[Kat07, Rob03, Ade83].

Both the symmetric-key encryption and RSA encryption rely on the un-
predictability of encryption keys. On the other hand, predictable keys or
unsecure storage of keys can put these encryption schemes at jeopardy. For
example, a recent major security breach in RSA encryption was discovered
on April 2014 with the Heartbleed Bug, which allowed hackers for two
years to spy out stored private keys from the server and hence decrypt the
communication, but it is unknown if hackers were aware of this possibility
for longer than a few hours after this possibility was officially disclosed
[Per14]. The impact of this security breach could have been lower if keys
would be generated just before they are used instead of saving them in ad-
vance on the server. Encryption keys are generated from random numbers,
which are required to be as random as possible for highest cryptographic
security. Two ways of generating random numbers are pseudorandom num-
ber generated using mathematical algorithms and physical random number
generation using a physical entropy source.

5.2.2 pseudorandom and physical random number

generation

Pseudorandom number generators are mathematical algorithms that can
be used to calculate a sequence of numbers with properties of true random
numbers. The algorithm starts the calculation from an initial value called
a seed, which can originate from a physical entropy source, such as user
input. Because the sequence of random numbers can be reproduced when
the seed and algorithm is known, pseudorandom numbers are not truly
random, so that the entropy of pseudorandom numbers is restricted to
the entropy of the seed [Jun99, Ruk01]. This means that poorly chosen
seeds can lead to failure of pseudorandom-based protocols. For example,
a prominent security breach existed in the web browser Netscape between
1994 and 1995, where the seeds were chosen as a combination of the current
time and process IDs [Gol96].

2 The letters RSA are the initials of the inventors Ron Rivest, Adi Shamir, and Leonard
Adleman.
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An example for a mathematical algorithm that generates numbers with
properties of randomness is a linear feedback shift register (LFSR), as
shown in Fig. 21(a) with the example of a Fibonacci LFSR. In the illus-
tration, the shift register stores 16 values, where, in every iteration, the
leftmost value is replaced by the XOR Boolean function of certain bits in
the shift register and the rightmost bit is discarded. The leftmost bit in the
shift register can be used as the generated random bit. This algorithm can
be initialized by defining the bits in the shift register, which is the seed of
the pseudorandom number generator. Interestingly, the Fibonacci LFSR is
a synchronous Boolean network similar to Kauffman networks introduced
in Section 2.3.1. As such, it has a finite number of states and will eventually
enter a repeating cycle, which can, however, be very long with a maximum
of 216 − 1 = 65535 states for a 16-bit LFSR. Figure 21(b) shows a similar
setup called Galois LFSR, which can be implemented more efficiently in
software than a Fibonacci LFSR. However, both LFSRs can be implemented
very efficiently in hardware to generate random numbers at a high rate.
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FIGURE 21: (a) A 16-bit Fibonacci linear feedback shift register (LFSR). The tab num-

bers above the shift register characterize the speci�c Fibonacci LFSR as the bit posi-

tions of which the XOR operation is executed. (b) A 16-bit Galois LFSR. The pictures

are modi�ed versions of the public domain content http://en.wikipedia.org/wiki/

File:LFSR-F16.gif and http://en.wikipedia.org/wiki/File:LFSR-G16.gif.

In physical random number generation, in contrast, a measurement from
a physical entropy source provides the random numbers. For example, the
voltage of electronic noise over time can be measured to generate physical
random numbers, such as implemented in the Intel random number gener-
ator [Jun99], or quantum effects can be exploited [Way10]. Other examples
are to throw dice or take random user input via a pointing device, such as
a touch screen.

While physical random numbers are regarded secure, their generation is
usually slow and expensive. An attractive secure alternative to pure physi-
cal random number generators is to use them to repeatedly generate seeds

http://en.wikipedia.org/wiki/File:LFSR-F16.gif
http://en.wikipedia.org/wiki/File:LFSR-F16.gif
http://en.wikipedia.org/wiki/File:LFSR-G16.gif
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for pseudorandom number generators. One similar scheme, as already dis-
cussed in Sec. 4.2.1, is to use chaotic systems that include a small-amplitude
entropy source, i.e., deterministic chaos under constant perturbation of mi-
croscopic noise. The microscopic noise provides the physical randomness
and the deterministic chaos provides amplification of the physical random-
ness similar to a pseudorandom number generator because deterministic
chaos follows mathematical equations [Har12]. The chaotic dynamics am-
plifies the entropy to a rate given by the Lyapunov exponent and can also
make its statistical properties more desirable, known as the mixing property
of chaos [Har12, Rei09].

An important early study on chaos-based random number generation is
described in Ref. [Sto01], where a CMOS circuit realizes a one-dimensional
chaotic, piecewise linear map leading to a rate of 1 Mbit/s. But this circuit
is an exact physical implementation of a mathematical map and is hence
not sensitive to electronic noise and implements a pseudorandom number
generator. High real-time random bitrates of up to 300 Gbit/s of physical
randomness could been realized with continuous-time chaotic photonic de-
vices because of their large bandwidth [Uch08, Rei09, Kan10, Li11, Har11].
Theoretical studies of the Lang-Kobayashi equations, which is a standard
model for laser dynamics, could prove that the randomness in these pho-
tonic systems originates from physical entropy [Har12]. In Ref [Ros13a],
my collaborators and I have shown that very high data rates can also be
achieved with lower-speed chaotic electronic devices by using paralleliza-
tion, which is the work discussed in this chapter. Such parallelization is
especially easy to implement using electronic microchips. Since my publi-
cation, another group has also reported on a high-speed random number
generator based on an electronic tunnel diodes in Ref. [Li13], claiming high
bitrates also through parallelization. In contrast to my work, however, they
require computationally-intensive post-processing.

5.2.3 desired statistical properties of random num-
bers and post-processing

The applications mentioned in the beginning of this chapter require certain
statistical properties for the random numbers. Good statistical properties
are, for example, high entropy and low bias, where entropy measures the
unpredictability of the random numbers and bias measures its deviation
from a uniform distribution [Cov91]. These statistical properties can be
assessed with statistical randomness test suites that include multiple tests,
such as the statistical test suite by the National Institute of Standards and
Technology (NIST) for random number generators for cryptographic proto-
cols [Ruk01].

Statistical tests determine if a sequence of numbers fails certain criteria
for true randomness using a statistical approach of a null hypothesis H0.
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For example, H0 for testing a sequence of random numbers could be that
the random numbers are free of bias or free of correlations. A null hypothe-
sis test can have two outcomes: First, it can result in statistical evidence for
the rejection of H0 with a confidence of, for example, 3σ = 99.7%; second,
it can result in no rejection of the null hypothesis. The second case, how-
ever, does not imply 3σ = 99.7% confidence that the null hypothesis holds,
just as it is wrong to assume that no evidence of bias implies evidence of
no bias [Cov91, Tal10]. A setting where the null hypothesis is not rejected,
but the random number generator has flaws, corresponds to a type-II error,
which statistical randomness tests try to minimize [Ruk01]. Type-II errors
result from a finite sample size used for the testing and from a finite num-
ber of tests; for example, the NIST test searches for repetition of patterns
only up to a certain pattern length. Because of type-II errors, a flawless ran-
dom number generator—a so-called ‘true random number generator,’—is
impossible to identify.

Good statistical properties are usually hard to achieve for physical ran-
dom number generators because of intrinsic bias and correlations originat-
ing from the physical source. Bias and correlations and other statistical
flaws can be reduced using post-processing, such as by combining multiple
bitstreams from identical uncoupled systems [Uch08] or hashing random
bits from the bitstream produced by a single device [Jun99]. These ap-
proaches either reduce (divide) the generation rate of random numbers or
increase (multiply) the system size by including multiple random number
generators.

A frequently used post-processing algorithm is based on the XOR Bool-
ean function. For example, a generalized n-input XOR logic gate can hash n
bitstreams resulting in one bitstream with reduced bias. The resulting bias
is b̃ = 2n−1bn, where b is the bias of the uncorrelated input bitstreams (see
Appendix C.1). Specifically, a bias of b = 1% can be reduced to a theoretical
value of b̃ = 8 · 10−8 using a 4-input XOR gate, which corresponds to an
undetectable level of bias when analyzing a gigabit of data (typically used
in standard statistical randomness tests, such as NIST tests [Ruk01]).

Post-processing can limit the bitrate of physical random number gener-
ators substantially, such as when a fast-timescale optical system is hashed
with a much slower electronic post-processing unit. For this reason, many
studies on ultra-fast random number generation do not include the low
rates of post-processing in the quoted bitrate of the random number gen-
erator. A case in point is a study by Kanter and collaborators who imple-
ment a photonics-based random number generator with a raw data rate of
300 Gbit/s. In post processing, they use a complicated algorithm that takes
the 15th derivative of the data, which is not accounted for in the random bi-
trate [Kan10]. On a 4-core, 2 GHz processor, the rate decreases consequently
to about 600 MHz including post-processing, assuming that the calculation
of the 15th derivative requires 15 processor operations.
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To my knowledge, all approaches to fast random number generation by
the nonlinear dynamics community are limited by their acquisition method
with high-speed oscilloscopes. These devices can acquire digital data at
rates as high as 400 Gbit/s (assuming a 10 bit quantization with a digi-
tal bandwidth of 40 GHz), but they can maintain this rate only for a short
time, until its fast random access memory is filled, which usually takes only
about 10 µs. It is, however, not clear if this rate could also be maintained
for constant streaming into a communication interface by altering the de-
vice. The use of high-speed oscilloscopes also increases the price of random
number generators to as much as 100,000 USD, where the actual physical
device can typically be manufactured for less than 10,000 USD. Though the
high cost, the high-speed analog-to-digital converters in such oscilloscopes
are very useful for random number generation, which has been showcased
by Reidler and collaborators, who have realized a photonic-based device
with a rate of 12.5 GHz, where the post-processing simply discards several
of the most significant bits of the 8-bit quantized acquisition [Rei09].

Uchida and collaborators have developed a physical random number gen-
erator based on two copies of a photonic device that are monolithically-
integrated. This study is a first step towards adding electronic post-pro-
cessing to the chip by hashing the two bitstreams with an XOR logic gate.
This would allow them to claim a real-time (online) bitrate of 2.08 GHz
including post-processing on a compact device [Har11].

5.2.4 utilization of autonomous boolean networks

for random number generation

Autonomous Boolean networks with chaotic dynamics are technological
favorable for random number generation because:

• their dynamics evolves on a sub-nanosecond timescale, which is fast
compared to other electronic circuits allowing for high random bit
rates;

• when realized on microelectronic chips, they can be integrated to-
gether with other logic-circuit-based electronic devices such as pro-
cessors, resulting in a system on chip (SoC);

• they are inexpensive, especially when comparing the number of re-
quired logic gates to the requirements for a central processing units
(CPUs) (modern CPUs include on the order of a billion transistors,
whereas a single 2-input logic gate can be implemented with less than
ten transistors [Hor89]).

Autonomous Boolean networks (even if not identified as such) have been
used before to generate physical random numbers. For example, methods
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have been developed to generate physical random numbers from jitter in
periodic autonomous Boolean networks [Sun07, Wol09]. In one approach,
random numbers are generated using multiple unidirectional ring oscilla-
tors, which are oscillatory systems that I describe in Ch. 6, built from∼ 1300
autonomous inverter gates together with multiple clocked XOR logic gates
to remove bias. However, this standard approach requires a large number
(∼170) of logic gates to generate random numbers at a rate of 100 Mbit/s
and, in addition, evidence exists that this approach has flaws [Dic07]. Dichtl
and Golić have developed a chaos-based approach to random number gen-
erators with autonomous Boolean networks [Dic07]. The topology of their
autonomous Boolean networks are based on Fibonacci and Galois linear
feedback shift registers as introduced in Sec. 5.2.2, but the networks are
operated without clocks. Multiple copies of such autonomous Boolean net-
works can be combined with a clocked XOR operation to reduce bias and
increase entropy. These setups have been reported to generate uncorre-
lated random numbers at 20 Mbit/s, but neither the chaotic dynamics nor
the quality of the resulting random bit sequence have been characterized
[Dic07].

In this chapter, I generate random numbers with an autonomous Boolean
network described in a US patent [Bae08] with a ring topology and 3-input
XOR and XNOR logic functions as discussed in the next section. This net-
work, which I call an XOR ring network, is similar to the delayed-feedback
XNOR oscillator in Ch. 4, but has three substantial advantages:

1. The XOR ring network uses of many 4-input logic gates on the FPGA
as a 3-input logic gates, leading to a high logic-gate utilization, which
might increase the complexity per logic gate (see Sec. 3.2.1);

2. The XOR ring network includes multiple autonomous nodes that can
be sampled to generate multiple bitstreams per system;

3. The randomness produced by the XOR ring network, when tested
with the NIST test suite, is found to have good statistical properties,
such as low bias and correlations.

The characterization of the dynamics of the XOR ring network has not
been documented prior to my publication [Ros13a] and the resulting ran-
dom numbers have not been confirmed to be of high quality. I also integrate
the network with a different sampling and processing strategy than that
proposed in the patent because I find that the sampling strategy proposed
in the patent leads to biased random numbers.
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5.3 hybrid boolean network approach

The random number generator discussed in this chapter is illustrated in
Fig. 22(a)-(d). It is a hybrid Boolean network composed of autonomous
(unclocked) Boolean nodes and synchronous (clocked) Boolean nodes. The
autonomous Boolean nodes form the XOR ring oscillator, which is an au-
tonomous Boolean network. It includes N autonomous nodes that are as-
sembled in a ring topology with bidirectional nearest neighbor coupling
and feedback. Each node has an in-degree of K = 3, with two inputs con-
nections from the output of each of its two nearest neighbors and one input
from its own output, where N − 1 nodes execute the XOR and one node
the XNOR Boolean function, as shown in Fig. 22(e)-(i) for different N. This
autonomous Boolean network has four outputs tapped from four distant
nodes, specifically, every fourth node in a ring of N = 16 nodes. In the
hybrid Boolean network, the synchronous node has an in-degree of K = 4
and an out-degree of 1 and executes the 4-input XOR Boolean function,
where the inputs are the outputs of the autonomous Boolean network. The
autonomous Boolean signals are converted with four flip-flops into syn-
chronous Boolean signals—streams of well-defined “0” and “1” that can
change Boolean values at every period given by the clock. The hardware
description of this network can be found in Appendix B.3.1.

The autonomous Boolean network, the XOR ring oscillator, can be scaled
in the number of nodes N. The network topology for N = 1, shown in
Fig. 22(e), is identical to the delayed-feedback XNOR studied in the previ-
ous Ch. 4 and introduced in Sec. 4.3, so that the XOR ring network is its
natural extension.

5.3.1 dynamics of the xor ring network

In this section, I describe the dynamical behavior of the XOR ring network,
which is the autonomous part of the hybrid Boolean network. The net-
work shows a similar dynamical transition with the size of the network as
discussed for the delayed-feedback XNOR oscillator in Sec. 4.4.3.

For a small number of nodes N < 4 the network displays a steady state,
which involves constant node output voltages at the low or high Boolean
voltage. For N = 2, as an example, the network shows dynamics where
one node is in the high Boolean state and one node is in the low Boolean
state, as shown in Fig. 23.

The reason for steady-state dynamics is that complex dynamics is pre-
vented by the low-pass filter characteristics of the system, as described in
Sec. 3.2.3. For example, more complex dynamics that can appear in such a
network are oscillations with a frequency f = 1/(2τ), where τ is the total
propagation delay through the network, as I explain in Ch. 6. The delay
τ = τLGN is given by the number of logic gates in the network N and the
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FIGURE 22: (a) Hybrid Boolean network composed of N = 16 autonomous Boolean

nodes and one synchronous Boolean node. Links with (without) arrows are directional

(bidirectional). The output of the hybrid Boolean network is a synchronous bitstream.

(b), (c) Notion of an XOR and XNOR node. (d) Flip-�ops are used to realize syn-

chronous nodes. (e)-(i) XOR ring network for �ve di�erent network sizes N = 1,
N = 2, N = 4, N = 5, and N = 16, respectively.

propagation delay of a single node τLG. For small network sizes N, this fre-
quency can be larger than the cutoff frequency of the lowpass filter, so that
the system attenuates oscillations. For the autonomous Boolean network to
bifurcate to non-steady dynamics, the propagation time must be increased,
which can be achieved by increasing N.

For a network sizes between N = 3 and N = 5 nodes, depending on
the specific realization of the network on the FPGA, the network starts to
show oscillations. For N = 4, the first and the third node display a con-
stant Boolean voltage, where nodes two and four display small-amplitude
oscillations, as shown in Fig. 24. The two oscillatory nodes both receive con-
stant Boolean inputs from their two neighbors and oscillatory inputs from
themselves [see also the network topology in Fig. 22(g)]. Note that the net-
work implementation includes output buffers as discussed in Sec. 3.3.2 that
can influence the measurement of the dynamics. For example, if an out-
put buffer has a slightly different threshold than the nodes in the network,
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FIGURE 27: (a) Temporal evolution of the network for N = 5 measured from one au-

tonomous node, displaying periodic dynamics. (b) Distribution of the time di�erences

∆t between two consecutive Boolean transitions for N = 5, quanti�ed by the probabil-

ity density function (PDF) centered at zero. (c) Temporal evolution and (d) PDF for

∆t for N = 6 when the autonomous Boolean network displays chaos. (e) Temporal

evolution and (f) PDF for ∆t for N = 16 when the autonomous Boolean network also

displays chaos. Realization as in Fig. 23.

sequence length m and especially smaller sampling period Ts for the calcu-
lation of H could potentially lead to an entropy close to zero because this
periodic pattern is predictable except for small jitter. In the chaotic regime
with N = 6, the entropy increases to H ≈ (0.82± 0.01) bit/sample, and for
N > 7 it is H ≈ (0.96± 0.01) bit/sample close to the maximum achievable
value of H = 1 bit/sample when sampled with Ts [Cov91]. The overall
increase in entropy describes a dynamical transition with N and is a conse-
quence of the increase of complexity in the dynamics with N as discussed
in Sec. 5.3.1.

5.3.3 modeling results for the dynamics of the xor

ring network

The dynamics of the XOR ring network, the coupled autonomous nodes
in the hybrid Boolean network, can be modeled with dynamic equations
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The results of the simulations are shown in Fig. 29. The simulation of a
small network of N = 2 nodes results in periodic oscillations [Fig. 29(a)].
The oscillations show a peak in the distribution of transition times at half
the period T/2 = 0.34 ns of zero width given by the measurement quanti-
zation [Fig. 29(b)]. This indicates that the period of oscillation is constant,
caused by the description of the dynamics with a deterministic model with-
out noise. For a large network of N = 16 nodes, the dynamics show irreg-
ular chaos-like dynamics [Fig. 29(c)]. The distribution of transition times is
continuous, but still shows a large maximum at t = 0.34 ns and a smaller
maximum at twice this values.
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FIGURE 29: Dynamics from the numerical simulation of Eq. (31)-(34). Temporal evo-

lution of one node and corresponding distribution of transition times in a network of

(a), (b) N = 2, and (c), (d) N = 16 nodes, respectively. (b) and (d) show peaks at

t = 0.34 ns. I simulate the system with a timestamp dt = 0.001 ns and the timescale

parameter τLP = 0.4 ns.

When compared to the experimental data in Fig. 27, I observe similar
waveforms in the simulations, but the distribution of transition times is
broader in the experiment. The latter difference could be due to a differ-
ent time delay distribution and jitter in the experiment, which is not yet
included in the model.
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case when the network character of multiple nodes is exploited, where mul-
tiple bitsteams from the autonomous Boolean network are probed in paral-
lel. Specifically, four bitstreams are routed from the autonomous Boolean
nodes to the synchronous Boolean node constituting a clocked 4-input XOR
logic gate. The synchronous node is a part of the hybrid Boolean network
operating in real time.

The synchronous node realizes a 1-bit quantization operation, which is
adequate for Boolean chaos whose complexity originates from the timing of
Boolean transition rather than the voltage amplitude [Zha09a]. The clocked
node performs an XOR operation, which is known to reduce bias if the
incoming bitstreams are sufficiently uncorrelated [Uch08] (see Sec. 5.2.3
and Appendix C.1). In the setup shown in Fig. 22(a), autonomous nodes
with inputs to the synchronous nodes have a distance of four. The dynam-
ics between these nodes is sufficiently correlated to result in low enough
bias to pass standard randomness tests. Specifically, the correlation be-
tween these nodes is less than 7.5%, measured with the normalized cross-
correlation function. The clocked node includes a flip-flop that samples
the autonomous nodes with a clock frequency of 100 MHz, as shown in
Fig. 22(d). This sampling rate corresponds to the maximum transfer rate
to the memory elements on the FPGA and leads to a bitrate of 100 Mbit/s.
Higher bit rates are allowed by the network because of a short correlation
time (≈ 590 ps) of the chaotic dynamics generated by an autonomous node.
However, the memory transfer speed of the inexpensive FPGA platform
precludes me from extracting this accessible entropy rate.

5.4 utilization as a physical random num-
ber generator

In this section, I test the hybrid Boolean network as a random number
generator and increase its rate through parallelization.

5.4.1 testing the physical random number genera-
tor

The hybrid Boolean network-based random number generator is imple-
mented on various FPGA platforms, such as the Altera Cyclone IV, Altera
Stratix IV, Xilinx Virtex VI, and the CPLD Altera MAX II with a tranfer pro-
tocol to the computer as detailed in Appendix B.3.2. For all of the hardware
chips, I assess the quality of the random numbers with 1000 bitstreams of
1 Mbit of data (total of 1 Gbit) using the NIST test suite [Ruk01] and observe
consistently successful passes at a rate of 100 Mbit/s with specific test re-
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sults discussed in the next section. This shows that my approach is robust
to changes in technology.

The resulting random numbers generated by the clocked node of the
hybrid Boolean network are non-deterministic because of the mixing prop-
erty of chaos, where the electrical noise that induces jitter is mixed into the
chaotic dynamics of the autonomous nodes (see also Sec. 5.2.2).

5.4.2 parallelization to increase the bitrate

The achievable random bit rate of a single hybrid Boolean network remains
one order of magnitude below that of photonic systems. However, the
small fraction of required logic gates is less than 0.02% of the logic gate
on an Altera Cyclone IV FPGA, allowing me to parallelize thousands of
random number generators, thus increasing the overall bit rate.

The parallelization scheme is shown in Fig. 31 with a hardware descrip-
tion discussed in Appendix B.3.3. I implement 128 uncoupled hybrid Boolean
networks in parallel that have independent temporal evolution. Together,
the networks generate 128 random bits per clock cycle that are saved to on-
chip memory in parallel. As I keep the sampling rate at 100 MHz, I achieve
a cumulative bit rate of 12.8 Gbit/s. A slower clock is then used to convert
the parallel data to a single bitstream and to send it to a computer. In prin-
ciple, a better communication architecture will be able to also stream the
data at 12.8 Gbit/s to a computer. In fact, this rate is only limited by the
memory capacity of the FPGA.

The cumulatively generated random numbers pass successfully the NIST
tests using 1 Gbit of data with results shown in Table 3. Each of the 15 tests
is run on all of the 1000 bitstreams, resulting in 1000 test results. The pro-
portion of passed repetitions of a test is one deciding factor of the quality
of the random numbers. Not all tests are passed because of the statistical
nature of the test, where a certain fraction of tests are expected to fail. The
P-value gives the probability to achieve test results as extreme as the mea-
sured ones. According to Ref. [Ruk01], a sequence can be considered to
be non-random with confidence of 99.9% for a P-value < 0.001. On the
other hand, a P-value > 0.001 does not allow to refute the random number
generator as non-random with that confidence.

The random numbers are also visualized as a pixel matrix, where a ”1“
is shown as a black dot and a ”0“ is shown as a white dot. Certain patterns
can be spotted by the human eye, but, in the figure, no patterns are visi-
ble, which gives further confirmation that he random numbers are of high
quality.

In addition to using the statistical test suites, I compute the 3σ confi-
dence intervals for the bias b and serial-correlation coefficient ρ under the
statistical null hypothesis H0 of a perfectly uncorrelated, unbiased random
number generator using n = 3 × 109 bits. They are given respectively
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TABLE 3: Results of the 800-22 NIST test suite [Ruk01] using 1 Gbit of data (1000

sequences of 1Mbit) generated by the 128 hybrid Boolean network-based random num-

ber generators implemented in parallel on an Altera Cyclone IV EP4CE115 FPGA. All

tests are passed successfully because the P-value is larger than 10−4 and the proportion

is greater than 0.980.

Statistical Tests P-value Proportion Result

Frequency 0.0856 0.991 Success
Block frequency 0.7887 0.993 Success

Cumulative sums 0.3191 0.988 Success
Runs 0.2954 0.989 Success

Long runs 0.0081 0.992 Success
Ranks 0.1147 0.995 Success

Fast Fourier transform 0.4750 0.991 Success
Nonoverlapping templates 0.1445 0.983 Success

Overlapping templates 0.6621 0.987 Success
Universal 0.0288 0.990 Success

Approximate entropy 0.5728 0.989 Success
Random excursion 0.3694 0.982 Success

Random excursion var 0.3917 0.982 Success
Serial 0.5544 0.987 Success

Linear Complexity 0.4944 0.992 Success
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by b̂ ± 3σ̂/
√

n = [−2.826, 2.651] × 10−5 and ρ̂ ± 3
√
(1− ρ̂2)/(n + 1) =

[−4.177, 6.777]× 10−5 [Whi57] with b̂, σ̂, and ρ̂ being the test statistics for
the bias, standard deviation, and serial-correlation coefficient, respectively.
Because these two intervals contain b = 0 and ρ = 0, H0 is not rejected.
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I have mentioned above that the autonomous Boolean network is already
patented [Bae08]. My contribution is that I have reported to the community
that the random number generator with my specific way of post-processing
produces reliable random numbers. On the other hand, when I implement
the post-processing technique proposed in the patent, it does not generate
high-quality random numbers. Further contributions are that I have in-
creased the bitrate in this system through parallelization, leading to a new
record bitrate for an inclusion of the XOR operation on the random num-
ber generator and that I have described the dynamics of the system with a
piecewise-linear switching model.

An autonomous Boolean network with chaotic dynamics can be imple-
mented as a network node in a meta-network. When multiple such nodes
with chaotic dynamics are coupled together, chaos synchronization is in-
principle possible as demonstrated with electronic circuits on printed cir-
cuit boards [Gao09]. On FPGAs, however, I am not able to synchronize two
chaotic systems because of heterogeneities of logic gates, e.g., in their prop-
agation delays, low-pass filter characteristics, and electronic noise. These
non-ideal effects result in significant parameter mismatch when implement-
ing multiple copies of chaotic oscillators on the same FPGA.

The coupling of meta-networks of autonomous Boolean networks is pos-
sible on the FPGA for autonomous Boolean networks in the periodic regime.
This is the topic of the next chapter.



6
P E R I O D I C D Y N A M I C S I N
A U T O N O M O U S B O O L E A N N E T W O R K S

6.1 abstract

This chapter focuses on periodic dynamics in autonomous Boolean net-
works. The goal is to design and characterize a periodic Boolean oscillator
that can be coupled into networks to study the resulting network dynam-
ics. The main challenge is to implement a coupling mechanism that is
adjustable and can be tuned weak. In Sec. 6.2, I first introduce the exist-
ing theoretical and experimental work on periodic dynamical systems and
their synchronization. Then, in Sec. 6.3, I show how periodic autonomous
Boolean networks can be coupled in an “on”-“off” fashion in network mo-
tifs consisting of two periodic oscillators. In Sec. 6.4, I introduce and char-
acterize a more advanced periodic Boolean oscillator that allows for weak
coupling with adjustable coupling strength. I term this experimental peri-
odic oscillator a Boolean phase oscillator because it bears resemblance to
the Kuramoto model. Its coupling mechanism is characterized within net-
work motifs.1

The main contributions of this chapter are:

• studying the dynamics of a simple periodic Boolean oscillator and
small network motifs of this dynamical system;

• designing, characterizing, and coupling of a periodic Boolean oscilla-
tor that allows for weak coupling;

• developing models for the dynaical systems in this chapter.

6.2 introduction to periodic dynamical

systems

In this section, I introduce previous work on dynamical systems with peri-
odic dynamics.

1 Results of this chapter are published in Refs. [Ros13b] and [Ros14].

72
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6.2.1 historical perspective on synchronization of

periodic oscillators

In the seventeenth century, the Dutch researcher Christiaan Huygens in-
vented the pendulum clock, studies of which lead him to the discovery
of synchronization phenomena, such as mutual synchronization [Huy86].
Following Huygens’ discovery, Lord Rayleigh used acoustical systems to
discover more complex synchronization phenomena, such as oscillation
quenching—also known as amplitude death—in 1870 [Ray96]. Appleton
and van der Pol used electronic components to find that the frequency of an
oscillator can be synchronized to a driving signal of a slightly different fre-
quency, which they also described theoretically as discussed in Sec. 6.2.4.1
[App22, Pol20]. Early studies on synchronization were not limited to man-
made systems, but were also conducted on biological system as early as in
1729 [Pik01].

6.2.2 motivation for the study of synchronization

of periodic oscillators

Synchronization of periodic oscillations is ubiquitous in biological systems,
such as circadian clocks [Ued05, Har01], oscillations of the central pattern
generator controlling rhythmic body movements [Mar01, Ste99, Sel10] (see
also Sec. 9.2), or fireflies that flash in unison [Buc76, Str93]. In neural sys-
tems, synchronization can have both positive and negative effects as de-
tailed in Sec. 9.2.1. Synchronization of electronic clocks is important in
electrical engineering for operation of electronic circuits, specifically syn-
chronous logic circuits, such as central processing units (CPU), and com-
munication systems, such as data transfer protocols. The synchronization
of signals limits, for example, both the data transfer rate and the size
and speed of CPUs [Bro08]. To allow for synchronization, engineers use
electrical circuits called phase-locked loops (PLLs), which are discussed in
Sec. 6.2.5.3. For many examples, the dynamics of simple coupling topolo-
gies are already important such as one oscillator synchronizing to a periodic
signal and much current interest exists is the study of oscillators networks,
such as chemical and biological oscillators discussed in Ch. 7.

In this chapter, I study small coupling topologies of two oscillators and
develop experimental dynamical systems for the study large networks.

6.2.3 notation of a periodic oscillator , phase , and

synchronization

A periodic oscillator is a dynamical system that produces a periodic oscil-
latory output even when it is isolated from its environment [Pik01]. The
dynamical system of a periodic oscillator has a closed attractive orbit in
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phase space, known as a limit cycle. When the dynamical system is on this
limit cycle, its dynamics can be expressed in form of the phase description
with frequency f0 and phase φ

dφ

dt
= 2π f0, (35)

by scaling the system variables of a single oscillator in time as illustrated in
Fig. 33(a) [Pik01]. In the figure, a limit cycle is mapped onto the unit circle,
where the frequency f0 is constant. In this description, the phase increases
constantly over time with slope given by the frequency. Figure 33(b) shows
that the phase can also be extracted from a square wave, which is discussed
in detail in Sec. 6.2.5.2.

Synchronization of multiple oscillators can be defined as an “adjustment
of rhythms of oscillating objects due to their weak interaction” [Pik01]. Two
oscillators are synchronized when their frequencies f1 and f2 take on the
same value due to small coupling adjustments; hence, they are frequency
synchronized, according to

f1 = f2. (36)

This is also often expressed as phase locking, according to

φ2(t)− φ1(t) = constant, (37)

where the phases of two periodic oscillators have a constant phase shift
[Pik01].

The synchronization of weakly coupled oscillators appears only in a finite
range of parameter mismatch, such as mismatch of free-running frequen-
cies. The synchronization region is a function of the coupling strength,
which is illustrated with the Arnold tongues for an oscillator with periodic
output signal of frequency fs that is externally driven by a periodic signal
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of frequency fm (m, s stand for master and slave oscillator) as shown in
Fig. 34(a).

The synchronization region can be measured by scanning fm and record-
ing the region where fs = fm, corresponding to Eq. (36), leading to the
graph in Fig. 34(b). Also fractional synchronization regions are possible,
where l · fm = k · fs with two integers l and k. If such synchronization re-
gions appear, the graph is also known as the devil’s stair case, as discussed
in Sec. 6.4.2.

Arnold tongues denote the synchronization region as a function of the
coupling strength. Typically, the synchronization region grows with the
coupling strength as shown in Fig. 34(c). For driving frequencies fm within
the gray area (the Arnold tongue), the slave oscillator frequency fs locks;
otherwise, it runs at a different frequency than the input frequency. When
fractional synchronization is considered, each integer pair k and l (using
l · fm = k · fs) can lead to a synchronization region, so that mutiple Arnold
tongues are possible [Pik01, Rei99].

6.2.4 dynamical systems with periodic dynamics

In this section, I introduce two examples of periodic dynamical systems
that were historically important to increase the understanding of coupled
oscillators.

6.2.4.1 Van der Pol Oscillator

In 1920, Appleton and Van der Pol studied several experimental realization
of a nonlinear electronic oscillator, shown in Fig. 35(a) [App22, Pol20]. In
the figure, the oscillator includes a neon lamp to realize the cubic nonlin-
earity, but it can also be realized with triodes and tunnel diodes. They
model the circuit with the following nonlinear differential equation for the
normalized voltage measured across the capacitor x

ẍ− ε(1− x2)ẋ + x = 0, (38)
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(d) Example dynamics of the Ikeda system, simulated with Eq. (41), showing square-

wave-like oscillations with period 2τ. (c) and (d) are modi�ed from Refs. [Ike79, Ike82].

which includes nonlinear damping γ = ε(1− x2). When x > 1, the damp-
ing is positive and slows down the oscillations, when, on the other hand,
x < 1, the damping is negative, leading to an acceleration. The result is a
limit cycle.

Using the transformation y = x − x3/3− ẋ/ε, Eq. (38) can be rewritten
as

ẋ = ε(x− 1
3

x3 − y) (39)

ẏ =
x
ε

. (40)

This is a special case of the FitzHugh-Nagumo model discussed in Sec. 8.2.4
for neural systems. The resulting dynamics are shown in Fig. 35(b), where
the limit cycle is shown in red and trajectories in phase space are attracted
to it, thus leading to stable periodic oscillations.

Using the electronic implementation of the system as shown in Fig. 35(a),
Appleton and Van der Pol discovered frequency locking, i.e. frequency syn-
chronization, with different fractions of the driving and oscillator frequency
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and also documented signs of deterministic chaos, but did not identify
them as such [App22, Pol20, Pol27].

As a predecessor of the FitzHugh-Nagumo model, the Van der Pol os-
cillator has contributed substantially to the study of neural systems (see
references in Sec. 8.2.4). It also serves in nonlinear dynamics as a model
system [Ran80]. The study of synchornization by Van der Pol and Apple-
ton were also of great practical importance for the development of radio
communication systems [Pik01].

6.2.4.2 Ikeda System

Ikeda studied in 1979 an optical feedback system that includes a nonlin-
earity and a time delay in the feedback due to finite transmission times
[Ike79]. The system includes a nonlinear absorption cell and several mir-
rors as shown in Fig. 35(c). The mirrors implement a ring cavity through
which light propagates in a circular fashion, leading to a delay given by the
roundtrip time. The absorption cell is a nonlinear medium that the light
propagates through in every roundtrip. The dynamics for the phase lag
imposed by the nonlinear medium x are described by the delay differential
equation

ẋ = −x(t) + γ f [x(t− τ)] , (41)

with a specific nonlinear equation f [·], feedback gain γ, and time delay τ

[Ike82].
For low feedback gain γ, the system can show periodic oscillations at

frequency

f =
1

2τ
, (42)

where the factor of two appears for negative feedback, where one roundtrip
results in a polarity-flipped signal and two roundtrips lead to the original
signal as shown in Fig. 35(d). The square-wave oscillations are modulated
with unordered deterministic fluctuations [Ike82]. For higher feedback gain,
a similar system has been shown to display breathing, where long periodic
oscillations are modulated by unordered, deterministic fluctuations, and
deterministic chaos [Cal10, Lar10, Pei09]. The system has also been shown
to display features of excitability [Ros11a]. The dynamics of Eq. (41) can
also be implemented with an optoelectronic oscillator, which includes both
optical and electronic components [Pei09, Arg05, Kou05].

Recent studies on highspeed optoelectronic oscillators include bandpass-
filtered electronic devices that allow for increased speed. The bandpass
introduces two timescales: the high and low cutoff frequency, another time-
scale is provided by the delay. These three timescales are often found to
determine features of the dynamics [Pei09]. Today, optoelectronic oscilla-
tors are used in modern telecommunication interfaces to realize ultra-stable
periodic oscillations at high frequencies [Yao96].



6.2 introduction to periodic dynamical systems 78

(a)

0 2 4 6 8 10

t im e (ns)

0.0

0.7

1.4

V
ou

t
(V

)

i/o buffer Vout

(b)

FIGURE 36: Ring oscillator of size n = 5. (a) Setup realized with autonomous logic

gates. (b) Experimental time series with frequency f = 390± 4 MHz.

6.2.5 previous work on periodic autonomous bool-
ean networks

Synchronization of periodic electronic oscillators is an important topic in
the engineering community because of its relevance for various applica-
tions, such as highspeed communication protocols. Periodic oscillators de-
signed to lock onto an external signal are called phase-locked loops (PLLs).
Great interest exists in the implementation of PLLs with all-digital circuitry
because it allows to integrate them on logic chips [Bes03]. The foundation
for all-digital PLLs are ring oscillators, which are dynamical systems with
a time delay and negative feedback.

6.2.5.1 Ring Oscillators

Ring oscillators are unclocked electronic circuits illustrated in Fig. 36(a).
They consist of an odd number of cascaded inverter gates assembled in a
unidirectional ring topology [Kat98]. When realized on an FPGA, the setup
also includes a buffer output gate as discussed in Sec. 3.3.1. They display
periodic oscillations with approximately the shape of a square wave with
high and low voltage given by the high and low Boolean voltage VH and
VL, respectively [see Fig. 36(b)]. The period of the oscillations is given by
twice the total delay in the ring, leading to the frequency [Sun07, Wol09]

f =
1

2τ
, (43)

which is typical for delayed feedback systems with negative feedback (see
Sec. 6.2.4.2). Specifically, the roundtrip delay is given by τ = nτLG with
τLG = 0.28± 0.1 ns for ring oscillators realized with n inverter logic gates.

The system is an autonomous Boolean network without a Boolean fixed
point, for which all Boolean functions are satisfied simultaneously as de-
fined in Sec. 4.3, hence leading to non-steady-state dynamics. To under-
stand the origin of oscillations in the system, consider a finite-state machine
with the topology of a ring oscillator in Fig. 37. The circuit is initiated with
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Boolean values as shown in Fig. 37(a). In each of ten time steps, the Boolean
states of each inverter logic gate are updated as the inverse of the input
logic state. The state of one logic gate is measured and considered the out-
put state of the synchronous ring oscillator as indicated by the arrow. After
ten time steps, the state in Fig. 37(d) is reached, which leads, in an eleventh
time step, to the initial state Fig. 37(a). The output state of the network indi-
cates that the period in the synchronous operation is ten iterations. Within
these ten timesteps, a change of Boolean state—a Boolean transition—has
time to travel around the network twice.

In ring oscillators in the autonomous operation, similar dynamics are ob-
served, where the period of the oscillation is twice the roundtrip time of
a transition in the network given by the propagation time delay, according
to Eq. (43). However, different from the discussion above, the experimen-
tal waveform in Fig. 36(b) includes a finite rise time, fluctuations on the
Boolean states and jitter. In addition, when the ring oscillator consists of
only one logic gate, the total delay is too short for the system to sustain
stable periodic oscillations, similar to the discussion in Sec. 4.4.3.

6.2.5.2 Phase of a Ring Oscillator

The phase of ring oscillators can be calculated at the rising and falling tran-
sitions of the resulting periodic square wave [see Fig. Fig. 33(b)]. With
the threshold value V0 at mid-amplitude and an external reference wave-
form Vre f (t) with the same period as the oscillator T = Tre f , the threshold-
crossing times tk and tre f ,k can be calculated. With these, the relative phase
φ = 2π

(
tk/T − tre f ,k/Tre f

)
mod 2π reference to a reference waveform can

be measured. Alternatively, the phase can also accessed continuously by
representing the waveform with a series of sine waves via Fourier decom-
position.
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6.2.5.3 Phase-Locked Loops (PLLs)

More sophisticated Boolean oscillators are all-digital PLLs. They are widely
used in digital communication systems for frequency multiplication and
clock synchronization, for example [Bes03].

PLLs comprise three functional blocks: (i) a phase-detector block, (ii) a
filter block, and (iii) a controlled-oscillator block. These three blocks are
assembled as shown in Fig. 38. In addition, an optional divided-by-N block
is shown that can be used to scale the output frequency to multiples of
the input frequency. The phase detector generates an error signal that is
proportional to the phase difference between the output signal of the PLL
and a reference signal. The error signal is filtered before being applied
to the controlled-oscillator block, which adjusts its phase and frequency
[Bes03].

Recent advances in digital electronic systems have spurred the develop-
ment of all-digital PLLs, where all three blocks shown in Fig. 38 are realized
with electronic logic circuits [Al-06]. The phase detector in all-digital PLLs
typically generates N-bit numbers representing the phase shift between the
input and output signals. The filter in all-digital PLLs is usually imple-
mented with a digital up-down counter that integrates the signal.

While there has been much effort in improving the locking performance
of PLLs, my goal in the Sec. 6.4 is to develop a very simple, resource-
efficient PLL design that allows me to create large networks.

In the following section, I discuss how ring oscillators can be coupled
and synchronized.

6.3 coupling of modified ring oscilla-
tors

In this section, I couple multiple ring oscillators (considered dynamical
nodes) to form a meta-network of autonomous Boolean networks. From
now on, I refer to ring oscillators as nodes and meta-networks connecting
them simply as networks. The nodes are almost identical logic circuits
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FIGURE 39: Setup of Boolean oscillators constructed from an OR gate, an inverter gate

and a delay line that is separately constructed from k inverter gates. Each oscillator has

a single input and an output.

schematically shown as a circle in Fig. 39(a). The small differences between
nodes originate from heterogeneity in the parameters of logic gates, such
as the propagation delay, as discussed in Sec. 3.2.3.

To couple ring oscillators, I first consider the addition of a 2-input OR
logic gate that allows me to apply a Boolean input signal to the ring oscilla-
tor, as shown in Fig. 39(b) (see Appendix B.4 for the hardware description).
In the figure, the delay line is realized with a chain of k inverter logic gates.
The total delay in the loop is given by the delay of all components including
the OR gate and the inverter gate.

The free-running frequency of each oscillator is given by Eq. (43) with
feedback delay τ = (k + 2)τLG, where k is the (even) number of inverter
gates in the delay line and the addition of 2 accounts for the additional
inverter gate and the OR logic gate. I assume that the propagation delay is
approximately the same for inverters and OR logic gates τLG = 0.28± 0.1 ns
(see also Appendix A.4).

6.3.1 unidirectional coupling of modified ring os-
cillators

In this section, I couple unidirectionally two modified ring oscillators, de-
noted by (m) and (s) for master and slave oscillator, respectively, as shown
in Fig. 40(a) and (b). Both modified ring oscillators are realized with an
identical number of inverter logic gates nm + 1 = ns + 1 = 21; with fre-
quencies fm = (92.1± 0.9)MHz and fs = (87.5± 1.2)MHz measured for
the uncoupled oscillators, respectively. This difference in the free-running
frequencies is due to the additional OR gate in (s) included to realize the
coupling and also due to heterogeneity in the gate delay.

When the coupling is turned on, phase- and frequency-locking is
achieved with frequency fm = fs = (92.2 ± 0.1)MHz, as illustrated in
Fig. 40(c). Further confirmation of phase synchronization is given in
Fig. 40(d), where the phase portrait (Vm(t), Vs(t− τ∗)) shows a straight line
with slope of approximately one. I measure the quality of synchronization
by computing the cross-correlation coefficient between Vm and Vs, which
is ρVmVs ≈ 0.995. A skew time τ∗ ≈ 225 ps is used to compensate for the
additional propagation time of the OR gate, the difference in propagation
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ring oscillators. (a) Illustration and circuit diagram (b) of the setup with master (m)

and slave (s) oscillators. (c) Temporal evolutions of the oscillators (m) and (s) showing

in-phase square-wave oscillations with period Tm,s = 10.9 ± 0.4 ns. (d) Evolution in

phase plane (Vm(t), Vs(t− τ∗)). The time series are acquired with a high-speed oscillo-

scope (DSO80804A) with 8 GHz bandwidth and 40 GSa/s sampling rate.

time of the two signals to the output port of the FPGA to the oscilloscope,
and for a small propagation delay in the coupling.

The stable phase-locked dynamics corresponds to one Boolean transition
propagating in each oscillator with constant relative phase shift. The OR
gate used in (s) leads to the creation of a Boolean transition in (s) whenever
(s) is in the VL state and (m) generates a Boolean transition (VL → VH or
VH → VL with the high and low Boolean voltages VH and VL, respectively).
This implies that multiple transitions can potentially propagate in (s) if (m)
and (s) are not phase locked. However, the lowpass filter transfer function
of logic gates in (s) likely has a higher gain at lower frequencies, so that
an oscillatory state with lower frequency is preferred [Sas82]. In addition,
the choice of an OR gate for the coupling of ring oscillators prevents an
accumulation of Boolean transitions in (s) because, if one of the two inputs
is in VH, then a Boolean transition in the other input has no influence on
the output of the OR logic gate.

6.3.2 mutual coupling of modified ring oscillators

With the modified ring architecture, I can also couple two ring oscillators
bidirectionally, as illustrated in Fig. 41(a) and (b), with a flexible choice of
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time delay is due to the on-chip wires connecting the two oscillators and is small (τ12 ≈
τ21 ≈ 0). (d), (e) Temporal evolution for the oscillators with τ12 ≈ τ21 ≈ τn1 ≈
τn2 (τ12 = 6.2 ns, τ21 = 6.5 ns) and τ12 ≈ τ21 ≈ 2τn1 ≈ 2τn2 (τ12 = 11.7 ns,
τ21 = 11.05 ns), respectively. The blue solid lines show the experimental time series.

The red dotted lines show the dynamics of xbu f 1 and xbu f 2 from numerical simulation

of Eqs. (44)-(46) with τ1 = τ2 = 5.4 ns and mutual time delays τ12, τ21 as stated

above. The dimensionless quantities xbu f 1 and xbu f 2 are scaled in amplitude and time

(V1,2 → xbu f 1,2VH and t→ tTrise/ ln(2), with VH = 1.3 V and Trise = 0.26 ns).

the coupling time delays τ12 and τ21 and identical constructions of the two
oscillators (hardware description shown in Appendix B.5).

When the coupling time delays are negligible τ12 ≈ τ21 ≈ 0 ns, the two
oscillators are synchronized in phase, as shown in Fig. 41(c) with the fre-
quency of each oscillator being slightly pulled from their respective free-
running frequencies f1 = (81.9± 0.7)MHz and f2 = (87.54± 0.7)MHz to
a common frequency f = (87.7± 0.7)MHz.

The synchronization patterns change when time delays along the links
are included. The two ring oscillators display either in-phase or anti-phase
synchronization depending on the coupling time delays τ12 and τ21 with
respect to the period of the oscillators T1 ≈ 2τn1 and T2 ≈ 2τn2 . Experimen-
tally, it is found that a relation of coupling delays τ12 ≈ τ21 ≈ pτn1 ≈ pτn2

with p ∈ N even (odd) lead to a synchronization state, where the two
oscillators are in-(anti-)phase synchronized. To illustrate this, the tempo-
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ral evolution of each oscillator is shown for τ12 ≈ τ21 ≈ τn1 ≈ τn2 and
τ12 ≈ τ21 ≈ 2τn1 ≈ 2τn2 in Fig. 41(d) and (e), respectively.

The experimental result on mutual synchronization reminds of phase syn-
chronization states predicted theoretically for two coupled Kuramoto oscil-
lators with time-delay feedback loops and links [Dhu08]. In this reference,
however, the periodic oscillator can oscillate without the presence of time-
delayed feedback, which is not the case for the modified ring oscillator—
without the time-delayed feedback, the modified ring oscillator reduces to
an OR and a NOT gate with a fixed Boolean state. Similar behavior has been
observed numerically for two delay-coupled FitzHugh-Nagumo systems,
each of which is in the excitable regime, i.e., does not exhibit self-sustained
oscillations in the uncoupled case as discussed in Sec. 8.2.4.

6.3.3 model for modified ring oscillators

The autonomous Boolean network of the ring oscillator modified with an
OR gate for the coupling can be modeled in various ways. Here, I use a
similar modeling framework as used for chaotic dynamics in Sec. 4.4.2 and
introduced in general in Sec. 2.3.3. Specifically, I describe the system with a
piecewise-linear switching model developed by Glass and collaborators and
extended with a feedback delay [Gla98, Mes96]. I compare the dynamics
measured from the experiment with the simulation results.

The differential equations for the network in Fig. 41(b) with continuous
and Boolean states xi and Xi (see Secs. 2.3.3 and 4.4.2) are

ẋ1 = −x1 + NOR [X1(t− τ1), X2(t− τ2,1 − τ2)] , (44)
ẋ2 = −x2 + NOR [X2(t− τ2), X1(t− τ1,2 − τ1)] , (45)
ẋbu f 1,2 = −xbu f 1,2 + X1,2(t), (46)

with two inverted OR (NOR) Boolean functions NOR: {0, 1} × {0, 1} →
{0, 1} and delayed feedback according to the two OR gates with consecu-
tive inverter gates and two logic gate-based delay lines. The time delays
originate from chains of consecutive inverter gates in the setup (τ1, τ2, τ12,
τ21). The third equation describes the temporal evolution of two buffer logic
gates xbu f 1 and xbu f 2 that perform the Boolean identity operation on X1(t)
and X2(t); the buffer gates correspond to output gates on the FPGA. Dif-
ferent from my consideration in Sec. 4.4.2, I have modeled the system with
dimensionless equations and have included dimensions afterwards in the
graphical illustration 41.

In Fig. 41(c)-(e), the dotted red line denotes the solutions obtained from
the model for xbu f 1 and xbu f 2 by evolving the analytical solution of the
piecewise linear differential equations between the switching of the NOR
Boolean function, similar to Ref. [Gla98]. Apart from a low level of am-
plitude noise and jitter in the experiment, which are both not included in
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the model, the dynamics generated by the model agrees well with the ex-
periment. Both display similar waveforms, rise times, and periodicity of
the oscillations. The discrepancy between model and experiment can be
quantified via differences in timing of transitions, which is a common mea-
sure in autonomous Boolean systems [Zha09a], and amounts to average
values of 0.20 ns, 0.94 ns, and 0.49 ns for the waveforms in Fig. 41(c)-(e),
respectively. The error is small in comparison to the oscillation period of
T = 10.7± 0.4 ns.

6.3.4 discussion

I have shown that the framework of experimentally-realized autonomous
Boolean networks can be used to realize coupled dynamical systems with
periodic dynamics. Specifically, I have realized periodic oscillators, which
are autonomous Boolean networks themselves, in simple network motifs of
two coupled oscillators and have observed phase synchronization.

A limitation of this approach, however, is the realization of adjustable
coupling. The coupling in the design of ring oscillators with OR logic gates
is all-or-nothing because an incoming transition determines the dynamics
of the oscillator when the second input to the OR logic gate is in the low
Boolean state. A manifestation of such a strong coupling is synchroniza-
tion that is achieved for wide ranges of driving frequencies, as discussed in
Sec. 6.2.3. On the other hand, a weak coupling with an adjustable strength
is required to see other interesting network dynamics such as chimera states
[Kur02a, Abr04]. This motivates the next section, where I develop an au-
tonomous logic circuit with adjustable coupling strength even when ex-
changing only Boolean signals.

6.4 boolean oscillators with variable

coupling strength

In this section, I propose and study a periodic Boolean oscillator that can
be coupled with an adjustable coupling strength. The periodic oscillator
is termed Boolean phase oscillator to highlight its similarity to Kuramoto
phase oscillators introduced in Sec. 7.2.1 due to similar dynamical equa-
tions, as derived in Sec. 7.3.2. The design is based on a modification of
all-digital PLLs introduced in Sec. 6.2.5.3 and relies on state-dependent de-
lay. The delay is realized with cascaded copier gates instead of cascaded in-
verter gates, which has the effect of a lowpass filter required in typical PLL
designs (see Sec. 6.2.5.3). Without a lowpass filter, high frequency modes
can be excited [Sas82]. The reason for the lowpass filter effect of buffers is
large pulse growth in cascaded buffer gates compared to cascaded inverter
gates, as shown in Appendix A.3.
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FIGURE 42: (a) Symbol of an XOR logic gate that is used as a one-bit phase detec-

tor and its associated look-up table. The low (VL) and high (VH) Boolean voltage are

denoted by symbols “0” and “1” respectively. (b) The error signal V0 ⊕ V1 resulting

from the phase detector with two phase shifted input signals V0 and V1 of frequency

f0 = f1 = 30.0± 0.1 (MHz). The phase di�erence is highlighted by shaded regions at

a falling and a rising Boolean transition. The waveform is obtained from an experimen-

tal implementation on a �eld-programmable gate array (FPGA), speci�cally the model

Altera Cyclone IV EP4CE115F29C7, which is used for all experimental implementations

in this paper.

6.4.1 boolean phase oscillator

The design of the Boolean phase oscillator follows the structure of three
functional blocks: Phase detector, low-pass filter, and controlled oscillator
as shown in Fig. 38. For the phase detection block, I use a two-input XOR
logic gate that is a single-bit digital phase detector [see Fig. 42(a)] [Bes03].
The waveform of the resulting error signal Vc is shown in Fig. 42(b) for two
Boolean input waveforms of different phase and equal frequency. The error
signal satisfies Vc = VH (Boolean signal “1") when the two input signals
have different Boolean values and Vc = VL (Boolean signal “0") otherwise.
This results in a pulse-shaped waveform at the output of the phase detector
with a pulse width proportional to the phase difference between the two
inputs as highlighted in the figure. Note that the XOR function does not
give the sign of the phase difference.

The second block, the filter, is not explicitly implemented in my design.
Nevertheless, each logic gate low-pass filters intrinsically the voltage gen-
erated by the phase-detection block with a cutoff frequency related to the
gate propagation delay τLG = 0.28± 0.01 ns.

Third, the controlled-oscillator block is based on a simplified design pro-
posed in Ref. [Hsu99] and consists of an inverter gate with a state-depen-
dent feedback delay. Specifically, it is realized using one inverter gate, two
series of n ∈N and n− k ∈N cascaded buffer gates, and a Boolean switch
as shown in Fig. 43(a) and (b). In the resulting delayed feedback system
with negative gain, the dynamics has a periodicity equal to twice the feed-
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back delay because it requires two inversions to recover the initial Boolean
state [Kat98]. Therefore, the frequency of oscillation is

f (Vc) =
1

2τ(Vc)
, (47)

where τ(Vc) is the state-dependent feedback delay that depends on the con-
trol signal Vc. The cascaded buffer gates implement two feedback delays
τn−k = (n − k)τLG and τk = kτLG. The feedback lines can also be real-
ized with cascaded inverter gates, but the choice of buffer gates results in
enhanced low-pass filtering (see Section III.B for a detailed explanation).
The switch, implemented as a three-input logic gate with the look-up ta-
ble of a multiplexer, selects between the two feedback delays τn−k and
τn = τn−k + τk depending on the control signal Vc, which results in a state-
dependent feedback delay of

τ(Vc) =

{
τn = nτLG if Vc ≤ Vth,

τn−k = (n− k)τLG otherwise.
(48)

Here, the integer k ≈ (τn − τn−k)/τLG is proportional to the difference of
the two possible values of the feedback delay. The system will oscillate at
a free-running frequency of fn = 1/2τn or fn−k = 1/2τn−k when a constant
control voltage of Vc = VL or Vc = VH is applied to the controlled oscillator,
respectively.

The dynamics of the controlled-oscillator block is first characterized by
sending an external periodic signal of frequency fc = 60.0± 0.1 MHz to the
Vc port. Figure. 43(c) shows the external waveform, the resulting output
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FIGURE 43: (a) Construction of delay line τn with a series of n cascaded bu�ers with

individual propagation time τLG. (b) Schematic of the controlled-oscillator block of the

Boolean phase oscillator. (c) Locking of the controlled-oscillator block to an externally-

generated control signal Vc with frequency f = 60.0± 0.1 MHz. Also shown are the

output waveform V and the signals from the delay lines that are input to the switch

Vm0 and Vm1. The parameters of the controlled-oscillator block are n = 65 and k = 10.
The gate propagation delay as measured for bu�er gates is τLG = 0.275± 0.010 ns
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FIGURE 44: (a) Experimental setup of the master-slave coupling scheme for two

Boolean phase oscillators. (b) Construction of the slave Boolean phase oscillator

comprising the controlled-oscillator block labeled (n, k) [see Fig. 43] and an XOR-

based phase detector (PD) block. (c) Waveforms of the master oscillator (gener-

ated externally with waveform generator Tektronix AFG3251) Vm of frequency fm =

28.6 ± 0.1 MHz, the output waveform of the slave oscillator Vs, and the error signal

Vc,ms = Vm ⊕ Vs. The parameters of the controlled-oscillator block in the Boolean

phase oscillator are the same as the ones in Fig. 43.

voltage of the controlled-oscillator block V(t), and the output voltages of
the two delay lines Vm0(t) and Vm1(t). These two signals are time shifted
by the delay τk so that Vm1(t) = Vm0(t + τk). In the figure, the output
voltage is V(t) = Vm0(t) [V(t) = Vm1(t)] when Vc = VL [Vc = VH], which
is due to the functionality of the switch in the setup. As a result, a rising-
edge Boolean transition in Vc [highlighted with dashed lines in Fig. 43(c)]
leads to a positive phase shift, which triggers rising and falling edges in the
output voltage V(t). Therefore, switching between the two feedback delays
leads to frequency locking. For more details, see Ref. [Hsu99].

6.4.2 unidirectional synchronization of boolean

phase oscillators and weak coupling anal-
ogy

By combining the phase detector from Fig. 42(a) with the controlled-os-
cillator block from Fig. 43(b), I obtain the Boolean phase oscillator with
hardware description in Appendix B.6.1. I use the Boolean phase oscillator
in the rest of this chapter to study synchronization phenomena

I first test the locking capabilities of the Boolean phase oscillator with an
external driving signal of frequencies fm. This setup, shown in Fig. 44(a)
and (b), can be interpreted as a master-slave configuration, where two
Boolean phase oscillators are coupled unidirectionally. Here, the equivalent
master Boolean phase oscillator is an external function generator, which
provides finer frequency control of fm than can be obtained by adding or
removing buffers in the ring of the master Boolean phase oscillator.
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In Fig. 44(c), I show the dynamics resulting from the master-slave config-
uration. Specifically, I show the phase-locked waveforms of the master and
slave oscillator with frequencies fm = fs = 28.6± 0.1 MHz, and the error
signal Vc. Here, the dynamics of the Boolean phase oscillator leads to a con-
stant phase shift between master and slave oscillator that results in a pulsed
signal Vc [similar to Fig. 42(b)]. The pulses in Vc provide the phase correc-
tion that allows synchronization. The waveforms of Vs and Vc display fast
oscillations at the Boolean transitions, which are due to unfiltered feedback
between the phase detector and the control port of the controlled-oscillator
block.

I repeat the coupling experiment by tuning the frequency of the master
oscillator fm from 20 to 105 MHz while keeping the parameters of the slave
Boolean phase oscillator unchanged. I measure fs and calculate the ratio
fm/ fs as a function of fm. This measurement leads to the so-called devil’s
staircase shown in Fig. 45(a) [Rei99, Pik01] (see also Sec. 6.2.3). In the graph,
synchronization regions with constant ratios fm/ fs are represented by hor-
izontal plateaus—the stairs. The most prominent synchronization regions
are associated with integer ratios fm: fs = p:q with q = 1 and p = 1, 2, 3.
In the synchronization region 2:1, fm/ fs 6= 2 for a narrow range of fm.
This imperfection appears also in numerical simulations as discussed be-
low. Moreover, many narrow fractional synchronization regions p:q exist.

The widths of the synchronization regions—the stairs—are known as the
locking range U [Hsu99]. The maximum theoretical locking range Umax
can be determined, so that U ⊆ Umax with Umax = [ fn, fn−k] for the first
integer synchronization region 1:1 with free-running frequencies of the
Boolean phase oscillator fn and fn−k. Then, the locking range is given by
fm ∈ U1 ⊆ [ fn, fn−k]. For integer synchronization regions of higher order
p:1, the frequency locking of master and slave is given by fm = p fs. This
leads to larger synchronization regions of Up ⊆ [p fn, p fn−k]. In Fig. 45(a),
I display the theoretical boundaries [p fn, p fn−k] with dashed lines. The fig-
ure shows that the right theoretical locking boundaries are not reached in
the experiment.

The non-saturation of the right theoretical boundaries in the p:1 synchro-
nization region originates from the generation of the control signal Vc,ms
with little frequency filtering. Specifically, the right boundary corresponds
to large detuning between the frequency of the master oscillator fm and
and the free-running frequency of the slave oscillator fn. Then, the control
signal Vc,ms displays the Boolean voltage VH for an increased time to allow
for greater frequency adjustment. However, this also results in increased
high-frequency oscillations due to unfiltered feedback in the oscillator as
discussed above and visible in Fig. 44(c). These high-frequency oscillations
decrease the locking abilities when the frequency detuning is large.

To complete the analysis of the locking range, I also measure them as a
function of k. In Fig. 45(b), I map out the integer synchronization regions
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FIGURE 45: (a) Experimental Devil's staircase for a Boolean phase oscillator with

k = 10 showing synchronization regions as horizontal lines. For the three integer syn-

chronization regions fm: fs = 1:1, 2:1, and 3:1, the theoretical limits are shown with

red dashed lines. (b) Experimental Arnold tongues for the three integer synchroniza-

tion regions as a function of k and the theoretical limits of the regions marked with red

dashed lines. Other Arnold tongues are not shown. Setup and experimental parameters

as in Fig. 43.

and their analytic boundaries as a function of k and fm. Here, the system pa-
rameter k is proportional to the range of values of the state-dependent delay
τk = kτLG in the controlled-oscillator block. The resulting synchronization
regions, also known as Arnold tongues [Rei99], have a triangular shape that
opens with increasing k (see also Sec. 6.2.3). The analytic boundaries cor-
responding to p fn are shown with dashed lines. The Arnold tongues are
subject to experimental variation of ±3.5% due to variations of gate prop-
agation delays τLG that appear in the experiment when implementing the
oscillators on different location on the FPGA for different values of k.

The increase of synchronization regions Up with k allows me to draw an
analogy of k to the coupling strength of phase oscillators because they dis-
play shapes of the synchronization regions that increase with the coupling
strength [Pik01]. Therefore, I have shown that adjustable weak coupling is
possible in the Boolean phase oscillator. Note that the Arnold tongues are
asymmetric, which is unlike other models, such as the Kuramoto model
[Kur84].

The mechanism to generate the coupling is via state-dependent delay as
described in Section II.C. Specifically, the phase detector generates a high
Boolean voltage Vc(t) = VH with a duration proportional to the phase dif-
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ference between the input periodic signal—generated either by another os-
cillator or a signal generator—and the output signal of the Boolean phase
oscillator. The signal Vc(t) induces an increase in frequency of the Boolean
phase oscillator because the feedback delay switches to a shorter value.
The magnitude of the resulting frequency adjustment is proportional to k.
Therefore, larger values of k lead to a larger frequency adjustment, which re-
duces the phase difference between the state of the Boolean phase oscillator
and the external periodic signal. This is analogous to the phase-correction
mechanism encountered in theoretical models of phase oscillators [Pik01].

6.4.3 model for boolean phase oscillator

Similar to the model of ring oscillator in this chapter, I model Boolean phase
oscillators with a piecewise-linear switching model developed by Glass and
collaborators and extended with a feedback delay [Gla98, Mes96] that is
introduced in Secs. 2.3.3 and 4.4.2. I also include 1) a state-dependent delay
in the model that accounts for the switching between two delay lines in the
controlled oscillator and 2) the filtering effect due to the use of buffer-based
delay lines in the model (see Appendix A.3).

To model the master-slave setup, I describe the master oscillator simply
by a periodic continuous square wave ym ∈ [−1, 1] with low and high
Boolean values −1 and 1, respectively. These Boolean values can be scaled
to correspond to the experimental Boolean voltages of VL = 0 V and VH =
1.3 V. The delay differential equations for the slave oscillator are

τxs ẋs = −xs + [¬Xs(t− τs(t))], (49a)
τys ẏs = −ys + [¬Xs(t− τs(t))], (49b)

where (xs, Xs) are continuous and Boolean internal variables of the slave
Boolean phase oscillator (see Sec. 2.3.3), (ys, Ys) are the variable associated
with the output of the slave Boolean phase oscillator, ¬X = −X denotes the
Boolean inversion (NOT) operation, τxs , τys are the characteristic timescales
associated with first-order low-pass filtering, and τs(t) is a state-dependent
delay that I discuss in detail below.

Equation (49a) represents the low-pass filtering effect that results from
the construction of the two delay lines with cascaded buffer gates. The char-
acteristic timescale τxs associated with the filtering is different for rising and
falling transitions when measured for the CMOS-based logic gates [Wes00].
To account for this behavior, I include the following state-dependent switch-
ing condition depending on rise and fall

τxs =

{
τLG/ ln 2 if xs(t− τs(t)) > 0,
(τLG/ ln 2)

(
1 + n∆τr f /τLG

)
if xs(t− τs(t)) ≤ 0,

(50)

with ∆τr f = 24± 2 ps the time difference between rising and falling tran-
sitions of a single logic gate. The numeric value for ∆τr f is measured by
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propagating a periodic square pulse through n cascaded buffer gates that
constitute a delay line. The measured output signal is changed according
to Eq. (50) resulting in a alteration of time difference between falling and
rising transitions by τLG/(ln 2)(n∆τr f /τLG). The accumulation of ∆τr f pro-
duced by each logic gate results in pulse growth and enhanced low-pass
filtering as described in appendix A.3.

The dynamics of the switch in the controlled oscillator is modeled with
state-dependent delay according to the following condition

τs(t) =

{
τn if yc,ms(t) ≤ 0,
τn−k otherwise,

(51)

where yc,ms(t) = ys(t− τc,ms)⊕ ym(t− τc,ms). The additional delay τc,ms =
2τLG accounts for the time that it takes for V to propagate through the
phase detector and reach the control port of the controlled-oscillator block
[see also Fig. 44(b)]. As a result, the delay switches between two values
depending on the error signal yc,ms generated by the XOR-based phase de-
tector [see Fig. 42(a) for the look-up table of the XOR operation].

In contrast to Eq. (49a), Eq. (49b) has no rising-falling asymmetry asso-
ciated with the filtering as τys = τLG/ ln 2 is constant. This is because its
associated experimental voltage V is measured after the switch and not
after the delay lines that mainly contribute to the asymmetry.

Figure 46(a) and (b) illustrate graphically the model of the Boolean phase
oscillator in master-slave configuration. It is shown that the state-dependent
delay of the slave oscillator is driven via the error signal yc,ms, which is im-
plicitly included in Eq. (51) as an XOR operation of the signal ys and the
output of the master oscillator ym. The resulting variable xs is filtered by
two different low-pass filters with and without asymmetric rise and fall
times. Negative feedback results from the inverter gate.

The waveforms generated by numerical simulation of the model are
shown in Fig. 46(c). The control signal yc,ms is obtained by low-pass filter-
ing, similar to Eq. (49b), the Boolean expression Ys(t− τc,ms)⊕Ym(t− τc,ms)
where Ym,s are the Boolean variables associated to continuous variables ym,s.
The model reproduces qualitatively the experimental measurements shown
in Fig. 44(b). For example, it exhibits similar fast oscillations at the rising
edge of output voltage of the slave Boolean phase oscillator. With the model,
I can also generate the devil’s staircase and Arnold tongues as shown in
Fig. 45(a) and (b). I notice that the simulations and experiments agree quan-
titatively [compare to Fig. 45(a) and (b)]. The widths of the synchronization
region p:1 as a function of k differ only by 14% on average. Note that the
model does not include fitted parameters, but all parameters are measured
using independent experiments.
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FIGURE 46: (a) Block representation of the mathematical model for the master-slave

setup. LPFx,y are low-pass �lters with time constants τx and time constant τy, respec-

tively. (b) Illustration of the state-dependent delay. (c) Numerical simulation with pa-

rameters as in Fig. 43. The variables ym, ys, and yc,ms are the model representations

of the experimental voltages Vm, Vs, and Vc,ms in Fig. 44(b). The parameters are the

same as in the experiment, see Fig. 43.

6.4.4 synchronization in a bidirectional coupling

configuration

To analyze the synchronization properties of Boolean phase oscillators fur-
ther, I now consider bidirectional coupling. Figure 48(a) and (b) shows the
experimental setup schematically. The oscillators are coupled symmetri-
cally, i.e., the coupling strength k is identical in both oscillators. The free-
running frequency between the oscillators, on the other hand, is detuned
by choosing parameters n1 = 65 and n2 ∈ {50, . . . , 80}, where n1 and n2 are
proportional to the feedback delay in the two oscillators. A difference of n1
and n2 of ∆n = n2− n1 results in detuning of the free-running frequency of
the two oscillators of ∆ f = ∆n/(2τLGn1n2). Besides varying the frequency
detuning, I also change the coupling strength from k = 0 to k = 15.

Following the theoretical framework proposed in the previous section,
I model the bidirectional coupling setup by a four-dimensional system of
coupled differential equations, according to

τx1,2 ẋ1,2(t) = −x1,2(t) + [¬X1,2(t− τ1,2(t))], (52a)

τy1,2 ẏ1,2(t) = −y1,2(t) + [¬X1,2(t− τ1,2(t))], (52b)

where (x1,2, X1,2) and (y1,2, Y1,2) are the pairs of continuous and Boolean
variables describing the two coupled Boolean phase oscillators. Parameters
τx1,2 , τy1,2 , τ1,2(t) are analogous to τxs , τys , τs(t) in the previous section.

The two Boolean phase oscillators are considered to be synchronized
when the absolute value of the normalized beat frequency

fb = | f1 − f2| /
√

f 2
1 + f 2

2 (53)

of the two Boolean phase oscillators is below 0.25%. Coupled oscillators
are generally expected to synchronize under large coupling k and small
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FIGURE 47: (a) Devil's stair case and (b) Arnold tongues from numerical simulations,

similar to Fig. 45. The parameters are the same as in Fig. 43.

frequency detuning ∆ f [Pik01]. Here, I show that this general property
also holds for Boolean phase oscillators.

I analyze the synchronization properties in parameter space (∆n = n2 −
n1, k) of frequency detuning and coupling strength. The experimental and
numerical results are shown in Fig. 48(c) and (d). In both cases, the syn-
chronization region (white area) is V-shaped; it is maximally extended for
small values of ∆n and large values of coupling strength k as expected for
coupled oscillators. Experiment and simulation agree quantitatively. I find
that the slope associated with the linear regression for the boundaries of
the synchronization region differ approximately by 8%. Furthermore, out-
side of the synchronization region, simulation and experiment differ by less
than 5%.

The border of the synchronization region can be approximated with a
necessary condition on the coupling strength for synchronization. Specifi-
cally, the coupling strength has to exceed the detuning of the two Boolean
phase oscillators, i.e., k ≥ |n2 − n1|. The resulting maximal border of syn-
chronization k = |n2 − n1| is shown in Fig. 48(c) and (d) with dashed lines.
However, this condition is not sufficient to guarantee synchronization, simi-
lar to my considerations for unidirectional coupling. Therefore, the triangle
delimited by the dashed lines is not entirely filled by the locking region. In-
terestingly, the analytic synchronization region with bidirectional coupling
has a symmetric triangular shape different from the locking region for uni-
directional coupling [see Fig. 45(b)].
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FIGURE 48: (a), (b) Topology and block diagram of the setup of the two mutually

coupled oscillators. The coupling is realized with two directed links of equal strength

k. (c) Experimental and (d) numerical synchronization domain in parameter space

(∆n, k) measuring the absolute value of the normalized beat frequency fb for ∆n ∈
{−15, . . . , 15}, k ∈ {0, . . . , 15}, and n1 = 65 (n2 = n1 + ∆n). The frequency is color-

coded; white color indicates that the normalized beat frequency fb < 0.0025. The red

dashed lines indicate the analytically predicted synchronization boundary k = |n2 − n1|.
The parameters are same as in Fig. 43.

6.4.5 discussion

I have proposed and studied a new dynamical system called Boolean phase
oscillator that includes state-dependent delays and is a simplified version
of previous designs of all-digital phase-locked loops (PLLs). The Boolean
phase oscillator allows me to study experimentally various coupling topolo-
gies with variable coupling strength based on Boolean signals. I have ob-
served and analyzed rich synchronization phenomena similar to those en-
countered in coupled phase oscillators, such as asymmetric and symmet-
ric V-shaped synchronization regions in uni- and bidirectional coupling
schemes of two coupled periodic oscillators, respectively. The Boolean
phase oscillator also contributes to the study of state-dependent delay,
which is a topic of great current interest [Wal03].
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A limitation of the Boolean phase oscillator is, however, that its in-degree
is restricted to one (to a single input), so that it can only be coupled to
small network topologies. To study the very interesting network synchro-
nization states discovered recently, such as chimera states [Kur02a, Abr04],
the possibility of large in-degrees are needed. This necessary extension of
the Boolean phase oscillator and the study of chimera states is the topic of
the next chapter.

6.5 conclusion

In this chapter, I have studied periodic dynamics in autonomous Boolean
networks. After an introduction to previous work on periodic dynamical
systems, I have designed and studied periodic oscillators based on au-
tonomous Boolean networks called ring oscillators that are coupled via
the inclusion of an OR logic gate. These systems allow only for strong
coupling and the coupling strength cannot be adjusted. As a solution, I
have developed and studied Boolean phase oscillators that includes weak,
adjustable coupling, which is demonstrated by mapping out the synchro-
nization regimes in different coupling topologies.

In the next chapter, I generalize the design of Boolean phase oscillators
to allow for a high in-degree so that large, strongly-connected networks of
Boolean phase oscillators can be built and used to study chimera states.



7
C H I M E R A D Y N A M I C S I N N E T W O R K S
O F B O O L E A N P H A S E O S C I L L AT O R S

7.1 abstract

In this chapter, I study Boolean phase oscillators in a large, heavily con-
nected network and observe a network dynamics called the chimera state,
where two dynamical groups of nodes coexist in the network, one synchro-
nized and the other unsynchronized. Surprisingly, chimera states appear
even when all oscillators are identical, hence representing a form of sym-
metry breaking. In Sec. 7.2, I first introduce previous work on chimera
states in theoretical and experimental studies. Then, I extend the setup of
Boolean phase oscillators in Sec. 7.3 to allow for large in-degrees, so that
suitable network topologies can be realized, and show that the oscillators
can be modeled similar to Kuramoto phase oscillators. In Sec. 7.4, I doc-
ument complex dynamics that includes chimera states. I find in Sec. 7.5
that the complex dynamics is only a transient state similar to recent theo-
retical predictions in finite-size networks. I find that the complex transient
includes chimera states for about 14% of the time for networks of N = 128
nodes and ends in a nearly synchronized state. I find that the transient time
follows a Poisson process with an average transient time increasing expo-
nentially with the network size, which is a result of the synchronization
rate that follows a power law of the phase space volume. These findings
are supported by numerical simulations as shown in Sec. 7.6.1

The main contributions of this chapter are:

• implementing large experimental networks of Boolean phase oscilla-
tors with non-local coupling;

• observing chimera states in experimental networks with all-physical
coupling;

• identifying an exponential scaling of the transient time according to
a Poisson process and identifying a power law relation between the
average transient time and the phase space volume.

1 Results of this chapter are submitted for publication; the preprint can be found in
Ref. [Ros14a].
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7.2 introduction to chimera states in

theory and experiment

The term chimera originates from Greek mythology, where it is a fire-
breathing monster composed of three animals: lion, snake, and goat. Today,
a chimera indicates fantastical things that are composed of different parts.
The dynamical chimera state, so named by Abrams and Strogatz in 2004,
was an unexpected discovery of complex dynamics in networks of identical
oscillators by Kuramoto and Battogtokh in 2002 [Kur02a, Abr04]. Prior to
this work, it was believed that oscillator networks can only show interesting
dynamics when the oscillator frequencies are heterogeneous [Pan14].

Chimera states were found first in numerical simulations of the Kuramoto
model, which is a common mathematical model for large networks of cou-
pled oscillators. In this section, I introduce the Kuramoto model, discuss
theoretical studies of chimera states, their transient behavior in finite-size
networks, and, finally, their realizations in laboratory experiments.

7.2.1 kuramoto model

The Kuramoto model is motivated by the phenomenon of collective syn-
chronization of coupled oscillators, which is ubiquitous in nature and tech-
nology, as discussed in Sec. 6.2.2 [Str00]. It is based on the phase descrip-
tion of Eq. (35) in Sec. 6.2.3 with coupling depending on the difference of
coupled oscillators [Kur84], according to

φ̇i = ωi +
N

∑
j=1

Gij sin(φj − φi). (54)

Here, i ∈ {1, 2, ..., N} is the oscillator index with the total number of oscil-
lators N, the phase φi and free-running frequency ωi of oscillator i, and the
coupling strength Gij that oscillator j imposes on i.

The Kuramoto model is a special case of Eq. (54), where the coupling
strength is homogeneous for all links (Gij = K/N), according to

φ̇i = ωi +
K
N

N

∑
j=1

sin(φj − φi). (55)

I also assume here homogeneous frequencies ωi = ω0, which is a common
assumption in the framework of chimera states. Then, I can redefine the
phases φi → φi +ω0t, which is the rotating frame at frequency ω0, resulting
in

φ̇i =
K
N

N

∑
j=1

sin(φj − φi). (56)
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FIGURE 49: (a) Phases φj of 7 oscillators are visualized on the unit circle similar to the

description in Fig. 33 and Sec. 6.2.3. The Kuramoto order parameter r and the param-

eter ψ represent the average angle and the average radius in the complex plane, respec-

tively. (b) Order parameter r after a steady state is reached for a Kuramoto network

with frequency heterogeneity as a function of the coupling strength K. Figure modi�ed

from Ref. [Str00].

The Kuramoto model, even with heterogeneous frequencies (under cer-
tain assumptions on the distribution), can be solved analytically using the
transformation

reiψ =
1
N

N

∑
j=1

eiφj (57)

with order parameters r and ψ [Str00]. As illustrated in Fig. 49(a), the pa-
rameter ψ is the mean phase and the Kuramoto order parameter r indicates
the phase coherence. For r = 0, the phases are incoherent (φi uniformly
distributed over the unit circle), while, for r = 1, the phases are coherent
(φi = φj for all i and j, indicating phase synchronization).

Multiplying Eq. (57) with e−iφi and taking the imaginary part, leads to

r sin(ψ− φi) =
1
N

N

∑
j=1

sin(φj − φi). (58)

This can be used to obtain the mean field description of Eq. (56)

φ̇i = Kr sin(ψ− φi), (59)

where each oscillator is driven by the mean field ψ. From this equation, the
dynamics are always driven to the fully synchronized state φi = ψ = const.
On the other hand, when the frequencies are heterogeneous, the dynamics
show a transition towards synchrony as a function of the coupling strength
K. As shown in Fig. 49(b), the onset of synchronization appears at a critical
coupling strength

Kc =
2

πg(0)
, (60)

where g(·) is a symmetric distribution of frequencies ωi shifted so that
it peaks at g(0) [Str00]. Due to frequency heterogeneity, oscillations stay
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incoherent for K < Kc, start to synchronize for K > Kc, and coherent oscil-
lations, i.e., complete synchronization, are only approached asymptotically
for K � Kc.

From Eq. (59), the Kuramoto model with equal free-running frequencies
(identical oscillators) has a globally stable synchronized state for K > 0.
But, when the coupling in the Kuramoto model is changed from all-to-all
coupling to non-local coupling and a phase lag parameter is introduced,
chimera state can emerge even when all oscillators are identical as dis-
cussed in the next section. However, chimera states do not necessarily
require identical oscillators [Pan14].

7.2.2 chimera states in theoretical models

In this section, I describe the conditions to observe chimera states in theo-
retical models. I also discuss the characteristics of chimera states and the
appearance in various models.

7.2.2.1 Non-Local Coupling

A certain type of coupling topology has been hypothesized to be necessary
for chimera states to appear. This coupling topology is called non-local
coupling, where oscillators, assembled in a one- or two-dimensional ge-
ometry receive stronger coupling from geometrically close oscillators than
from distant ones. However, the requirement of non-local coupling has
been questioned in recent studies [Pan14].

Several modifications of the global coupling in the Kuramoto model,
Eq. (55), have been proposed to achieve non-local coupling. For example,
in the initial article on chimera states, Kuramoto and Battogtokh used the
coupling kernel

gij =
κ

2
exp [−κ |x|] (61)

with x = 2π(i − j)/N − π, periodic boundary conditions on [−π, π], and
parameter κ. This function describes coupling that decreases exponentially
with the distance |i− j| between oscillators [Kur02a]. Strogatz and Abrams
used the coupling function

gij =
1

2π
[1 + A cos (x)] (62)

with parameter A, which allowed them to show analytically the existence
and stability of chimera states in the limit N → ∞ [Abr04]. This function
is similar to Eq. (61) because x ∈ [−π, π]. Similar coupling functions have
also been realized with two-dimensional topologies [Pan14]. In this chapter,
I use a form of non-local coupling in a ring topology with a coupling range
[Wol11], which is particularly easy to implement in Boolean systems.
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FIGURE 51: (a) Phases φi and (b) frequencies fi = 〈φ̇i〉/(2π) of the network at

t = 300. Dynamics are obtained from numerical simulation of Eq. (63) with N = 256,
R = 90, ω0 = 0, α = 1.46. Dynamics are initialized as in Ref. [Abr04] with

φi = 6p exp
(
−0.76x2), where p is a uniform random variable on [−0.5, 0.5] and

x = 2πi/N − π. The parameters are the same as in Ref. [Wol11].

to the phase picture, the oscillators in region I (region II) are frequency
synchronized (desynchronized) as they have equal (different) frequencies
within the digitalization precision of ±0.2 MHz. The oscillators in region
II show a regular arch shape, which is another characteristics of chimera
states [Kur02a, Abr04]. Chimera state in other dynamical systems, how-
ever, also appear without the arch [Hag12]. Another recent extension are
amplitude chimeras, where a arch-shaped shift appears for the oscillation
amplitude similar to Fig. 51(b) for the mean frequency and oscillators are
phase synchronized [Zak14].

7.2.2.4 Chimera States in Various Theoretical Models

Since their discovery in 2002 [Kur02a], chimera states have been found in
various models with various different characteristics [Pan14]. In addition to
ring topologies, they have been found in two coupled oscillator populations
[Abr08], in two-dimensional shapes, such as planes, spheres and tori with
the possibility of a spiral chimera [Mar10, Pan13, Ome12a, Pan14], and in
various models, such as chaotic maps [Ome11, Ome12, Hag12].

Chimera states also appear in coupled neural FitzHugh-Nagumo sys-
tems, where multiple synchronized and desynchronized domains can ex-
ist [Ome13] (see Sec. 8.2.4.2 for an introduction to the FitzHugh-Nagumo
system).
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Recently, a connection between chimera states and oscillator death has
been made and was termed chimera death [Zak14]. Oscillator death is
a symmetry-breaking phenomenon, where coupling of oscillatory systems
can suppress oscillations and lead to newly created inhomogeneous stable
steady states. Chimera death denotes a state, where domains of coherent
and incoherent inhomogeneous steady states coexist.

7.2.3 transient behavior of chimera states in finite-
size networks

In the thermodynamic limit (N → ∞), chimera states have been shown to
be neutrally stable for certain phase-oscillator networks, meaning that they
are neither stable nor unstable [Ott08, Pik08, Wol11, Wol11a]. On the other
hand, for finite-size oscillatory networks, chimera states have been found
numerically to be unstable with long transients towards the synchronized
state [Wol11, Wol11a]. Here, I summarize the finite-size effects found in
Ref. [Wol11] for the model in Eq. (63).

Wolfrum and Omel’chenko simulated Eq. (63) for a finite-size network
with N = 40 and R = 14 and found several finite size effects shown in
Fig. 52(a). The figure shows the frequency plot similar to Fig. 51(b) as a
color plot over time. Specifically, high frequencies are denoted with yellow
color, while low frequencies are denoted by purple color. The domain of
high frequencies (the unsynchronized domain) and the domain of low fre-
quencies (the synchronized domain) move over time incoherently [Ome10].
After a time denoted T40, the dynamics synchronize (the index denotes the
size of the network N = 40). This collapse time, however, varies strongly
with the initial conditions.

In Fig. 52(b), a histogram of collapse times T40 is shown. The probability
ρ to observe a collapse times T40 follows the exponential distribution

ρ(TN) = λe−λTN (64)

with a collapse rate λ that is given by the average lifetime

Tc = 〈TN〉 = λ−1, (65)

which normalizes the exponential distribution.
The average lifetime and hence also the collapse rate λ scale exponentially

with the number of oscillators N in the network

Tc ∝ eκN. (66)

Because of this exponential growth of the average lifetime, the transient
times become very long for N > 60, so that the numerical study of the av-
erage lifetime for N > 60 is not amenable to numerical simulation [Wol11].

Wolfrum and Omel’chenko identified chimera states as chaotic transients
because, with Eqs. (64) and (66), chimera states show the same scaling prop-
erties as super-transients [Wol11, Wol11a, Wac95b].
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Simulation parameters as in Fig. 51. The �gure is taken from Ref. [Wol11].

7.2.4 chimera states in experiments

Recent experiments have proven that chimera states are robust enough to
be observable. There has, however, not yet been a conclusive observation
of chimera states in a natural, non-engineered system.

7.2.4.1 Previous Chimera States in Experiments

The first experimental realizations of chimera states were published simul-
taneously in the same volume of Nature Physics, realized with an optical
system called a liquid crystal spatial light modulator realizing a chaotic
map [Hag12] and chemical systems with a Belousov-Zhabotinsky reaction
[Tin12]. These realizations use computers to mediate the coupling between
the network nodes. Therefore, the part of the network dynamics involv-
ing the coupling is calculated numerically using mathematical equations
similar to the Kuramoto model, which has been criticized [Sma12]. This
has stimulated further experiments with physical (not computer mediated)
coupling that have also shown chimera states. One of these experiments
is a network of mechanical metronomes coupled via swings and springs
[Mar13]. Two other experimental realizations of chimera states are based
on electrochemical reactions [Sch14a, Wic13]. Chimera-like states can also
be realized in electronic and optoelectronic oscillators with delayed feed-
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back using an elegant mapping by associating time intervals [0, τ] with a
continuous spatial variable to identify virtual oscillators [Lar13].

7.2.4.2 Limitations of Previous Experiments

All previous experiments, besides the experiments by Larger [Lar13] on
virtual chimera states, evolve on a slow timescale on the order of seconds.
For that reason, the transient scaling of chimera states discussed in Sec. 7.2.3
has not yet been confirmed in an experiment. Only for electrochemical
oscillators in Ref. [Wic13], a transient towards synchrony has been observed
but not quantified, which would require the acquisition of several hundred
transients. Also, virtual chimera states cannot be used to show the scaling
because the virtual oscillator networks used in this study include an infinite
number of nodes and are hence stable.

7.3 boolean phase oscillator networks

In this section, I discuss the extension of Boolean phase oscillators to large
in-degrees, derive a phase model description, and detail the electronic im-
plementation of large networks.

7.3.1 setup of boolean phase oscillators with large

in-degree

I study networks of N coupled Boolean phase oscillators in a non-locally
coupled ring topology with a coupling range R, as introduced in Sec. 7.2.2.1
and also illustrated in Fig. 50. In this topology, nodes have an in-degree of
2R, which requires to extend the previous setup of Boolean phase oscilla-
tors in Sec. 6.4.1, so that in-degrees greater than one are possible. In the
setup with one input, the coupling is realized with a feedback delay τi that
switches between two values depending on the phase difference with the
single coupled oscillator. Here, I extend this method by configuring the
feedback delay so that it can switch between 2K = 22R values depending on
K phase differences between the local oscillator and the coupled oscillators
as shown in Fig. 53.

The state-dependent delay τi of an oscillator is realized with a con-
stant part τ̃0,i, and a variable part realized with XOR logic gates, Boolean
switches, and short delay lines of value σi. The XOR logic gate is a sim-
ple phase detector that compares the phase of the oscillator xi with the
phase of a neighboring oscillator xj. Its signal xc

j,i, which corresponds to
the phase difference between oscillators i and j, activates one of two paths
in the Boolean switch: one path leads to an additional delay σi and the
other leaves the delay unchanged, where the shorter delay is selected when
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FIGURE 53: Circuit diagram of the Boolean phase oscillator showing the coupling mech-

anism. The rectangles, trapezoids, triangles, and shapes with ⊕-signs denote delay

lines, Boolean switches (also known as multiplexers), inverter, and XOR gates, respec-

tively. The K coupling inputs are realized with K pairs of delay lines, multiplexers, and

XOR gates, of which three are shown. The dynamical output variable is xi.

a phase difference is detected. The hardware description of this system
is discussed in Appendix B.6.2. The coupling mechanism is detailed and
quantified in the next section.

7.3.2 derivation of a phase model for boolean phase

oscillators

In this section, I derive the phase model for a network of N Boolean phase
oscillators shown in the setup in Fig. 53. The N oscillators are described by
output variables {xi}N

i=1, which are normalized output voltages {Vi}N
i=1 of

oscillators so that xi = 1 (xi = −1) corresponds to the high (low) Boolean
voltage; specifically xi = 2Vi/VH − 1 with high Boolean voltage VH [Ros14].
The coupling of oscillators is realized with state-dependent delay that de-
pends on the phase differences between the oscillator output xi and K os-
cillatory input signals

{
xin

ji

}
j
. Delay lines in the setup are based on chains

of buffer gates that each add a gate propagation delay to the total delay as
detailed in Appendix A. In the setup in Fig. 53, I include several delay lines
of value σ = 0.328 ± 0.012 ns, corresponding to a single buffer gate and
a long delay line of value τ = 8.4± 0.3 ns, corresponding to 30 cascaded
buffer gates. Several XOR logic gates are included as simple Boolean phase
detectors [Bes03] to generate a control signal xc

ji ∈ {0, 1}. The control signal
is given by a comparison of the output Boolean state of the oscillator xi and
an input Boolean state xin

ji , according to

xc
ji = xin

ji ⊕ xi, (67)
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where ⊕ : {0, 1} × {0, 1} → {0, 1} denotes the XOR Boolean function. Sev-
eral multiplexers, which are 3-input logic gates, are included as Boolean
switches to modify the feedback delay of the system by a delay σ depend-
ing on the control signals

{
xc

ji

}
j
. This leads to the total feedback delay of

the i-th oscillator according to

τi = τ0,i − σ
K

∑
j=0

xc
ji, (68)

where τ0,i = τ̃0,i + Kσ denotes the maximum delay in the loop. This is a

state-dependent delay because the
{

xc
ji

}
j

depend on the state of the local

oscillator [Wal03].
I also include a single inverter logic gate in the feedback loop in Fig. 53,

which leads to oscillations with frequency

fi =
1

2τi
. (69)

for the i-th oscillator (see Sec. 6.2.5.1).
I assume that Eq. (69) is valid for state-dependent delay when the fre-

quency fi is replaced with the instantaneous frequency φ̇i. Equations (67)-
(69) and a Taylor approximation, with a maximum error of ≈ 3 MHz, leads
to

φ̇i = ω0,i + σ̃i

jK

∑
j=j0

xj(φj)⊕ xi(φi), (70)

with angular frequency ω0,i = 2π/(2τ0,i) = 2π · 9.3 MHz (for in-degree
K = 60) and coupling strength σ̃i = 2σω2

0,i = 0.089 MHz (using a value
σ = 0.515 ns to adjust for the error by the Taylor approximation). The
summation from j0 to jK is over K coupling inputs in the network topology
with a coupling range R. I replace

{
xj
}

j with
{

φj
}

j using the following
definition of the phase φj from Ref. [Ome11]

sin
[
φj(t)

]
=

2xj(t)−max
[
xj
]
−min

[
xj
]

max
[
xj
]
−min

[
xj
] = xj(t), (71)

where xj oscillates between the Boolean values −1 and 1. I express the
XOR Boolean function with a difference of Heaviside functions and add a
phase-lag parameter αij, leading to the following phase oscillator model

φ̇i = ω0,i + σ̃i

jK

∑
j=j0

∣∣Θ [sin(φj)
]
−Θ

[
sin(φi + αij)

]∣∣ . (72)
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The phase-lag parameter αij is vital for observing chimera states [Kur02a,
Abr04] and is likely caused experimentally by delays along wire connec-
tions (see also Sec. 7.2.2.2).

I couple the Boolean oscillators in a ring network with non-local coupling
realized with a coupling radius R, corresponding to a rectangular coupling
kernel. Specifically, the resulting dynamical equation for the network of N
nodes (i ∈ {1, 2, ..., N}) with periodic boundary conditions is

φ̇i = ω0,i + σ̃i

i+R

∑
j=i−R

∣∣Θ [sin(φj)
]
−Θ

[
sin(φi + αij)

]∣∣ . (73)

Equation (73) has a similar form as the modified Kuramoto model used
to discover chimera states (see Sec. 7.2.1 and compare to Eq. (63)) [Kur02a].
The nonlinear coupling function in Eq. (73) differs from the coupling in
Eq. (63) that includes a single sine function of the phase differences. Be-
cause of the similarity between the two models, the network of Boolean
phase oscillators is ideally suited to study chimera states experimentally.

The free-running frequency of an oscillator ω0,i as a function of R results
from the construction of the oscillator with logic gates as shown in Fig 53.
It is given by

ω0,i = 1/[2(30τbuf + 2Rτmux + 2Rτbuf)] (74)

with n0 = 30 the number of buffer gates used to build the delay line de-
noted τ, and the propagation delays of multiplexer and buffer are τmux =
0.404 ± 0.014 ns, τbuf = 0.328 ± 0.012 ns (for the specific wiring), respec-
tively. In the model, I assume identical oscillators (ω0,i = ω0 and σ̃i = σ̃)
and homogeneous coupling (αij = α).

For numerical simulation, it is advantageous to replace the Heaviside
functions and the absolute value in Eq. (73) with a smooth sigmoidal func-
tion (tanh here), leading to

φ̇i = ω0,i + σ̃i

i+R

∑
j=i−R

{
tanh

[
−c sin(φj) sin(φi + α)

]
+ 1
}

/2 (75)

with slope c = 4 used in the numerical simulation. For c→ ∞, Eq. (75) and
(73) are identical.

7.3.3 electronic implementation of boolean phase

oscillators

I implement the network with electronic logic circuits on an FPGA with
a hardware description disccused in Appendix B.6.3. A Boolean phase os-
cillator is realized with up to 218 logic elements, requiring 14 logic array
blocks (see also Sec. 3.2.1 for more details). The layout of the oscillators
on the chip is shown in Fig. 54. Allocated logic array blocks are marked
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FIGURE 54: Picture showing the arrangement of logic gates on the FPGA for the im-

plementation of the network with N = 128 nodes. The picture was generated with the

Altera Chip Planner.

in darker blue while unused logic array blocks are marked in light blue.
The blue frame marks a region reserved for the dynamical network. The
orange frame marks a region reserved for the readout and the acquisition
of the network dynamics. The physical implementation of N = 128 nodes
with a non-local coupling range R = 30 requires 27,000 logic gates and
7,552 wires, which requires about 25% of the resources on the FPGA, and is
implemented together with a custom-built processor for data acquisition.

This implementation does not account for the ring structure of the net-
work, so that the delay between some neighboring oscillators, e.g., 18 and
19 and especially 1 and 128, is long compared to the delay between most
neighboring oscillators, such as 1 and 2, even though these are neighbors
in the ring network topology. I estimate the maximum transmission delay
between two oscillators to be 2 ns corresponding to the delay between two
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gates separated across the chip, which is small compared to the period of
about 100 ns.

I measure and reduce the heterogeneity in the free-running frequency
of the N oscillators by adjusting the constant part of the feedback de-
lays τ0,i, resulting in a heterogeneity of σ2

f / f̄ = 0.3% (average frequency
f̄ = 9.14 MHz with standard deviation σ2

f = 0.03 MHz) for N = 128. Im-
plementing large networks requires me to sort the input connections to the
oscillators, giving rise to heterogeneity in the coupling time delays whose
implications are discussed in Sec. 7.6.2. When I do not sort the input con-
nections, the computer-aided design tool used to assign logic gates and
interconnect lines generates an error message, restricting the network to
90 nodes. This could be due to a depletion of the interconnect lines and
crossings on the electronic chip.

7.4 complex dynamics in boolean phase

oscillator networks

In this section, I discuss the dynamics of networks of non-locally coupled
Boolean phase oscillators. I find that the dynamical system shows both
chimera states and unsynchronized dynamics, where the chimera can dis-
appear in favor of unsynchronized dynamics and reappear.

7.4.1 chimera dynamics in boolean phase oscilla-
tor networks

I first describe the dynamics of the network when it is in a chimera state, as
shown in Fig. 55(a) with a snapshot of the phases of oscillators. The oscilla-
tors outside (inside) the dotted lines, marked region I (region II), have equal
(different) phases within the digitalization precision of ∆φ = ±0.25 rad and
hence are considered phase synchronized (desynchronized). Therefore, the
oscillators in region I stay synchronized and the oscillators in region II
drift apart because they have different frequencies. These frequencies are
shown in Fig. 55(b) and are measured over a time period of 6 µs, which
represents approximately 60 oscillations. Similar to the phase picture, the
oscillators in region I (region II) are frequency synchronized (desynchro-
nized) as they have equal (different) frequencies within the digitalization
precision of ±0.2 MHz. The oscillators in region II show a regular arch
shape, which is another characteristics of chimera states [Kur02a, Abr04]
(see also Sec. 7.2.2.3).
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FIGURE 55: Dynamics measured from coupled Boolean phase oscillators with N = 128,
R = 30, ω0 = 2π(9.3± 0.03)MHz, σ̃ = 2π(0.089± 0.003)MHz. (a) Snapshot
at t ≈ 304 s, (b) frequency pro�le fi = 〈φ̇i〉/(2π). I initialize the network by �rst

deactivating the coupling, which results in a randomization of the phases because of

small frequency heterogeneity, and then activating the coupling. The oscillator indices

are shifted by a constant integer, so that the location of the unsynchronized region is

centered.

7.4.2 resurgence of chimera states

The temporal evolution of the frequency is visualized using a gray-scale
image in Fig. 56(a) for a period over 7 min, corresponding to more than
4 billion oscillations. The figure shows that, for this specific realization,
complex dynamics exist from time t = 0 until t = 6 min (marked III) be-
cause the frequency varies both from node to node and in time. At time
t = 6 min, the dynamics collapses to a nearly synchronized state (dark gray
region, marked IV), which I discuss in Sec. 7.4.4. The time until the nearly
synchronized state is reached varies considerably for different repetitions
of the experiment and is studied in detail in Sec. 7.5. In the following, I
discuss the dynamics of the oscillator network on a microsecond timescale,
at times marked in the figure.

Figure 56(b) shows the frequency of the Boolean phase oscillators for
about 60 periods after 304 s, corresponding to a millionth of the total tran-
sient time. The network shows high frequencies (dark gray) for oscillator
indices from i ∼= 20 to i ∼= 100 and low frequencies (light gray) for the re-
maining oscillators. This picture corresponds to the dynamics in Fig. 55(a),
which I identified as a chimera state. The unsynchronized domain of
the chimera (high frequency, dark gray) moves irregularly in the network,
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FIGURE 56: (a) Frequency evolution over a time period of 7 min; averaged over 6 µs
windows (60 oscillations) every 4 s. (b), (c) Frequency evolutions shown over a time pe-

riod of 5 µs; averaged over 500 ns windows (5 oscillations). The arrows in (b) and (c)

indicates the phase measurements in Fig. 55(a) and Fig. 57, respectively. Parameters of

the experiment as in Fig. 55.

which is an effect of the finite size of the network [Ome10a, Nko13] (see
also Sec. 7.2.3), and indicates that the chimera dynamics is not pinned to
heterogeneity.

At an earlier time in the transient shown in Fig. 56(c), the dynamics alter-
nates between complete desynchronization and chimera states. For times
0 < t < 2.8 µs (marked V), the figure shows large variations in the fre-
quencies of neighboring nodes without obvious chimera domains, corre-
sponding to a dynamics with time intervals of both desynchronization and
chimera-like states. In the remaining part (marked VI), two domains of
high and low frequencies can be identified, which correspond to a chimera
state lasting over at least 30 oscillations. Again, the unsynchronized domain
moves in the network.
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FIGURE 57: (a)-(i) Phase pictures at time indicated in Fig. 56(c) at times 0.94 µs,
1.14 µs, 1.37 µs, 2.05 µs, 4.10 µs, 4.42 µs, 4.84 µs, and 5.26 µs, respectively. Experi-
mental parameters as in Fig. 55.

I discuss the dynamics in Fig. 56(c) at points in time indicated by (a)-(i)
using the phase snapshots in Fig. 57(a)-(i), respectively. In the snapshot in
Fig. 57(a), there exists a region, where the oscillators have the same phase
to within the experimental phase resolution of ∆φ = 0.25. Outside the
dotted lines, the oscillators are not phase-synchronized. Therefore, this
state corresponds to both synchronization and desynchronization, which is
a chimera-like state. This state exists for six periods, where the synchro-
nized region drifts considerably in the network. In Fig. 57(b), I find an
intermediate state, where the phases of the oscillators are distributed ran-
domly so that I cannot identify a phase-synchronized region; hence, it is an
unsynchronized state. In Fig. 57(c), a chimera-like state is reached again,
with similar properties to the phase snapshot in Fig. 57(a). Therefore, the
dynamics change on a timescale similar to the period of oscillation from
chimera-like states to unsynchronized states and back.

Figure 57(d) shows the phases of the oscillators in the network at a time
when two regions (marked with dotted lines) show the same phases within
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the measurement error. Outside the two regions, the oscillators show large
differences in the phase and are hence unsynchronized. This state corre-
sponds to a multi-chimera state of two synchronized and two desynchro-
nized regions, which has been reported before with numerical simulations
[Ome12a, Nko13, Ujj13, Zak14]. Similar to the findings in these references,
the two synchronized cores are phase shifted by π.

Figures 57(e)-(i) show the phases of oscillators in the network in the re-
gion VI in Fig. 56(c). The synchronized region of the chimera state moves
from the range i ∼= 90 to i ∼= 127 to the range i ∼= 115 to i ∼= 20 (periodic). In
Fig. 57(h), one oscillator in the synchronized region does not synchronize,
which is non-ideal.

This phenomenon of disappearance and reappearance of chimera states
has not been reported previously. I call it resurgence of chimera states.

7.4.3 determining the fraction of chimera states

in the transient

The phenomenon of resurgence of chimera states implies that chimera states
do not exist through the entire transient. In this section, I determine a lower
boundary for the fraction of time that chimera states exist in the transient.
For that, I use a measure similar to Ref. [Gop14].

The chimera states in Boolean phase oscillator networks have a typical
arch shape, where one domain of adjacent oscillators are synchronized at
low frequency, and another domain is unsynchronized with higher frequen-
cies as shown in Fig. 55(b). Such a shape can be detected by measuring the
standard deviation of frequencies

σ =
√
〈( fi − 〈 fi〉)2〉, (76)

and the average frequency difference between adjacent oscillators

∆ = 〈| fi − fi−1|〉 . (77)

An arch-shaped function has a large σ but a small ∆, so that a large

ψ = σ/∆, (78)

is a measure to detect chimera states.
I calculate this function for the partly synchronized temporal evolution

in Fig. 58(a). Figure 58(b) shows ψ for this temporal evolution, exhibiting a
peak above a value of ψ = 1.5 approximately when I detect chimera states.
Therefore, I use a threshold of ψ > 1.5 to distinguish chimera states. With
this numeric value, I find that chimera states appear for about 14% of the
transient, measured from 100 measurements of length 6 µs on a network of
N = 128 oscillators within the transient shown in Fig. 56(a).
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FIGURE 58: (a) Copy of Fig. 56(c). (b) Corresponding function ψ =√
〈( fi − 〈 fi〉)2〉/ 〈| fi − fi−1|〉 to detect a chimera state. Speci�cally, a chimera is de-

tected from time 3.6 µs until 5.3 µs when ψ > 1.5 (shown with dashed lines).

7.4.4 nearly synchronized state

As discussed above, the network displays complex dynamics that collapses
to a nearly synchronized state, corresponding to the uniform dark gray area
at t > 6 min in Fig. 56(a). Figure 59(a) shows the phases of oscillators in this
state. The phases of oscillators have different values over the whole range
of 2π and are hence not synchronized. Figure 59(b) shows the frequency of
oscillators, which are apart from two nodes frequency synchronized with
f = 11.085± 0.002 MHz (compare to f = 9.14± 0.03 MHz for uncoupled
oscillators). The two unsynchronized nodes, marked in the figure with
arrows, have a ∼ 1% larger frequency. In the model, on the other hand,
both frequency and phase synchronize [Wol11]. The appearance of the
nearly synchronized state may be due to heterogeneity in the phase lag
parameter αij.
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FIGURE 59: (a), (b) Phase and frequency pictures similar to Fig. 55. Phase snapshot at

t ≈ 480 s in Fig. 56(a). Experimental parameters as in Fig. 55.

7.5 transient scaling of boolean oscil-
lator networks

In this section, I discuss the scaling of the transient time and the scaling
of the average transient time in networks of non-locally coupled Boolean
phase oscillators. I record similar scaling functions as found by Wolfrum
and Omel’chenko for chimera states in networks of phase oscillators, as
discussed in Sec. 7.2.3 [Wol11]. I find that the event of synchronization
can be modeled with a Poisson process and that the synchronization rate
follows a power law of the phase-space volume.

7.5.1 scaling of the transient time

As discussed above and shown in Fig. 56(a), the complex dynamics col-
lapses to the nearly synchronized state after a transient time TN. I find
that TN for N = 128 varies between extreme values of T128 = 1 s and
T128 = 32 min for 1,000 measurements, where complex dynamics are ob-
tained for every acquisition from random initializations. This is different
from Ref. [Wic13], where chimeras appear only for a fraction of the initial-
izations. Figure 60(a) shows the distribution of transient times, where each
dot corresponds to the normalized number of transients of TN within a cer-
tain interval. I find that TN follows an exponential distribution (shown as a
solid line) according to

ρN(TN) = 〈TN〉−1 exp(−TN/ 〈TN〉), (79)
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with the average transient time 〈T128〉 = 5.4 min as indicated in the fig-
ure. The exponential distribution follows analytically by considering the
collapse to synchronization as a Poisson process, which occurs continu-
ously in time at a constant average synchronization rate λ with

〈TN〉 = 1/λ. (80)

The exponential distribution has been found to describe the transient times
for chimera states in the Kuramoto model under the assumption of iden-
tical oscillators with symmetric coupling [Wol11]. The appearance of the
same scaling in my studies is surprising because the experiment has het-
erogeneity and shows chimeras only for a fraction of the time, which are
aspects not included in previous models.

7.5.2 scaling of the average transient time

I measure the average transient time 〈TN〉 for networks of different size N,
i.e., the number of nodes changes but the network topology is the same.
Figure 60(b) shows 〈TN〉 for six different network sizes from N = 105 to
N = 128. The average transient time 〈TN〉 follows approximately an expo-
nential scaling over three orders of magnitude according to

〈TN〉 ∝ exp(κN), (81)

with κ = 0.28± 0.10 shown with a solid line. Using Eqs. (80) and (81), the
synchronization rate

λ ∝ exp(−κN) ∝ V−κ (82)

follows a power law of the state space volume V = (2π)N, which is plau-
sible [assuming for a single oscillator’s phase space volume V = 2π in
accordance with Eq. (73), but the power law can also be derived when each
system is assumed to be of dimension d < ∞]. This super-transient scaling
holds for many spatially-extended systems [Tel08] and also for networks,
such as neural networks [Zil09] and Kuramoto oscillators [Wol11]. There-
fore, I conjecture that Eq. (82) may be a general law for networks under
certain conditions, such as that nodes are nearly identical and that a stable
synchronized state exists.



7.6 numerical simulation of networks of boolean oscillators 118

0 5 10 15 20 25 30

N

10-6

10-5

10-4

10-3

10-2

10-1

T
N

(s
)

101

102

103

104

105

106

∼
p

e
ri

o
d

s

105 110 115 120 125 130

N

10-1

100

101

102

103

N
(s

)

106

107

108

109

1010

∼
p

e
ri

o
d

s

0 5 10 15 20 25 30

TN (m in)

10-5

10-4

10-3

10-2

ρ N

(a)

(b)

(c)

Experiment

Experiment

Simulation

<Tuuu>128
<

T
u>

FIGURE 60: (a) Histogram of transient times T128 measured from 1000 experimen-

tal acquisitions (circles) and distribution function Eq. (79) (solid line). (b), (c) Av-

erage transient time 〈TN〉 as a function of N measured from (b) 1000 experimen-

tal transients each, (c) 200 simulated transients each (circles). Both are �tted with

Eq. (81) (solid line) with (b) κ = 0.28 ± 0.10, (c) κ = 0.30 ± 0.08. The right

axis shows the approximate number of periods per transient. Experimental parame-

ters R/N ≈ 0.24, ω0 ≈ 1000/[19.7 + 2.9 · R] (see Eq. (74)), σ̃ = σω2
0/π with

σ = 0.515 ± 0.018 ns, initial conditions as in Fig. 55. Numerical parameters are

R/N = 1/3, σ̃ = 0.089 MHz · 40/R (to adjust for the change in coupling range),

α = 0.1 and initial conditions as in Fig. 61. N in (c) is limited by available computa-

tion time.

7.6 numerical simulation of networks

of boolean oscillators

In this section, I simulate Eq. (73) numerically and compare the results with
the experiments.



7.6 numerical simulation of networks of boolean oscillators 119

7.6.1 chimera states in the model of boolean phase

oscillators

In order to see chimera states in the model Eq. (73), the phase-lag parameter
has to be chosen in the vicinity of αij = 0.1, which is different from the
common value of α = π/2− 0.18 used by Abrams and Strogatz to achieve
chimera states [Abr04]. This may be due to the differences in the coupling
function of the two models, cf. [Ome12a]. Furthermore, I also have to
use a coupling range R = 42 (N = 128, R/N ≈ 1/3) that is larger than
in the experiment (R = 30), but agrees with values used in other models
[Ome12a]. Note also that the experiment does not include self-coupling,
but it is common to assume self-coupling in previous numerical studies of
Kuramoto networks.

Figure 61 shows the simulated dynamics in phase and frequency repre-
sentations analogously to Fig. 55. The figure shows a chimera state with
co-existence of a synchronized and desynchronized domains with a typical
arch in the frequency picture (see also Sec. 7.2.2.3). The dynamics is sim-
ilar to chimeras in phase oscillator models that also show an arch in the
frequency picture (compare to Fig. 51).

Figure 62 shows the temporal evolution of the frequency of the nodes.
Similar to Fig. 56(b), the system shows a chimera state that moves in the
network. After a certain time that depends heavily on the initial conditions,
the chimera ends in favor of a synchronized state, which happens after
4.2 ms in Fig. 62.

The model also reproduces the characteristic scaling of the transient of
Eq. (81), as shown in Fig. 60(c) with κ = 0.30± 0.08, which is analogous to
Fig. 60(b).

These results suggest that the model is well suited to describe the ex-
periment qualitatively. The model is, however, only a first step towards a
complete theoretical description of the experimental dynamics because of
several differences in the generated dynamics.

7.6.2 differences between modeled and experimen-
tal dynamics

First, different from the experiment, the simulation shows chimera states
for the entire transient (see Fig. 62). A second difference is that the sim-
ulation (the experiment) collapses to a synchronized state (nearly synchro-
nized state), where nodes are phase and frequency synchronized (nearly fre-
quency synchronized but not phase synchronized) as discussed in Sec. 7.4.4.
Third, chimera states appear in different parameter regions in model and
experiment as discussed above. Finally, the initial conditions to see chimera
states have to be prepared carefully in the model but can be chosen random-
ized in the experiment.
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FIGURE 61: (a) Phases φi and (b) frequencies fi = 〈φ̇i〉/(2π) of the network at

t = 50 µs. Dynamics are obtained from numerical simulation of Eq. (75) with N = 128,
R = 42, ω0 = 2π · 9.3 MHz, σ̃ = 2π · 0.089 MHz, α = 0.1. Dynamics are ini-

tialized as in Ref. [Abr04] with φi = 6p exp
(
−0.76x2), where p is a uniform random

variable on [−0.5, 0.5] and x = 2πi/N − π. For simplicity, I do not assume frequency

heterogeneity and noise in the model.

These differences may be caused by heterogeneity in the experiment
αij 6= const, while αij = const is assumed in the model. Specifically, the
experiment implements heterogeneous wiring, where the j-th input xin

ji of
node i [Fig. 53(c)] is given by the j-th element of the sorted version of the list
{(i− R) mod N, (i− R + 1) mod N, ..., (i + R) mod N} (see also Sec. 7.3.3).
Furthermore, differences may be caused by noise and frequency hetero-
geneity of 0.3%, and transmission delays along the links (< 5 ns) in the
experiment.

Evidence for the importance of heterogeneity in the phase-lag parameter
αij is given in Appendix C.2, where I show that randomized initial condi-
tions also lead to chimera in the simulation when αij is chosen heteroge-
neous. However, I was not able to obtain the resurgence of the chimera in
the model by including heterogeneity.

Theoretical models do not show the observed alternations between chi-
mera states and unsynchronized states—the so-called resurgence of the
chimera. Future work has to fill this gap to uncover the underlying mecha-
nisms.





8
E X C I TA B L E D Y N A M I C S I N
A U T O N O M O U S B O O L E A N N E T W O R K S

8.1 abstract

In this chapter, I use autonomous Boolean networks to realize experimen-
tal excitable systems that I refer to as Boolean neurons. I couple Boolean
neurons into meta-networks that I call Boolean neural networks. After an
introduction to excitability in Sec 8.2, I design and test the Boolean neu-
ron in Sec 8.3 and couple two Boolean neurons in a small Boolean neural
network in Sec 8.4.1

The main contribution of this chapter are:

• designing an autonomous Boolean network with excitable dynamics,
which constitutes an accelerated-time artificial neuron termed Bool-
ean neuron;

• modeling of the Boolean neuron;

• confirming experimentally theoretical results for the dynamics of neu-
ral network motifs.

8.2 introduction to excitability

Excitable systems have three states: the rest state, the excited or firing state,
and a refractory or recovery state. The system stays in the rest state if
unperturbed or stays close to it if perturbed below a threshold. For above-
threshold perturbations, the system goes through the excited state, the re-
fractory state, and back to the rest state. This trajectory describes a nonlin-
ear excursion through phase space, corresponding to a spike while in the
excited state. While in the refractory state, the system cannot be excited
until it reaches the rest state [Lin04, Izh07]. Excitability is found through-
out nature, with prominent examples of the heart and biological neurons
[Ade81, Plo00, Wij95]. For example, the study of arrhythmias in the heart
is one major application of the theory of excitable media in biomedical sci-
ence [Nas04, Wij95, Dav92a]. Excitable media are studied in model systems

1 Results of this chapter are published in Ref. [Ros12]; I have published previous work on
this subject for neuronal and optoelectronic oscillators in Refs. [Pan12, Ros11a] that helped
me with the analysis of the results in this chapter.
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such as the Belousov-Zhabotinsky reaction, which is a chemical reaction
that shows rich wave patterns [Bel59, Pet93, Ste93a]. An early study of neu-
ral excitability was conducted by Hodgkin and Huxley on the giant squid
axon, which they describe as an excitable medium to explain the conduc-
tion of an action potential along the neuron [Hod52]. Excitability has also
been formulated for point-like systems. For example, the one-dimensional
excitable medium along the extension of a neuron can be approximated as
a point-like excitable dynamical system. This approximation is frequently
used for neurons that are connected to neural networks to reduce the com-
plexity of the problem [Izh07, Day03]. Then, the finite transmission times
between neurons due to the finite transmission velocities can be approx-
imated with a delay description [Ern09]. A very descriptive network of
excitable systems are fans at a sports event that can pass along a Mexican
wave [Far02].

8.2.1 neurons

The human brain includes about 100 billion interconnected neurons that
each have more than 10,000 inputs from other neurons, thereby building
a huge neural network that is the core component of the nervous system.
Neurons process and transmit information within this network [Izh07]. As
biological cells, they can be studied on various levels, such as cell bio-
physics and molecular biology, but also on higher levels, such as small neu-
ral circuits, the whole brain, or the behavior of an entire organism [Izh07].
I introduce here the problem at the level of individual neurons.

Neurons are usually divided into three parts: the soma, the dendrites,
and the axon, where the soma is the cell body, the dendrites receive sig-
nals and axons conduct them over large distances up to 1 m in the human
body [Lev01], as shown in Fig. 63. Information is conducted in the form of
spikes—the so-called action potential—which is a pulse-shaped temporal
change in the electrical membrane potential of the neuron. These spikes
are initiated via sufficiently strong stimuli at the dendrites and then travel
away from the soma along the axon. At the axon terminals, the spikes can
induce a new spike in another connected neuron via a synapse [Lev01].

Hodgkin and Huxley measured the initiation and conduction of signals
along the axon experimentally in 1952 on the squid giant axon and derived
a mathematical model called the Hodgkin-Huxley model [Hod52]. The
model describes the membrane of axons with an equivalent electrical cir-
cuit model with resistors, capacitors, and voltage sources, which arise from
ion channels in the biological membrane. The ion channels are activated
according to nonlinear differential equations. Systems described with the
Hodgkin-Huxley model are excitable and generate a large voltage spike
when an applied stimulus is greater than a threshold. A threshold condi-
tion for firing, also known as the all-or-none principle, is a key component
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in neurological systems, but the level of the threshold often depends on the
shape of the input signal and can even depend on resonance conditions of
input spikes, such as a preference of certain periods for input pulse trains,
which is the case in the Hodgkin-Huxley model [Izh07].

8.2.2 hodgkin classification

Hodgkin classified neurons according to their response to constant input
currents of different strength [Hod48, Izh07]. Neurons usually respond to
constant input excitations with a train of repeating output pulses as shown
in Fig. 64(a). When the firing frequency of pulses f increases with the
excitation current I, the neuron is of type I [Fig. 64(b)] and, when f is in-
dependent of I, the neuron is of type II [Fig. 64(c)]. But, in both classes,
the input current has to be greater than the threshold. Type-III neural ex-
citability corresponds to neurons that generate at most one or two action
potentials in response to a constant current instead of a train of pulses. An
example for type-III neural excitability is the squid giant axon, which is
surprising because the Hodgkin Huxley model is of type II even though it
is derived from the same system under different conditions [Cla98, Cla08].

The framework of excitability types is generalized by characterizing ex-
citable systems by their bifurcation mechanism [Izh07, Rin98]. Excitability
can be generated with the following bifurcations: subcritical Andronov-
Hopf, supercritical Andronov-Hopf, saddle-node of limit cycles, saddle-
node infinite-period (SNIPER), where the latter results in type-I excitability
and the other bifurcations in type-II excitability [Kuz98, Izh07].

http://en.wikipedia.org/wiki/File:Sobo_1906_33.png
http://en.wikipedia.org/wiki/File:Sobo_1906_33.png
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FIGURE 64: Illustration of type-I and type-II neural excitability. (a) For the measure-

ment of the excitability type, a neuron (or a dynamical model for a neuron) is exposed

to a constant stimuli with current I and responds with a train of pulses of a certain fre-

quency f . The resulting f -I-curves for (b) type-I and (c) type-II excitability are shown

schematically.

8.2.3 key components of excitability

Typical excitable systems have a stable fixed point in which they rest until
a perturbation above a threshold excites them. In response to the stimu-
lus, they generate large excursions in phase space that results in output
spikes [Izh07]. After generating a spike, excitable systems usually recover
for a certain time, the so-called refractory time. During the refractory time,
excitable systems have a higher excitation threshold or cannot be excited
at all, corresponding to the absolute and relative refractory period, respec-
tively [Lev01]. Therefore, three states can be identified for excitable systems:
the resting, excited, and refractory state.

These three states of excitable systems are used in the Greenberg-Has-
tings Cellular Automaton to model excitability, with a synchronous tempo-
ral evolution. The cellular automaton evolves for time steps t = 1, 2, 3, ...
according to the following rules [Gre78]: The excitable system

(i) changes from the resting state to the excited state if at least one input
connection is in the excited state.

(ii) changes from the excited state to the refractory state.

(iii) changes from the refractory state to the resting state.

When evaluated on a grid, this simple model can lead to rich wave pat-
terns [Fis93]. Similar rules to the ones used in the Greenberg-Hastings
cellular automaton are used in this chapter to build a continuous-time ex-
citable dynamical system with autonomous Boolean networks.

8.2.4 dynamics of two delay-coupled neurons

To be able to better interpret my experimental results in this chapter, I first
present in this section simulation results with a standard neuron model. I
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FitzHugh-Nagumo 
system 1

FitzHugh-Nagumo 
system 2

FIGURE 65: Schematic of two coupled FitzHugh-Nagumo systems that include feedback

and mutual coupling.

use the same network topology studied in later sections experimentally. I
start by motivating the network topology of only two neurons.2

8.2.4.1 Motivation for Studying Network Motifs

A structure of a few coupled neurons constitutes a network motif, which
is a simple recurring substructure present in large networks, such as the
brain [Mil02]. The intrinsic dynamics of the network motif may contribute
significantly to the dynamics of the larger network and could hence be
important for the overall network dynamics. For this reason, dynamics of
network motifs is heavily studied [Wei14, Hau06, Cho07, Dhu08, Hoe09,
Fie09, Flu09, Bra09, Dhu11, Hic11, Kyr11, Adh11].

The network motif in Fig. 65 of two coupled neurons includes time delays
along the links to account for the finite propagation time of spikes along
the neuron axons [Wei14, Hoe09, Pan12, Hoe10b, Dah08c, Sch08, Ros12].
This configuration can also be understood as two effective populations of
neurons with internal and mutual connections [Vic08]. Synchronization in
larger networks of type-I [Kea12] and type-II [Leh11] excitable elements
was also studied.

8.2.4.2 Dynamics Generated by a Standard Neuron Model

The neurons are described by the FitzHugh-Nagumo model, which sim-
plifies the Hodgking-Huxley model to include the essential mathematical
features of excitability and has a similar structure as the Van-der-Pol oscil-
lator (see Sec. 6.2.4.1) [Fit55, Fit61, Nag62]. It is, however, not motivated by
physiological processes [Izh06]. The dynamic equations of the FitzHugh-
Nagumo model are paradigmatic for neural systems with type-II excitabil-
ity (see Sec. 8.2.2), where oscillations result from a Hopf bifurcation.

2 The content of this section is published in Ref. [Pan12].
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The two coupled FitzHugh-Nagumo systems are described by the delay
differential equations

ε1ẋ1 = x1 −
x3

1
3
− y1 + C

[
x2

(
t− τC

2

)
− x1(t)

]
+K

[
x1

(
t− τK

1

)
− x1(t)

]
, (83a)

ẏ1 = x1 + a, (83b)

ε2ẋ2 = x2 −
x3

2
3
− y2 + C

[
x1

(
t− τC

1

)
− x2(t)

]
+K

[
x2

(
t− τK

2

)
− x2(t)

]
, (83c)

ẏ2 = x2 + a, (83d)

where εi � 1 denotes a timescale ratio between a slow inhibitor variable yi
and a fast activator variable xi (i = 1, 2). The activator variables xi corre-
spond to the neural membrane potential and encodes the action potential
as spikes. The inhibitor variables yi can inhibit the system from emitting
a pulse if yi is large, leading to a refractory mechanism. The parameter a
is known as threshold parameter. For |a| > 1, the uncoupled system oper-
ates in the excitable regime. The parameters K, C, τK

i , and τC
i are coupling

strength and coupling delays of mutual coupling and feedback according
to Fig. 65.

Figure 66 shows typical dynamics of two coupled neurons modeled with
Eqs. (83a)-(83d). The arrows indicate excitations due to the different de-
layed coupling links. The temporal evolution of the activator xi and in-
hibitor yi is shown for two different parameter regimes. The activator xi
shows periodic pulses, forming a pulse train. The inhibitor is also periodic
and peaks when a pulse in the activator ends. In Fig. 66(a) the outputs of
system 1 and 2 are synchronized in phase, while in Fig. 66(b) the outputs
have a phase shift of π.

Coherent spiking of this system, such as shown in Fig. 66(a) and (b),
appears for identical self-coupling delays τK

1 = τK
2 = τK when the following

condition for the time delays is fulfilled

NKτK = NC2τC, (84)

with integer numbers NK and NC. Coherent spiking is expected even if
the coupling delays differ from Eq. (84) by an amount on the order of the
pulse width of the neurons [Pan12]. The period (inter-spike interval) of the
resulting self-sustained coherent is

T = τK/NC = 2τC/NK. (85)

Specifically, the two systems pulse in phase (in antiphase) when NK is even
(odd) as shown in Fig. 66(a) and (b), respectively [Pan12].

For the general case of τK
1 6= τK

2 , the system can display complex dynam-
ics, such as neural bursting [Pan12].
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(a) (b)

FIGURE 66: Time series of Eqs. (2) for identical self-feedback delays τK
1 = τK

2 = τK.

The activator xi and inhibitor yi are shown with blue (solid) and red (dashed) lines,

respectively. The parameters are chosen as (a) K = 0.5, τK = 3, (b) K = 0.5, τK =

2. The black and light blue arrows indicate the excitations due to self-feedback and

mutual feedback, respectively. Other parameters are ε = 0.01, a = 1.3, τC = 3, and
C = 0.5. Time and activators and inhibitors are dimensionless.

8.2.5 artificial neural networks

Artifical networks of excitable systems engineered with, for example, ana-
log electronic circuits are called artificial neural networks and, when real-
ized on microelectronic chips, the excitable systems are called silicon neu-
rons [Ind11]. They are developed 1) for high-speed modeling of the biolog-
ical equivalent neural network as fundamental studies and 2) to develop
important applications, such as neuro-inspired computers, real-time behav-
ing systems, and bidirectinal brain-machine interfaces [Ind11].

Silicon neurons can be realized in very large scale integration (VLSI),
with an example shown in Fig. 67, where 1,024 excitable systems are im-
plemented on a custom board including an analog-electronic chip to im-
plement the neural dynamics and a digital microchip similar to an FPGA
to manage the connections [Ind11, Art06]. Off-the-shelf FPGAs are used
because they are much cheaper than custom made chips [Ind11, Art06].

This configuration, however, presents major hindrances due to speed lim-
itations, the cost and long design cycle time of the custom analog-electronic
chip, and its connections to the digital reconfigurable chip. Of particular
concern is the fact that the analog signal is digitized in time and voltage,
leading to discretization errors in the coupling.

As a solution, I develop an excitable autonomous Boolean network that
can be implemented on an FPGA together with the connections, so that
a single chip can be used to include both, the silicon neurons and the
connections. Specifically, they can be implemented on inexpensive off-
the-shelf VLSI (very large scale integration) chips, such as FPGAs result-
ing in an inexpensive design. The resulting Boolean neuron evolves on a
fast timescale on the order of nanoseconds, which is much faster than the
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FIGURE 68: Illustration of three characteristics of excitability with typical responses to

di�erent input waveforms, where blue-colored graphs are input waveforms and the red-

colored graphs are the resulting output waveforms. Two input and output waveforms

each are used to demonstrate (a) threshold behavior, (b) characteristic responses (out-

put pulses), and (c) the refractory time.

These properties are continuous-time rules for the behavior of an excitable
system corresponding to the discrete-time rules of the Greenberg-Hastings
cellular automaton introduced in Sec. 8.2.3. The properties are visualized
schematically in Fig. 68 showing the desired response of an excitable system
in the fixed-point state to external perturbations. Specifically, the all-or-
none principle (i) is illustrated in Fig 68(a), where a perturbation below
threshold leads to no or only a small response of the excitable system and
a perturbation above threshold leads to the generation of a pulse. This
pulse is independent of the length of the external perturbation according
to principle (ii). This is shown in Fig. 68(b), where a narrow and a wide
above-threshold signal lead to the same output pulse. Principle (iii), the
refractory time, is visualized in Fig. 68(c), where two perturbations lead to
only one pulse when the perturbations are close together, but they lead to
two pulses when they are spaced far enough apart.

Autonomous logic gates are well suited to fulfill these properties. For
example, the all-or-none principle (i) is intrinsic to logic gates [Mcc43].
Their output voltages V transition between V = Vhigh (the high level) and
V = Vlow (the low level) as their inputs cross the threshold voltage Vth.
Pulse dynamics (ii) and the refractory phase (iii) can be realized through
pulse generators, which exploit the intrinsic propagation delays of logic
gates τgate. Non-ideal behaviors of the neuron, however, affect the dynam-
ics so that an input pulse that is too short is rejected instead of triggering
an output pulse (see also Sec. 3.2.3).

As shown in Fig. 69(a), the pulse generator is implemented using a D-
type flip-flop, an inverter-based delay line of delay τn = n · 0.28 ns as intro-
duced in Appendix A, and an autonomous logic gate executing the XOR
operation [Jeo04]. Its dynamics consists of the generation of a single pulse
of width Tn = τn in response to a positive edge (low-to-high transition).
Specifically, in response to a positive edge at its clock (clk) input, the flip-
flop, with connection from output (Q) to inverted input (D), generates a
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FIGURE 69: (a) Setup of the pulse generator characterized by an integer n, which
represents the number of pairs of inverters in the delay line and thus its time delay

τn ∼ 2nτgate. The pairs of inverters act as time delays that do not change the

Boolean state. The input of a rising edge leads to the output of a pulse. (b) Design

of a Boolean neuron; it combines one pulse generator labeled npulse to realize the pulse

dynamics with another one labeled nref to realize the refractory phase. The refractory

period of the Boolean neuron Tref and its pulse width Tpulse are determined by the inte-

gers nref and npulse, respectively. The voltages Vin and Vref are inputs to an AND gate,

where the second input is inverted, as indicated by a circle. The input of a pulse leads

to the output of a pulse under certain conditions.

Boolean transition at its output (Q). This signal reaches the XOR gate in-
puts with a time-delay difference ∼τn, due to the presence of the delay line.
As a consequence, the XOR gate has different input logic values during the
time delay and hence generates a high voltage Vhigh of width Tn = τn ∝ n.

I combine two pulse generators with an AND gate, as illustrated in
Fig. 69(b) with a hardware description discussed in Appendix B.7.1 and
B.7.2, so that the system exhibits excitable dynamics in its output voltage
Vout in response to an above-threshold input voltage Vin. The pulse genera-
tor labeled npulse (nref) produces a voltage pulse Vpulse (Vref) of width Tpulse
(Tref). The voltage Vref indicates whether or not the system is in its refrac-
tory phase (Vref high or low, respectively); its interplay with Vin governs the
dynamics of the Boolean neuron.

When Vref is low and Vin has a positive edge, the AND gate also generates
a positive edge so that each pulse generator produces a pulse. Vpulse is sent
to the output of the Boolean neuron and the high value of Vref now blocks
inputs Vin to the AND gate for the refractory period Tref and hence prevents
pulse generation during that time. When the refractory phase ends, i.e., Vref
is back to a low voltage, the system becomes responsive to input excitations
Vin again.

The design of the Boolean neuron is motivated by the dynamics of inte-
grate-and-fire neurons [Bur06], where the membrane potential evolves as a
function of its synaptic input. When inputs are present, the membrane po-
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tential increases (integration) until it reaches a threshold, the condition for
generating a pulse (firing). In my approach, in contrast, the Boolean neu-
ron compares its input voltage directly to a threshold without an electronic
analog of a membrane potential. Consequently, when increasing Vin above
the switching threshold of a logic gate, oscillations start with a constant
(finite) period, so that the Boolean neuron exhibits a behavior analogous to
type-II excitability [Izh07] (see also Sec. 8.2.2). After generating a pulse, the
membrane potential of integrate-and-fire neurons returns to a resting value
and its dynamics is deactivated for a finite duration [Bur06], which is the
same mechanism used in the Boolean neuron to realize a refractory period.

8.3.2 model for boolean neurons

In this section, I derive a Boolean map to describe the Boolean neuron
theoretically. In contrast to the experimental implementation, this model
allows only for Boolean states, i.e., V ∈

{
Vhigh, Vlow

}
, the low and high

voltage of logic gates.
I model the three components of the setup [Fig. 69(c)], namely the AND

gate and the two pulse generators, separately. First, I describe the AND
gate with output signal V(j)

AND(t), where the superscript j denotes the nodes
in the network. It is modeled by the map where ∧ and ¬ denote the Boolean
AND and NOT operations, respectively, and ∆ is the time step of the map.
The NOT operation accounts for an inverted input to the AND gate, as
shown in the setup. Second, the pulse generators denoted by npulse and nref
in the setup are modeled by taking the flip-flop and the delay line combined
with the XOR gate into account. The flip-flop creates events after a positive
edge in V(j)

AND. The delay line, together with the XOR gate, results in output
pulses of the two pulse generators, i.e., a high voltage for the time intervals[
s, s + Tpulse

]
and [s, s + Tref], respectively, after a positive edge in V(j)

AND at

time s (denoted in the following as V(j)
AND(s) = PE). The combination of

flip-flop, delay line and XOR gate is described mathematically by

V(j)
out/ref(t) =


Vhigh if ∃s ∈

(
t− Tpulse/ref, t

]
:

V(j)
AND(s) = PE

Vlow otherwise,

(86)

for the two pulse generators denoted in the setup as npulse and nref, respec-
tively. This description does not account for the processing time h of the
flip-flop, so that significant discrepancies between model and experiment
can be appear in certain extreme coupling cases, such as sustained excita-
tion, and when coupling delays or pulse lengths are short compared to h,
as discussed later.
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FIGURE 70: (a) A Boolean neuron on the FPGA is subject to a constant above-

threshold input voltage Vin. The output voltage Vout and Vref pass input-output

(I/O) gates with outputs labeled Ṽout and Ṽref, respectively. (b) Both voltages are

recorded for Tref = (5.40 ± 0.05) ns (nref = 20), Tpulse = (2.34 ± 0.05) ns
(npulse = 8). (c) Output Ṽout of a minimal implementation of the Boolean neuron

with Tref = (0.68± 0.04) ns (nref = 2), Tpulse = (0.80± 0.04) ns (npulse = 2).

8.4 dynamics of network motifs of boolean

neurons

In the following, I study the dynamics of small networks of one and two
Boolean neurons.

8.4.1 dynamics of one boolean neuron

In this section, I conduct experiments on a single Boolean neuron driven
first by a constant input and second by self-feedback, constituting a sim-
ple network. The experiments are realized on an Altera Cyclone IV FPGA
(EP4CE115F29C7N) as introduced in Sec. 3.2. Signals generated within the
FPGA pass through an additional input-output logic gate (hardwired to
the output pins of the FPGA) before being acquired by a high-speed os-
cilloscope (DSO80804A) with 8 GHz bandwidth and 40 GSa/s sampling
rate.

When a constant, above-threshold input voltage Vin is applied to the
Boolean neuron, it generates periodic pulses with a width of a few nanosec-
onds [see Fig. 70(a) and 70(b)]. In this regime, the system generates periodic
oscillations, similar to biological neurons with constant stimulus [Izh07]. To
understand the dynamics, I analyze the output voltage Vout and voltage Vref
that indicates the refractory phase.

The pulses in Vout and Vref are generated almost simultaneously at times
indicated by vertical dashed lines in Fig. 70(b). The pulse in Vref indicates
the refractory phase and its pulse width equals the refractory period. There-
fore, the refractory phase starts at the red dashed lines and ends when Vref
is low. Then, the system generates a new pulse, which is induced by a
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negative edge transition in Vref, since Vin > Vth. It requires an additional
processing time h to generate the output pulse, which is due to the flip-
flops in the pulse generators and is measured to be h = (3.2± 0.4) ns. This
processing time, together with the refractory period Tref, constitutes the pe-
riod of the pulses in this experiment (T = Tref + h). The pulse width in
Vout is given by Tpulse. In the theory, the processing time h is not included,
leading to a wrong prediction of the period.

In this setup of constant high input, the resulting pulse train generated
by the Boolean neuron is determined in its period by the refractory pe-
riod Tref and in the output pulse width by Tpulse. These two quantities
are determined by parameters nref and npulse according to Tref ≈ nrefτgate
and Tpulse ≈ npulseτgate, as follows from the construction of pulse genera-
tors shown in Fig. 69(a) and the delay of cascaded logic gates discussed in
Appendix A. This can be seen experimentally when conducting the same
experiment with different parameters npulse and nref. For example, with
npulse = nref = 2, which constitutes a minimal number of seven logic gates,
the pulse widths Tpulse are on a sub-nanosecond scale and the period T is
dominated by the flip-flop processing delay h [Fig. 70(c)].

Experimental fluctuations in Tref and Tpulse exist and are characterized in
the two following ways. First, when comparing different measurements of
Tref and Tpulse on a single implementation, I observe temporal fluctuations
of ±1% that originate from the experimental non-ideal effects as explained
in the next paragraph. Second, when comparing the measurements of Tref
and Tpulse on several different copies of the same Boolean neuron on the
same chip, I obtain a significantly larger error of ±3.5%. The origin of this
error is heterogeneity in the propagation delays from logic element to logic
element.

The dynamics of the Boolean neuron is analog-like and fluctuates in pulse
shape and timing. These non-ideal experimental behaviors originate from
lowpass filtering, jitter, and history- and state-dependency of the propa-
gation time delays within logic gates [Cav10, Bel00b] (see also Sec. 3.2.3).
The autonomous logic operation of the Boolean neurons is limited in speed
only by the high-frequency cutoff of the logic gates and is much faster than
common neural processors that are built in the synchronous operation.

I also investigate the behavior of a simple network consisting of a Boolean
neuron with self-feedback that includes a time delay τ [Fig. 71(a)], i.e.,
Vin(t) = Vout(t− τ) [Fos96]. The time delay accounts for non-instantaneous
transmission times along network links (for example, the propagation time
along axons connecting different areas of the brain [Kee09]).

The delayed feedback link is realized as shown in Fig. 71(b) with nτ = 80
cascaded pairs of inverter gates, each imposing its propagation delay to the
path, leading to a total time delay of τ = (21.3± 0.5) ns, as characterized
in Fig. 69(b). The delayed feedback signal and an initial stimulus are both
applied to the Boolean neuron. As Boolean neurons have only one input, an
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FIGURE 71: (a) Illustration of one Boolean neuron with delayed feedback where the

delayed feedback link is represented as an arrow. (b) Representation of (a) with logic

elements used for the feedback. The pink triangles with circles represent 80 inverter

gates that are incorporated to implement a time delay of τ = (21.3± 0.5) ns (nτ =

80). (c),(d) Resulting dynamics with parameters as in Fig. 70(b) and (c), respectively.

(e) Same with Tref = (10.75± 0.05) ns (nref = 40), Tpulse = (1.95± 0.03) ns (npulse =

8). (f) Same with Tref = (24.04± 0.05) ns (nref = 90), Tpulse = (2.05± 0.05) ns
(npulse = 8).

OR gate is used to combine the two signals. The OR operation allows both
signals to excite the node, but also other logic gate operations to combine
inputs are possible, as discussed later. Here, the system is operated in its
excitable regime.

When no initial stimulus is applied, the feedback system rests in a sta-
ble quiescent state. When a pulse of width (1.6± 0.1) ns is injected once,
the system generates a periodic pulse train as shown in Fig. 71(c). Ini-
tializations with multiple pulses result in similar pulse trains with shorter
periods.

The dynamics arise from the delayed feedback. When a pulse is gener-
ated by the system, it travels through the delay line during τ. Then, it is
input to the node to generate another output pulse after the processing time
(system response time) h. Therefore, the period of the pulses is T = τ + h
for this coupling scheme, which is confirmed by the experiment.

This behavior is reproduced for systems with parameters nref = npulse =
2 that have a shorter refractory period and small pulse widths [Fig. 71(d)]
and for systems with parameters nref = 40 and npulse = 8 that have a
longer refractory period [Fig. 71(e)]. However, when the refractory period
is increased further to nref = 90 > nτ = 80, i.e., Tref > τ, self-sustained
pulsing dynamics are no longer stable solutions of the system [Fig. 71(f)].
Instead, the system responds only to the initial stimulus and then returns to
the quiescent state. The reason for this behavior is that the delayed feedback
of the first response fall in the, for these parameters long, refractory period
of the Boolean neuron, which cannot generate pulses during this time.
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FIGURE 72: (a) Illustration of two Boolean neurons with delayed mutual coupling

and delayed feedback where delay links are represented as arrows. b) Representation

with logic elements used for the coupling. The pink triangles with circles represent in-

verter gates that are incorporated in numbers nτ,C and nτ,K to adjust the delay times

indicated on the links. Node parameters are npulse = 8 (Tpulse = (2.1 ± 0.2) ns)
and nref = 20 (Tref = (5.3 ± 0.2) ns). (c) Stable output of both nodes with cou-

pling delays realized with nτ,C = nτ,K = 80 pairs of inverters leading to link de-

lays τ
(1)
C = (21.6 ± 0.2) ns, τ

(2)
C = (21.7 ± 0.2) ns, τ

(1)
K = (21.6 ± 0.2) ns,

τ
(2)
K = (21.4 ± 0.2) ns. (d) Same as (c) with nτ,C = 80, τ

(1)
C = (22.1 ± 0.2) ns,

τ
(2)
C = (21.2± 0.2) ns, nτ,K = 160, τ

(1)
K = (43.0± 0.4) ns, and τ

(2)
K = (43.5± 0.4) ns.

Electrical cross talk between the node outputs is visible as small oscillations near the

noise �oor. Additional logic gates are used to measure the link delays of this speci�c

implementation.

8.4.2 dynamics of two delay-coupled boolean neu-
rons

In this section, I study a network of two delay-coupled Boolean neurons
with delayed feedback, as shown schematically in Fig. 72(a) with a hard-
ware description discussed in Appendix B.7.3. This structure is motivated
in Sec. 8.2.4.1. The coupling and feedback delays are denoted by τ

(1,2)
C and

τ
(1,2)
K , respectively.

Here, I study the parameter regime of synchronization between the two
nodes, as modeled with the FitzHugh-Nagumo system in Sec. 8.2.4. Specif-
ically, I test, whether the network of Boolean neurons leads to the same
spiking pattern for the same relation of delays.

To test the simulation results experimentally, I realize this coupling topol-
ogy with a setup shown in Fig. 72(b). I use nτ,C and nτ,K pairs of in-
verter gates to create the delay lines for coupling and feedback satisfying
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τ
(1)
C ≈ τ

(2)
C and τ

(1)
K ≈ τ

(2)
K , respectively; thus, the same number of inverter

gates are employed in both cases. However, these delays are not exactly
equal because of heterogeneity in the logic gates’ propagation delays.

Furthermore, I use two- and three-input logic gates to combine the two
delay lines and connections for external stimuli at the input of nodes. For
that purpose, I use OR gates, so that any pulse at the input of this logic
gate will be passed to the Boolean neuron. However, for larger networks,
an N-input logic gate that combines N inputs to a Boolean neuron can be
defined as desired using a 2N-entry look-up table. This so-called synapse
(when the Boolean neuron is considered the soma of a silicon neuron, see
also Sec. 8.2.1) [Ind11] allows for implementing inhibitory and excitatory
connections and also to vary the coupling strength. The coupling strength
is understood as the number of high inputs required for the “synapse” to
pass on a pulse to the “soma” (Boolean neuron).

This setup with delay lines and synapses as described above shows co-
herent spiking in Figs. 72(c) and (d), when perturbed with a single pulse
out of the quiescent state. The numeric values for the delays satisfy τC ≈
τK ≈ 22 ns (NC = 1, NK = 2) and τK ≈ 2τC ≈ 44 ns (NC = 1, NK = 1)
for Fig. 72(c) and (d), respectively. With these two numerical values, I ex-
pect from Eq. (85) oscillations with period T of 22 ns and 44 ns, respectively.
This behavior is found approximately in the experiment, where in-phase
and anti-phase oscillations are seen with periods of T = (23.0± 0.2) ns and
T = (44.8 ± 0.2) ns, respectively. For both sets of parameters, I observe
small mismatch (< 5%) between experiment and theory, likely due to the
large processing time h.

8.4.3 simulation of the dynamics of network mo-
tifs of boolean neurons

I integrate numerically the dynamics of the three experiments of delay-
coupled Boolean neurons with the model of the Boolean neuron introduced
in Sec 8.3.2. For the first experiment of one Boolean neuron with constant
input, I set Vin = Vhigh in the model, which results in dynamics shown
in Fig. 73(a). The second experiment with delayed feedback of a single
node is modeled with Vin(t) = Vout(t− τ) [Fig. 73(b)]. Due to the delayed
feedback, the theoretical description is a Boolean delay equation [Ghi85],
which requires an initial history function for initialization. Here, I initialize
Vin(t) with a pulse on the interval [−τ, 0]. Finally, the third experiment
is modeled in Fig. 73(c) with V(1)

in (t) = (V(1)
out (t − τK) ∨ V(2)

out (t − τC)) and

V(2)
in (t) = (V(2)

out (t− τK)∨V(1)
out (t− τC)), where ∨ indicates the OR operation.

As above, I initialize the system with a pulse input to one Boolean neuron.
The dynamics generated by the map is similar to the experiment in the

overall picture, but in detail the waveforms differ, as the experiment shows
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FIGURE 73: Simulation of Boolean map for Tpulse = 2.1 ns, Tref = 5.3 ns. (a) Output
of one node with constant stimulus, corresponding to Fig. 70(b). (b) One node with

delayed feedback, corresponding to Fig. 71(c) with τ = 21.3 ns. (c) Two delay-coupled

nodes with delayed feedback, corresponding to Fig. 72(d) with delays τC = 22 ns, τK =

44 ns. The model is integrated with a time step ∆ = 0.01 ns.

imperfections, such as amplitude and timing noise and low-pass filtering
effects. To capture these effects, I could use a piecewise-linear switching
model as proposed by Glass and collaborators [Mes97, Gla98, Edw00], intro-
duced in Sec. 2.3.3, and extended in Sec. 4.4.2; this model could be further
extended with stochastic driving terms to capture most of the non-ideal
behaviors of the system.

8.5 conclusion

In this chapter, I have proposed and built Boolean neurons based on au-
tonomous Boolean networks and implemented with electronic logic circuits.
The Boolean neurons can be controlled in pulse width and refractory pe-
riod. A single Boolean neuron responds to a one-time stimulus with a
single pulse and, when connected to a time-delayed network, the Boolean
neurons show self-sustained oscillations with phases and periods that are
controlled by the coupling delays.

The Boolean neurons display basic type-II excitable dynamics that is not
as rich as the dynamics from silicon neurons built with custom analog elec-
tronic circuits, which can display dynamics almost identical to biological
neurons [Ind11]. However, my approach has the advantage that Boolean
neurons can be implemented with logic circuits and do not rely on custom
analog components.

The logic gates and, hence, also the Boolean neurons operate at time-
scales on the order of nanoseconds, which is six to nine orders of mag-
nitude faster than common silicon neurons that operate on a timescale of
seconds, and a thousand times faster than the fastest accelerated-time sili-
con neurons [Ind11].

Not only because of their speed, the Boolean neuron may become in-
valuable for neuro-inspired computing, such bio-inspired data-processing
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and machine learning. The Boolean neurons may be especially suitable for
network-based data-processing called reservoir computing [Jae04, Sch08k]
because of its fast nanosecond time-scale, the possibility to implement large
networks, and the possibility to combine them with a conventional proces-
sor as a system on a Chip (SoC). A processor is needed for a linear operation
at the output of the reservoir.

While I have coupled Boolean neurons in this chapter into very small
networks of only two elements, I explore in the next chapter the dynam-
ics resulting from larger networks and compare the resulting dynamics to
theoretical predictions.



9
C L U S T E R S Y N C H R O N I Z AT I O N I N
B O O L E A N N E U R A L N E T W O R K S

9.1 abstract

This chapter focuses on the dynamics of spiking neural networks built with
the Boolean neurons introduced in Ch. 8. I first introduce preceding work
on the dynamics of spiking neural networks with realistic neuron models
in Sec. 9.2 and discuss the master stability function and the tool of the
greatest common divisor (GCD) in Sec. ??. Then, I present experimen-
tal results of the dynamics of networks of Boolean neurons in Sec. ??-9.8.
Specifically, I show the occurrence of cluster synchronization, which is a
network dynamics where the network can be separated into groups of syn-
chronized dynamics, where nodes from different groups are not synchro-
nized. This state is achieved in interconnected ring networks of Boolean
neurons (Sec. ??), breaks down under certain scalings of internal timescales
(Secs. 9.5 and 9.6), and can be controlled using a small number of nodes
in the network (Sec. 9.7). These results are also reproduced with a model
(Sec. 9.8).1

The main contribution of this chapter are:

• realizing experimentally networks of 32 Boolean neurons showing
cluster synchronization on a logic chip;

• pointing out limitations—specifically a breakdown—of a common net-
work theory for cluster synchronization;

• discovering of a control mechanism of cluster network dynamics.

9.2 dynamics of spiking neural networks

In spiking neural networks, information between neurons is transferred in
forms of spikes, generated, for example, by the Hodgkin-Huxley model
or the FitzHugh-Nagumo model or by the previously introduced Boolean
neuron. The temporal location of spikes is not limited to discrete time steps
but can appear at any continuous time. One fundamental question studied

1 Results of this chapter are published in Ref. [Ros13].
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FIGURE 74: (a) Measurement to acquire motor patterns from the lobster stomach with

electromyographic (EMG) recording in the behaving animal. (b) Resulting motor pat-

terns that resemble those recorded in vivo from the lobster stomach. The patterns

have been measured from three pyloric neurons denoted LP, PY, and PD. Figure from

Ref. [Mar01].

with spiking neural networks is to determine whether neurons communi-
cate by a temporal code [Maa01]. One answer to this questions has been
given by studies on the central pattern generator.

The central pattern generator is a biological neural network that gener-
ates complex spiking patterns (temporal codes) to control (in other words,
communicate) rhythmic motor behaviors, such as walking, breathing, fly-
ing, and swimming [Mar01, Ste99, Sel10]. For example, Fig. 74 shows the
motor patterns that control the stomach muscles of a lobster. Similar pat-
terns are also generated by a neural circuit in vitro [Mar01]. The generated
patterns have been found to depend on the network refractory time [Har12].
The complex synchronized neural spiking patterns in the central pattern
generator are not yet fully understood.

9.2.1 zero-lag cluster synchronization

In neural networks, time delays result from the time it takes for neural
pulses to propagate along the axons introducing several tens of millisec-
onds of latency, which is significantly larger than the duration of the action
potential (. 1 ms) [Rin94]. Time delays have been found to influence the
dynamics considerably and to increase the complexity of numerical simula-
tions and analytical studies of the systems to a large extent. Consequently,
effects due to time delays have attracted great attention in the studies of neu-
ral networks [Ros05, Hau07a, Mas08, Fri09a, Leh11, Kan11a]. Astonishingly,
even between distant parts of the brain that involve large signal transmis-
sion delays, synchronization of neural activity without a time lag has been
observed [Roe97, Rod99, Fri97a, Sch06i, Var01]. This striking dynamical
phenomenon is known as zero-lag synchronization in time-delay networks
[Roe97, Vic08, Fis06, Dah12, Ros05, Hau07a, Mas08, Mas09a, Sen09a, Leh11,
Pop11]. Synchronization of neural activity is important because, on one
hand, it has been shown to lead to pathological states, such as Parkin-
son’s disease or epilepsy; on the other hand, it has also been shown to
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1 2 3

FIGURE 75: Visualization of a network of three neural populations, modi�ed from

Ref. [Vic08]. Each population includes multiple neurons, shown as circles with multiple

connections within a population and a few long-range connections to other populations.

be beneficial for recognition, learning, or neural information processing
[Sch11e, Uhl06].

An extension of zero-lag synchronization is zero-lag cluster synchroniza-
tion, where the network separates into groups of neurons, where all neu-
rons in a group are synchronized with each other, but neurons of different
groups are not synchronized. This is illustrated in Fig. 75 with a network
of three neural populations, where the spiking dynamics are separated into
two independent synchronized clusters. Specifically, the neurons in popu-
lation 1 and 3 are synchronized with each other and neurons in population
2 are synchronized, but neurons in population 2 are not synchronized with
neurons from population 1 and 3. With this network, Vicente and collab-
orators have shown dynamical relaying, which is a special case of cluster
synchronization, where population 2 relays the synchronization of popula-
tions 1 and 3 without being synchronized with them [Vic08]. Group syn-
chronization is a generalization of cluster synchronization where nodes of
different dynamics show synchronization in groups [Dah12].

9.2.2 neural topologies of connected ring networks

Studies on neurological networks, such as in C. elegans, found recurring
topological structures of nodes assembled in loops (or rings) with directed
connections [Mil02]. Kanter and collaborators have shown that such net-
works of connected ring structures can show cluster synchronization for
a wide variety of node dynamics, such as excitable, periodic, and chaotic
dynamics [Kan11a, Kan11, Nix12, Var12]. A typical network of connected
loops is shown in Fig. 76, which includes 32 nodes that are assembled in
four directed loops of 8, 10, 12, and 16 nodes. The loops are interconnected
because several nodes belong to multiple loops.
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FIGURE 76: (a) A network of several connected loops with unidirectional, time-delay

links indicated by arrows. The circles represent network nodes, which are labeled to

identify them in the following �gures. The node that receives the initial pulse is also in-

dicated. (b), (c) In the electronic realizations, multiple input connections are combined

by 2- and 3-input OR gates before sending them to the Boolean neuron that has only a

single input.

9.3 theoretical tools to determine clus-
ter synchronization in networks

The large interest in these problems has motivated researchers to develop
analytical tools for network synchronization. Two of these tools are the
master stability function and the theory of the greatest common divisor
(GCD) for cluster synchronization in connected ring networks. While the
first tool is very general and widely known, the second approach is the tool
of choice in this chapter because of its simplicity and because it is specific
to cluster synchronization in networks with time-delay links.

9.3.1 master stability function for network syn-
chronization

In 1998, Pecora and Carroll developed the master stability function, which
is a mathematical tool that separates the dynamics of identical nodes from
the network topology [Pec98, Pec90]. The master stability can be solved to
determine which topologies have a stable synchronized state. The master
stability approach has been generalized to study systems with constant
delay along the links [Kin09, Cho09, Flu10, Hei13] and to assess the stability
of group and cluster synchronization [Sor07, Dah12].2

2 This section is written in accordance with Ref. [Flu11].
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9.3.1.1 Linear Stability Analysis of Networks

The master stability function is a tool to determine the stability of the
synchronous solution of networks of N identical nodes with time delay
τ [Flu11, Pec98]

d
dt

xi(t) = f [xi(t)] +
N

∑
j=1

gijh
[
xj(t− τ)

]
, (87)

where the xi ∈ Rn with the dimension n of individual nodes represent the
state of i = 1, 2, ..., N nodes, f (·) : Rn → Rn represents the local dynamics
of each node, gij ∈ R is the coupling matrix that determines the topology
and strength of the links, and h(·) : Rn → Rn is the coupling function that
encodes which components of xi are coupled. A synchronized solution
x1 = x2 = ... = xN = xs can only exist, if all nodes evolve according to the
same differential equations in this state, which requires

N

∑
j=0

gij = σ (88)

for all i, referred to as equal row sum with a constant σ. The synchronized
solution evolves then according to

d
dt

xs(t) = f [xs(t)] + σh [xs(t− τ)] , (89)

which is called the synchronization manifold (see also Sec. 4.2.2).
I calculate the stability of the synchronized solution by considering the

temporal evolution of small perturbations ξi(t) on the synchronous solution
for all individual systems

xi(t) = xs(t) + ξi(t). (90)

When all ξi(t) transverse to the synchronization manifold decay over time,
the synchronous solution is stable under small perturbations. To find the
dynamics of ξi(t), I insert Eq. (90) into Eq. (87) and linearize, leading to

d
dt

ξi(t) = D f [xs(t)] ξi(t) +
N

∑
j=1

gijDh [xs(t− τ)] ξi(t− τ), (91)

where D f and Dh are the Jacobians. In the following, it is convenient to
rewrite Eq. (91) in a vector format as a vector of vectors, using

Ξ(t) = (ξ1(t), ξ2(t), ..., ξN(t)) , (92)

leading to

d
dt

Ξ(t) = IN ⊗ D f [xs(t)]Ξ(t) + g⊗ Dh [xs(t− τ)]Ξ(t− τ), (93)
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where ⊗ is the direct product, IN is the N-dimensional identity matrix,
g =

(
gij
)
. The coupling matrix g can be diagonalized when bidirectional

links are assumed, leading to a symmetric g. On the other hand, network
topologies with unidirectional links do not necessary allow this step. Using
a unitary transformation U, g can be diagonalized with its eigenvalues on
the diagonal

UgU−1 = diag(σ, γ1, γ2, ..., γN−1). (94)

The first eigenvalue of g is the row sum σ corresponding to the eigenvec-
tor (1, 1, ..., 1) that describes the longitudinal dynamics in direction of the
synchronization manifold, also known as the Goldstone mode. The remain-
ing eigenvalues γk are called the transverse eigenvalues of g. The unitary
matrix U can be used to block-diagonalize Eq. (93), where each of the N
eigenvalues corresponds to an n× n block in a block-diagonalization of the
nN × nN matrix g ⊗ Dh. The block-diagonalization only affects the last
term in Eq. (93) because the other two terms are already block diagonal.
This leads to the following N equations

d
dt

ξ(t) = D f [xs(t)] ξ(t) + σDh [xs(t− τ)] ξ(t− τ), (95)

d
dt

ξ(t) = D f [xs(t)] ξ(t) + γkDh [xs(t− τ)] ξ(t− τ), (96)

with k = 1, ..., N − 1, where ξ is the dynamics of the perturbations in the
direction corresponding to the eigenvalues σ and γk given by the network
topology g. Specifically, ξ in Eq. (95) corresponds to the growth of pertur-
bations longitudinal to the synchronization manifold and hence does not
determine stability of the synchronized network state, but determines the
temporal complexity of the synchronized state.

The N− 1 Eqs. (96), on the other hand, determine the stability of the syn-
chronized state transverse to the synchronization manifold. The synchro-
nized state is stable if ξ decays for all k, so that the maximum Lyapunov
exponent calculated from the variational Eqs. (96) is negative for all eigen-
values γk (see also Sec. 4.2.1 for the notion of the Lyapunov exponent). The
Lyapunov exponents are calculated numerically for the different γk of the
network topology.

9.3.1.2 Master Stability Function

The breakthrough idea of Pecora and Carroll was to determine the max-
imum Lyapunov exponent of Eqs. (96) for a regime of eigenvalues γk =
α + iβ independent of the network topology according to the variational
equation

d
dt

ξ(t) = D f [xs(t)] ξ(t) + (α + iβ)Dh [xs(t− τ)] ξ(t− τ), (97)
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resulting in the function Λ(α + iβ), which is calculated numerically for a
large and finely sampled domain in C. Then, the eigenvalue spectrum γk
of any topology g can be used to test Λ(γk) < 0 for all k. If this is the case,
the synchronized state is stable for this specific topology. Therefore, for any
topology, the determination of stability is simple once the master stability
function is calculated.

9.3.1.3 Assumptions and Limitations of the Master Stability Function

The approach with the master stability function makes the following as-
sumptions:

• The system is of the form of Eq. (87), which, for example, does not
allow for nonlinear interaction of coupling and system dynamics or
history- or state-dependent delays;

• All oscillators, link time delays, and coupling functions h(·) are iden-
tical;

• the coupling topology g has equal row sum and is diagonalizable;

• the perturbations ξ are small so that the linear approximation holds.

These assumptions limit its applicability to real-world networks, which are
often not homogeneous [Pec98]. In my experiments, for example, some of
the assumptions above are not fulfilled. First, the experiment includes het-
erogeneity in the time delays and node dynamics. Second, the topologies
in my study are not diagonalizable. Consider, for example, the topology
in Fig. 76, where nodes with label 25, 29, 31 are all driven by node 10.
Therefore, there will be three rows in g that are identical, which limits the
rank g; hence, g is not diagonalizable. Third, the system equation cannot
be converted in the form of Eq. (87) because the model of the Boolean neu-
rons includes a switching condition similar to a Boolean delay equation (see
Sec. 8.3.2).

Because of these limitations, I use in this chapter a different approach
with the greatest common divisor, which is tailored for cluster synchroniza-
tion states in time-delay connected ring networks as shown in Fig. 76.

9.3.2 greatest common divisor for cluster synchro-
nization

Kanter and collaborators showed that connected ring networks as discussed
in Sec. 9.2.2 have a stable cluster synchronized state when the dynamics of
the nodes is excitable and the links have time delays τ that are all equal
[Kan11a, Kan11, Nix12, Var12]. Under this assumption of homogeneous
link time delays and homogenous node dynamics, the network relaxes to a
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cluster synchronization state when initialized with a single stimulus to one
node (a pulse). The number of clusters nC is given by the greatest common
divisor (GCD) of the number of nodes in each loop li (i = 1, ..., nL with the
number of loops nL)

nc = GCD(l1, l2, ..., lnL), (98)

and the resulting period of the spiking oscillations is given by

T = τnc. (99)

Therefore, the theory of the GCD allows to predict the dynamics of the net-
work from the network topology alone and is a non-local criterion [Kan11a].

The theory of the GCD originates from the distribution of one initial
pulse in the network via identical, unidirectional time-delayed links. Nodes
with multiple inputs combine signals from multiple loops in the network
that each have different associated time delays. For example, in Fig. 76,
node 13 has two inputs originating from loops of 12 and 16 nodes, associ-
ated with time delays 12τ and 16τ with the time delay of a single link τ,
respectively. When the link time delays τ are identical, the delays in a ring
are integer related according to the number of nodes, so that pulses have a
fixed spacing given by the GCD. This rule can be derived by following the
generation and combination of pulses in such ring networks [Kan11a].

The theory of the GCD, however, does not account for heterogeneity in
the link time delay. Numerical simulations confirm that it is robust un-
der small amounts of heterogeneity below the characteristic timescale of
the node dynamics [Kan11a]. In addition, local variations of the coupling
strength and noise can affect the synchronization patterns of the network,
leading to the possibility of a breakdown of the non-local criterion of the
GCD for the description of the synchronization state [Kop12]. The theory
of the GCD has also been confirmed experimentally with biological neu-
rons obtained from newborn rats that are coupled synthetically with ideal
computer-mediated connections [Var12].

The theoretical approaches with the master stability function and the
GCD have helped to uncover and understand the diverse collective behav-
iors in networks of excitable systems, such as bursting, cluster synchroniza-
tion, and phase transitions [Dah12, Sch08, Leh11, Kan11a, Vic08]. These
findings have also been confirmed by simulations with paradigmatic mod-
els for excitability, such as the one proposed by FitzHugh and Nagumo
[Fit61, Nag62]. Many models and theoretical approaches, however, do not
fully integrate experimental imperfections and heterogeneities like noise
and system parameter variation, which may have significant impact on the
dynamics.
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9.4 observation of cluster synchroniza-
tion in boolean neural networks

I realize networks of Boolean neurons with a setup intoduced in Sec 8.3.1
and a topology of interconnected rings discussed in Sec 9.2.2 with a hard-
ware description discussed in Appendix B.7.4. Boolean neurons are con-
nected with directed time-delayed links, where link time delays τ = nττLG
are realized with nτ cascaded inverter gates as discussed in Appendix A.
When nodes have multiple input connections, these signals are combined
with electronic equivalents of neurological synapses [Ind11]. I implement
the electronic equivalent of an excitatory synapse using an OR gate so that
any of the inputs can excite the node as shown in Fig. 76(b) and (c).

I study cluster synchronization in the network topology shown in Fig. 76

with N = 32 Boolean neurons assembled in four directed loops of 8, 10, 12,
and 16 elements. First, I consider the case of a separation of timescales with
node refractory times of Tref = (5.6± 0.2) ns. The ith loop has a propagation
time Ti, given by

Ti = Li(τ + δ) + ∆i, (100)

where Li is the number of nodes in the loop, τ = (16.7± 0.6) ns is the delay
of a single link, δ is the processing delay of one node, and ∆i is the average
time delay heterogeneity in loop i. I measure the maximum heterogeneity
in the network to be ∆ = maxi,j(

∣∣∆i − ∆j
∣∣) = (2.8± 0.1) ns as explained in

Appendix A.2.
With a timescale separation satisfying τ > Tref > ∆, the experimen-

tal network displays two near zero-lag synchronized clusters as shown in
Fig. 77(a). The waveforms of four nodes, two out of each cluster, show co-
herent spiking with period Tcluster ≈ GCD · τ = 2τ. This behavior is also
predicted by the GCD theory from the number of elements in each loop, as
[Kan11a]

GCD(8, 10, 12, 16) = 2. (101)

The spiking dynamics of the entire network is shown in the raster dia-
gram in Fig. 77(b), where each dot represents a spiking event, subject to
a discretization error of ±1 ns. The first (last) 16 elements, as also shown
in the inset, are in near zero-lag synchronization and belong to a cluster.
The variation (±4 ns) in spike generation time between nodes is due to
differences in the link time delays and measurement error that originates
from signal propagation delays on the FPGA. The dynamics is considered
near zero-lag synchronization because the variation in spike times is small
compared to the oscillation period Tcluster ≈ 33.4 ns

To my knowledge, at the time of the initial publication of this work in
Ref. [Ros13], this network was the largest experimentally implemented com-
plex network showing cluster synchronization that operates without com-
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FIGURE 77: Network dynamics of a 2-cluster state with node parameter npulse = 8[
Tpulse = (2.2± 0.1) ns

]
, nref = 20 [Tref = (5.6± 0.2) ns] and link delay times

nτ = 60 [τ = (16.7± 0.6) ns] after initial stimulation of one node with one pulse of

width w = (1.6± 0.1) ns. The inset is a replica of the topology of the network, where

nodes are colored by cluster. (a) The output waveform of four nodes in the network.

Input-output gates are used for the readout with the oscilloscope (8 GHz analog band-

width, 40 GSa/s sampling rate). (b) Raster diagram of the network, where each point

represents the temporal occurrence of a spike with a 2 ns resolution. The network is

realized using an Altera Cyclone IV FPGA (EP4CE115F29C7N).

puter assistance, which is commonly used to manage the network coupling
in experiments [Ind11, Var12, Hag12]. This illustrates that the setup is well-
suited to build large networks compared to other experimental approaches
[Nix12]. Since then, multiple realizations of large-scale experimental net-
works have been realized using networks of optoelectronic, chemical, and
mechanical oscillators as discussed in Sec. 7.2.4. In the corresponding Ch. 7,
it is also discussed that my approach has various advantages over these ex-
perimental networks, as it offers flexibility in the network topology and the
coupling function and does not require the mediation of a computer.

9.5 breakdown of cluster synchroniza-
tion in boolean neural networks

Network dynamics not predicted by the non-local theory of the GCD ap-
pear in the network when the separation of timescales is given by τ >
Tref > ∆. Timescales are re-ordered by adjusting the value of the refractory
time of the Boolean neurons. In this section, I study short refractory times
Tref on the order of the heterogeneities ∆ of the link time delays.

When I decrease the refractory time to a value of Tref = (2.8± 0.1) ns,
the network dynamics change. Instead of cluster synchronization with os-
cillations on the order of τ, the network displays fast, incoherent spiking
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FIGURE 78: Same as Fig. 77, except with nref = 10 (Tref = (2.8± 0.1) ns), showing a

desynchronized state (synchronization breakdown) of the network dynamics.

dynamics with inter-spike intervals on the order of Tref, as shown in the
waveform and raster diagram of Fig. 78. For easy comparison with the
previous figure, the time axis is kept the same. The new dynamical state
generates excitations constantly, leading to pulsing dynamics with high fre-
quencies close to the maximum frequency allowed by the Boolean neurons,
given by 1/Tref.

The breakdown is caused by heterogeneity in the loop propagation times
at the high-in-degree nodes. With Eq. (100), a maximum time difference
∆ = maxi,j(

∣∣∆i − ∆j
∣∣) = (2.8± 0.1) ns exists in the propagation times Ti of

the network loops and leads to a mismatch of the arrival times of pulses.
When ∆ < Tref, the refractory time can compensate for the mismatch, by
blocking pulses that arrive a time ∆ after the first pulse during every period
of the clusters Tcluster. In this case, the spiking dynamics stays coherent.
Otherwise, when ∆ > Tref, the pulse that arrives a time difference ∆ after
the first pulse will trigger additional pulse trains, leading to incoherent
high-frequency spiking.

9.6 altered cluster synchronization pat-
terns in boolean neural networks

Besides the breakdown for small Tref, the cluster synchronization patterns
are also affected for large Tref. When the refractory time is increased to
Tref = (39± 2) ns ≈ 2.3τ, the network displays four synchronized clusters
(4-cluster state) instead of the 2-cluster state that is inferred from the topol-
ogy and observed in Fig. 77, as shown in the waveforms and raster diagram
in Fig. 79.
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FIGURE 79: Same as Fig. 77, except with nref = 140 (Tref = (39± 2) ns), showing four

clusters in zero-lag synchronization (4-cluster state).

To understand this behavior, I consider the maximum output frequency
of the Boolean neuron, given by 1/Tref. When the predicted oscillation
frequency, given by 1/Tcluster ≈ 1/(GCD · τ), is above the maximum fre-
quency 1/Tref, the network cannot show the predicted cluster state and the
dependency on Tref comes into effect. Specifically, stimuli corresponding to
higher frequency oscillations (T < Tref) still appear at nodes with a high
in-degree, but they are suppressed because these stimuli fall into the refrac-
tory periods of earlier excitations. Thus, the GCD has to be recalculated by
neglecting some loops, using only the loops that lead to a GCD larger than
Tref/τ. Because this pulse-blocking mechanism is based on short oscillation
periods, the loops that are effective for the cluster dynamics and used for
the calculation are those that lead to the smallest value of the GCD that is
greater than Tref/τ, i.e., that lead to the shortest period greater than Tref.
Therefore, with the size of loops Li, the number of clusters is given by

min
{Li}∈Network

[GCD({Li})] : GCD({Li}) > Tref/τ. (102)

This extended criterion, which combines considerations from both the to-
pology (non-local) and timescale-separation (local), describes successfully
the stable synchronization patterns observed in Fig. 79. From the topology
in Fig. 76, GCD(8, 10, 12, 16) = 2 < Tref/τ ≈ 2.3, so that Eq. 102 predicts
that a loop is dynamically blocked due to the large refractory period, so
that it does not contribute to the network dynamics. Hence, a loop has to
be removed from the calculation, leading to the next larger GCD value of
GCD(8, 12, 16) = 4 > Tref/τ ≈ 2.3, which corresponds to the experimental
observation of a 4-cluster state. The loop leading to the minimum value
of the GCD that satisfies the conditions GCD > Tref/τ is the one that is
dynamically pruned, which is the loop of 10 nodes. Surprisingly, it is not
the shortest loop with 8 nodes but the loop with 10 nodes that first becomes
dynamically pruned and removed from the GCD calculation first.
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The constraint given by Tref depends on the network topology. For ex-
ample, a network with predicted zero-lag synchronization (1-cluster state)
transitions to a different cluster state already when Tref/τ > 1. When Tref is
further increased, more and more loops lose their effect until the refractory
time is longer than the propagation delay through the largest loop; then,
spiking dynamics is no longer self-sustained and the network relaxes to the
quiescent state.

9.7 control of synchronization patterns

in boolean neural networks

A global adjustment of the refractory time Tref of all nodes influences the
network dynamics substantially. However, similar modification of the syn-
chronization pattern to those of Section 9.6 can be achieved by adjusting the
refractory time of only a selected group of neurons in the network. Hence,
local control over the global network dynamics is possible.

I notice that the influence of the refractory time on the network dynamics
is most prominent at the nodes with high in-degree. This motivates me to
only adjust the refractory times of the nodes with in-degree greater than
one, which represents a simple degree-correlation [Bre08a].

First, I investigate the network dynamics for short refractory times. I
set the refractory times of nodes to Tref = (2.8± 0.1) ns, a value for which
the breakdown of cluster synchronization is observed. When I increase the
refractory times of the two nodes with an in-degree greater than one [node
13 and 30 in Fig. 76(a)] to Tref = (5.6± 0.2) ns, the stable synchronization
patterns of two clusters reappear as a solution. An initial pulse sent to this
network in the quiescent state leads to a 2-cluster synchronization pattern
similar to that observed in Fig. 77.

Second, I investigate network dynamics for large refractory times. I set
the refractory times of all nodes to Tref = (5.6± 0.2) ns, a value for which
a 2-cluster synchronization state is observed. When I now increase the
timescales of the two nodes with an in-degree greater than one to Tref =
(39± 2) ns, the stable synchronization pattern changes to a 4-cluster state,
which I have observed in Fig. 79, when increasing the timescales of all
nodes.

Both cases allow for the control of the synchronization patterns locally
by a small fraction of the network nodes by adjusting the refractory time of
only 2 out of 32 nodes.
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FIGURE 80: Network dynamics calculated from the map for (a) Tref = (5.6± 0.2) ns,
(b) Tref = (39± 2) ns, and (c) Tref = (2.8± 0.1) ns. The Boolean waveform of each

node is shown versus time. The map is evaluated with a time step ∆ = 100 ps, starting
with an initial pulse to node 1, and shown after a transient time of 3 µs. The link time

delays are τ(i,j) = (16.7± 0.6) ns.

9.8 numerical simulation of boolean neu-
ral networks

The network dynamics is analyzed theoretically using the Boolean map
derived in Sec 8.3.2. The model focuses on the pulse timing of the Boolean
neuron by including the mechanism of pulse generation and the refractory
period.

I integrate numerically the dynamics of the three experiments of delay-
coupled Boolean neuron with the model of the Boolean neuron introduced
in Sec 8.3.2. For the specific ring network, I distinguish between nodes by
their in-degree. For nodes with in-degree of one, the input V(j)

in (t) is given

by a delayed version of the output of the connected node V(i)
out(t − τ(i,j))

with time delay τ(i,j). For the two nodes with in-degree greater than one,
the input is pre-processed with an OR gate, as shown in Sec. ??, leading
to V(13)

in (t) = V(20)
out (t− τ(20,13)) ∨ V(22)

out (t− τ(22,13)) and V(30)
in (t) = V(9)

out (t−
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τ(9,30)) ∨ V(13)
out (t− τ(13,30)) ∨ V(15)

out (t− τ(15,30)), corresponding to the topol-
ogy in Fig. 69(b).

The link time delays τ(i,j) = (16.7± 0.6) ns are chosen randomly from
a normal distribution with mean of 16.7 ns and standard deviation σ =
(0.6 ns)/3 = 0.2 ns. This value of σ = 0.2 ns is adjusted to give the best fit
with the experimental data. The link time delays have, in addition to het-
erogeneity, a temporal fluctuation that is a factor of three smaller than the
error due to heterogeneity and is hence not included in the model. Similar
to the link time delays τ(i,j), the refractory periods Tref and the pulse widths
Tpulse = (2.2± 0.1) ns of the nodes are also obtained from a normal distri-
bution with a mean and standard deviation given by their experimental
values.

Figure 80 shows the waveforms generated by the map of the 32 nodes as
labeled in Fig. 69(b) for different refractory periods Tref as discussed in the
following. The nodes display pulses between Vlow and Vhigh.

Figure 80(a) and (b) show the waveforms for Tref = (5.6 ± 0.2) ns and
Tref = (39 ± 2) ns, corresponding to Fig. 77 and 79. In the theoretical
description, the nodes that belong to a cluster generate pulses at approx-
imately the same time, corresponding to near zero-lag cluster synchroniza-
tion with two and four clusters, respectively, as observed in the experiment,
but with no amplitude noise. The map displays the essential features of the
experiment, namely the zero-lag cluster synchronization patterns and the
period of the oscillations.

For a value of the refractory phase of Tref = (2.8± 0.1) ns, a fast spiking
state that is qualitatively similar to the experimental dynamics is also ob-
tained in the simulations as shown in Fig. 80(c) in comparison with Fig. 78.
The map displays unsynchronized dynamics with a period on the order of
Tref. The period is, however, shorter than in the experiment because, in the
model, the experimental processing time h is neglected (the period from
the map calculation is Tmap ≈ 3.0 ns, whereas the period in the experiment
is Texp ≈ 4.5 ns).

The Boolean map generates dynamics with the essential features of the
experimental time series. Differences between experiment and simulations
are due to the neglected processing time h, electronic noise, the degradation
and low-pass filtering effects in the experiment.

9.9 conclusion

In this chapter, I have connected Boolean neurons into a network with a
topology consisting of interconnected rings and have used the resulting
networks to study a breakdown and the possibility of control of cluster syn-
chronization dynamics. Cluster synchronization patterns change when the
refractory time of the nodes is larger than the link time delays or smaller
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than the heterogeneity of the link time delays. For large refractory times,
cluster synchronization patterns are modified, and, for short refractory
times, cluster synchronization breaks down to an incoherent fast-pulsing
state. In both cases, I identify the mechanism leading to the transition and,
in the first case, I have put forth a modified GCD criterion that includes
the constraints imposed by the refractory time. The synchronization pat-
terns can be controlled by the refractory time of a small fraction of nodes,
identified by their in-degree.

The findings in this chapter have two fundamental implications for neu-
roscience. First, the dynamics of neural networks does not solely depend
on the global topology as suggested by Kanter and collaborators [Kan11a,
Var12]. I find that, depending on the timescale of the nodes, some links are
dynamically pruned, leading to a new effective topology with altered syn-
chronization patterns, as described by Eq. (102). Second, the driver nodes
relevant for control can be identified easily by their large in-degree and al-
low one to control the global network dynamics locally. This is similar to a
recent study on the controllability of networks that predicts that the number
of driver nodes is given by the network’s degree distribution [Liu11].

Various synchronization patterns and more general dynamics are ex-
pected for high in-degrees of nodes and for a different choice of the sy-
napses than an OR gate. For example, the flexibility of the logic function
will allow implementing inhibiting connections. One step in this direction
is the study of synchronization patterns of a network of 80 Boolean neu-
rons that are connected in four coupled populations, which is described in
Appendix C.3.
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In this thesis, I study the dynamics of autonomous Boolean networks,
which are networks of nodes that execute Boolean functions in continuous
time without external clocking. In these systems, link time delays, hetero-
geneity, and non-ideal effects play an important role. Starting from existing
work on autonomous Boolean network with chaotic dynamics implemented
on a printed circuit board, I integrate this existing design on an electronic
chip, which allows for faster and cheaper design cycles and much larger
networks.

I study chaotic dynamics in a particularly simple autonomous Boolean
network with a topology of only one node with time-delayed feedback,
which I design based on guidelines that I develop based on previous stud-
ies. This autonomous Boolean network is the building block of a resource-
efficient network that I explore as a high-speed physical random number
generator, which is, to my knowledge, now used at the National Institute
of Standards and Technology (NIST) for quantum communication exper-
iments and will be developed further within a US Army research grant
between Duke University and a small company.

I also use autonomous Boolean networks to develop dynamical systems.
I first study a periodic Boolean oscillator that is based on a delayed feed-
back. This periodic oscillator, however, does not include an adjustable cou-
pling strength for the coupling to external signals. As a solution, I study a
periodic oscillator that is similar to phase-locked loops, used for clock syn-
chronization, and I find that an internal parameter can be identified with
a coupling strength by measuring the synchronization regions. Second, I
study a Boolean excitable system, which is a silicon neuron with spiking
dynamics with several advantages over existing silicon neurons, such as
high speed.

I couple these generic dynamical systems into large networks. Because of
large resources on my experimental platform with about 100,000 logic gates,
I can study network sizes that are difficult to realize with traditional experi-
mental setups. In a network of periodic oscillators, I find so-called chimera
states and a dynamics I discovered called resurgence of chimera states. I
find that these networks show complex transient dynamics towards syn-
chrony with a power-law scaling between transient time and phase space
volume.

In an artificial neural network, I study so-called cluster synchronization
states in interconnected ring networks that generate synchronized spiking
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patterns. For this dynamics, I find that an established theory tool breaks
down when an internal timescale of neurons is smaller than time delay
heterogeneity in the network. I also discover a control strategy for the
dynamics of neural networks.

Future work will focus on network-based computing approaches, such
as reservoir computing, where a fixed high-dimensional dynamical system,
such as a network, processes input information. A linear output layer is
then trained to read the reservoir and map the dynamics to a desired out-
put. For such a design, spiking neuron models and delay-line based proces-
sors, similar to the Boolean neurons and Boolean oscillators studied here,
have already been used successfully in computer simulations for speech
recognition and time series prediction [Jae04, Maa02, App11, Sch08k]. Au-
tonomous Boolean networks are especially suited for reservoir computing
because of their fast timescale, the possibility to realize large networks, and
because they can be implemented together with central processing units
(CPUs) for the linear readout layer, forming a compact system-on-a-chip
(SoC) device.



A
D E L AY L I N E S R E A L I Z E D W I T H
E L E C T R O N I C L O G I C C I R C U I T S

This appendix discusses the realization of time-delay lines with unclocked
logic circuits, in particular with cascaded copier and inverter logic gates.
In Sec. A, I discuss the method of implementing delay lines. In Sec. A.2, I
use delay lines to measure the gate propagation time. In Sec. A.3, I discuss
the difference between copier and inverter-based delay lines. In Sec. A.4, I
measure the gate propagation delay of XOR and multiplexer logic gates.1

A.1 implementation of delay lines

Delay lines in electronic logic circuits can be implemented with vari-
ous methods, such as by separating logic gates spatially as discussed in
Sec. 3.3.2 or by discretizing time and saving the Boolean state to memory
[Boa00]. Here, I implement delay lines by utilizing the propagation delay
of logic gates.

The propagation time τLG of CMOS-based logic gates is caused by inter-
nal capacitors that take a finite time to be charged and discharged before
the output signal reaches the Boolean level [Wes00].

I construct delay lines by cascading logic gates as shown in Fig. 81(a).
The resulting time delay for a signal that travels through n cascaded logic
gates is then

τn = nτLG, (103)

where τLG is the delay of a single logic gate including the delay of intercon-
nect between two logic gates.

The logic gates are configured to use a single input and single output, so
that they can implement either the Boolean identity or inversion operation,
corresponding to a copier or inverter gate. For most implementations of de-
lay lines, I use inverter-based delay lines, which have the advantage of av-
eraging the asymmetry in rise and fall times as discussed in Sec. A.3. How-
ever, this makes it necessary that n is an even number to build non-inverting
delay lines, which doubles the increments of adjusting time delays. On the
other hand, copier-based delay lines are useful when rectification due to
differences in rise and fall times are wanted.

1 The method of constructing delay lines is published in Ref. [Ros12].
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The hardware description for an inverter-based delay line can be found
in Sec. B.1.
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A.2 measurement of the gate propaga-
tion delay

In this section, I show the linear relation in Eq. (103) and obtain the constant
τLG and the heterogeneity in τLG. For this, I measure the time delay τn
resulting from a delay line of n cascaded inverter gates for different n.

Figure 81(b) shows the related setup that includes the delay line and an
XOR logic gate. A voltage signal Vin is sent into the delay line, where
Vin describes a single Boolean transition. The output of the delay line is
then given by Vτ(t) = Vin(t− τn) as a delayed version of the input voltage;
hence, the two voltages differ in Boolean states for a time period given by
the delay τn. I measure this difference of Boolean states with an XOR logic
gate, which outputs a high Boolean voltage (VXOR = VH) when the two
input voltages differ [see its look-up table in Fig. 2(a)]. The resulting output
voltage VXOR of the XOR gate is a pulse with a width corresponding to the
length of the delay line, which I measure with an external oscilloscope.

I measure the full width at half maximum (FWHM) of the resulting pulse
in VXOR for different n. The generated data is shown in Fig. 81(c) describes
the linear relationship of Eq. (103) with the best fit value τLG = 0.28 ±
0.01 ns and an error estimate obtained from the goodness of the fit.

The propagation delay can also be obtained by constructing a ring oscil-
lator and measuring the resulting frequency, as described in Sec. 6.2.5.1.

A.3 difference between copier- and in-
verter-based delay lines

To understand the difference between copier and inverter-based delay lines,
I send a periodic signal into copier and inverter logic gates and measure
the duty cycle of input and output. The duty cycle of a Boolean signal is
defined as

D =
TH

T
, (104)

where the signal spends a time TH and TL in the Boolean high and low
state, respectively, and hence the period is T = TH + TL.

After the signal propagates through a logic gate, the time spent in the
high and low Boolean voltage can change (T̃H = TH + r, T̃L = TL − r) due
to a difference in rise and fall time of r, which I call pulse lengthening,
leading to an altered duty cycle of

D̃ =
TH + r

T
. (105)

I find that a single logic gate leads to pulse lengthening of r = 24 ps for
copier logic gates. Figure 82 shows the output waveform of copier-based
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delay lines of different length n with a periodic input signal. The pulse
lengthening effect increases with n, resulting in a duty cycle of

D̃ =
TH + nr

T
. (106)

When the signal propagates through long enough copier-based delay lines,
pulses grow so much that the duty cycle becomes D = 1, pulses merge, and
the oscillations are pruned. Then, the output stays constantly in the Boolean
high state even though the input is oscillatory as shown in Fig. 82(d). I
utilize this effect in Chapter 6 as a low-pass filter in phase-locked loops.
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FIGURE 82: Pulse lengthening for an input signal of frequency 9 MHz and duty cy-

cle 96.4%. The input signal shown in (a) propagates through 50, 100, and 150 copier

gates, leading to output signals shown in (b), (c) and (d), respectively.

For cascaded inverter logic gates, on the other hand, the pulse lengthen-
ing cancels out in every pair of two inverter logic gates. Therefore, chains
of inverter gates display a much smaller change in pulse width that I mea-
sure to be only r = ±1.4 ps per pair of inverter logic gates (depending on
the specific realization), which is more than two orders of magnitude de-
creased and more than one order of magnitude smaller than in cascaded
copiers. This value of r results from heterogeneity in the pulse lengthening.
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type T (ns) τ (ns)

inverter 8.31 0.26± 0.01
buffer 8.39 0.26± 0.01

2-input OR 11.28 0.36± 0.02
3-input XNOR 12.58 0.38± 0.02
3-input MUX 12.08 0.38± 0.02

TABLE 4: Measurements of the period generated by a ring oscillator that includes a

ring of 15 logic gates of the type named in the left column and either one inverter

gate or one bu�er gate to generate inverted delayed feedback. The right column shows

the derived gate propagation delay. The open inputs are connected to switches on the

FPGA development board.

A.4 delay of different logic gates

The propagation delay of inverter gates is measured in Sec. A.2 by compar-
ing a Boolean transition and its delayed version with an XOR gate. The
delay can also be measured by constructing ring oscillators as described
in Sec. 6.2.5.1 and measuring the frequency. With this second method, I
measure the propagation delay of different logic gates used in this thesis as
shown in Table 4.

Buffer and inverter gates with an in-degree of one have the shortest gate
propagation delay. For gates with higher in-degree, the propagation delay
increases, which is because of longer paths in the look-up table block for
larger in-degrees (see Sec. 3.2.1). Note that the measurement in Sec. A.2
leads to a propagation delay of inverter logic gates of τLG = 0.28± 0.01 ns,
which is 7% higher than the measurement with ring oscillators. This dif-
ference is mainly due to the number of logic gates used to construct delay
lines. In this section, the delay lines are constructed with 16 logic gates, fit-
ting into a single logic-array block (LAB), hence excluding the delay of wire
connections between LABs. On the other hand, the measurement in Sec. A.2
included 100 logic gates to average heterogeneity (see also Sec. 3.2.1).



B
H A R D WA R E D E S C R I P T I O N S A N D
N U M E R I C A L A L G O R I T H M S

This appendix shows the hardware description of the autonomous logic
circuits in this thesis using the hardware description language Verilog. It
also discusses the numerical algorithm for numerical simulations.

The hardware description can be used to implement the circuit on vari-
ous FPGAs, but it was tested specifically on the Altera Cyclone IV FPGA
with model number EP4CE115F29C7N. For an explanation of the syntax of
Verilog, see Sec. 3.3.1 and Ref. [Mcn01].

B.1 inverter-based delay lines

The following hardware description realizes an inverter-based delay line
used in most of the following hardware designs.

1 module my_delay_line ( s_in , s_out ) ;
2 parameter n=20 ;
3 genvar i ;
4 input s_ in ;
5 output s_out ;
6 wire [ n−1 :0] delay /* s y n t h e s i s keep */ ;
7 ass ign delay [ 0 ] = s_ in ;
8 ass ign s_out = delay [ n−1] ;
9 generate

10 f o r ( i =0 ; i < n−1; i = i +1)
11 begin : generate_delay
12 ass ign delay [ i +1] = ~delay [ i ] ;
13 end
14 endgenerate
15 endmodule

This module, called my_delay_line, implements a delay line of inverter
gates as discussed in Sec. A.1. The hardware module has an input wire
s_in and output wire s_out, where the input signal is sent into the chain of
n copier gates and the output signal is measured after the last copier gate.
The parameter n can be defined when this hardware module is initiated.
The inverter logic gates are generated with the assign statement within a
generate for loop. For further information see Sec. 3.3.1.
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B.2 delayed-feedback xnor oscillator

The following hardware description realizes the delayed-feedback XNOR
oscillator as introduced in Sec. 4.3. It implements the delay line module
defined above.

1 module main ( out ) ;
2 output out ;
3 wire [ 3 : 0 ] net /* s y n t h e s i s keep */ ;
4 ass ign net [ 0 ] = ~( net [ 1 ] ^ net [ 2 ] ^ net [ 3 ] ) ;
5 my_delay_line # ( 1 0 ) delay1 ( net [ 0 ] , net [ 1 ] ) ;
6 my_delay_line # ( 6 ) delay2 ( net [ 0 ] , net [ 2 ] ) ;
7 my_delay_line # ( 1 2 ) delay3 ( net [ 0 ] , net [ 3 ] ) ;
8 ass ign out = net [ 0 ] ;
9 endmodule

Here, the instantiations of my_delay_line are called delay1, delay2, and
delay3, so that they can be referred in other design tools. The delay lines
are instantiated with the parameter n using the notation of #(10) to set the
number of inverter gates included in the delay lines. I include an XNOR
gate that is defined with an inversion ~ and XOR ^ operator and has the
three inputs net[1], net[2], net[3] and the output net[0]. The output of
the XNOR logic gate net[0] is input to the three delay lines that feed back
to the inputs of the logic gate. The output port of the FPGA, called out, is
connected to the output of the XNOR logic gate net[0].

B.3 random number generator

In this section, I discuss the hardware descriptions used for random number
generation in Ch. 5.

B.3.1 xor ring oscillator

The following is the hardware description for the hybrid Boolean network
used for random number generation in Sec. 5.3.

1 module rng (CLOCK_100 , word_out ) ;
2 parameter N=16 ;
3 input CLOCK_100 ;
4 output reg word_out ;
5 wire [N: 0 ] net /* s y n t h e s i s keep */ ;
6 reg [ 3 : 0 ] t r i g ;
7 genvar i ;
8

9 /*autonomous Boolean nodes */
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10 ass ign net [ 0 ] = ~( net [N−1] ^ net [ 0 ] ^ net [ 1 ] ) ;
11 ass ign net [N−1] = ( net [N−2] ^ net [N−1] ^ net [ 0 ] ) ;
12 generate
13 f o r ( i =1 ; i < N−1; i = i +1)
14 begin : generate_r ing
15 ass ign net [ i ] = ( net [ i −1] ^ net [ i ] ^ net [ i + 1 ] ) ;
16 end
17 endgenerate
18

19 /* synchronous Boolean node*/
20 always @ ( negedge CLOCK_100 )
21 begin
22 t r i g [ 0 ] = net [ 0 ] ;
23 t r i g [ 1 ] = net [ 4 ] ;
24 t r i g [ 2 ] = net [ 8 ] ;
25 t r i g [ 3 ] = net [ 1 2 ] ;
26 end
27 always @ ( posedge CLOCK_100 )
28 begin
29 word_out = t r i g [ 0 ] ^ t r i g [ 1 ] ^ t r i g [ 2 ] ^ t r i g [ 3 ] ;
30 end
31

32 endmodule

It has a 1-bit input for the clock and a 1-bit output for the synchronous
random bit. The parameter N gives the number of autonomous nodes and
is set to N = 16, so that the synchronous node gets input from every fourth
autonomous node in the network.

Lines 9-17 implement the autonomous Boolean nodes with the XNOR
gate in line 10 and the last XOR gate in line 11. The autonomous nodes
have outputs given by an vector of N wires net. Lines 12-17 implement the
remaining N − 2 XOR gates using a for loop. The XOR gates have have
inputs from the left and right neighbor and from itself.

The synchronous node has an output register word_out and an input
register trig. These are implemented using flip-flops with always@ state-
ments with the wire clock_100 connected to the clock port. Flip-flops are
implemented before and after the synchronous node. The clock can have
any frequency, where frequencies that are too high lead to inferior random
numbers and clcok frequencies too low do not exploit the achievable speed
as discussed in Sec. 5.3. The used hardware board, the Terasic DE2-115, sup-
plies a 50 MHz clock that can be used to generate clock signals of different
frequencies using a phase-locked loop using a so-called mega-function.
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FIGURE 83: Schematic of the transfer of random numbers to the computer. Two FPGA

boards are connected via general purpose input outputs (GPIO) to send random num-

bers from one board to the other at 100 Mbit/s. The receiving board implements a

NIOS II softcore processor for the transfer of random numbers via TCP/IP protocol

to a computer. The left board implements the hybrid Boolean network shown with a

graphic similar to Fig. 22(a).

B.3.2 transfer of random numbers to a computer

The hybrid Boolean network from the previous section generates a binary
stream of random numbers. These are transferred to a computer using
another FPGA board, as shown in Fig. 83. The hybrid Boolean network
has one input, the 100 MHz clock, and one output, the random number bit
stream, which are connected to the SMA input and output connectors on
the FPGA board. Another FPGA board generates the clock and receives the
random numbers.

This board saves 1 Mbit of data (coming from the other board) into SRAM,
then sending this data via TCP/IP protocol to a computer. This is repeated
1000 times to achieve a file size of 1 Gbit. The trasfer protocol requires
a processor structure on the FPGA, which is achieved using the NIOS II
softcore processor. The processor is programmed to be socket server and
a desktop computer is programmed to be the client. The C-code used for
both server and client can be found in Ref. [Don09].
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B.3.3 xor ring networks in parallel

For implementing random number generators in parallel, the hardware de-
scription in Sec. B.3.1 called rng is instantiated 128 times as follows.

1 module r n g _ p a r a l l e l ( clk , rng_out ) ;
2 parameter n_rng =128 ;
3 input CLOCK_100 ;
4 output [ 1 2 7 : 0 ] rng_out ;
5 genvar i ;
6 generate
7 f o r ( i =0 ; i < n_rng−1; i = i +1)
8 begin : generate_mult ip le_rngs
9 rng i n s t (CLOCK_100 , rng_out [ i ] ) ;

10 end
11 endgenerate
12 endmodule

A for loop implements 128 random number generators.
For the transfer of random numbers, the data is first saved to on-chip

memory with word sizes of 128 bits at 100 MHz, which is a FIFO (first in,
first out) buffer. Then, the memory is read at a lower rate of 100 Mbit/s to
another board as described in Sec. B.3.2 (see also Fig. 31).

B.4 modified ring oscillators

The hardware description for a modified ring oscillators is as follows, with
a logic circuit shown in Fig. 39 and discussed in Sec. 6.3.

1 module mod_ring_osc ( in , out ) ;
2 parameter n=20 ;
3 input in ;
4 output out ;
5 wire delay_in , my_or /* s y n t h e s i s keep */ ;
6

7 my_delay_line # ( 2 0 ) delay1 ( delay_in , out ) ;
8 ass ign delay_in = ~my_or ;
9 ass ign my_or = out | in ;

10 endmodule

The code implements an inverter-based delay line that includes 20 inverters
as introcuded in Sec. B.1.
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B.5 network motif of modified ring os-
cillators

The following code shows how two of these oscillators can be coupled mu-
tually by calling the module mod_ring_osc twice.

1 module coupled_osc ( osc_out ) ;
2 output [ 1 : 0 ] osc_out ;
3

4 mod_ring_osc # ( 2 0 ) osc_A ( osc_out [ 1 ] , osc_out [ 0 ] ) ;
5 mod_ring_osc # ( 2 0 ) osc_B ( osc_out [ 0 ] , osc_out [ 1 ] ) ;
6 endmodule

The output of each oscillator is input to the other. Here, the coupling is
without time delays along the links. Time delays can, however, be included
easily with a hardware description similar to Sec. B.7.3.

B.6 boolean phase oscillators

Here, I discuss the hardware descriptions for Boolean phase oscillators
starting with an in-degree of one, then discussing larger in-degrees and
non-local networks of Boolean phase oscillators that display chimera states.

B.6.1 boolean phase oscillator with in-degree one

The following shows the hardware description of a Boolean phase oscillator
with in-degree one as described in Sec. 6.4.1.

1 module Boolean_phase_osc ( in , out ) ;
2 parameter n = 5 0 ;
3 parameter k = 1 0 ;
4 input in ;
5 output out ;
6

7 wire [ n : 0 ] osc /* s y n t h e s i s keep */ ;
8 wire mux_out , xor_s ig /* s y n t h e s i s keep */ ;
9

10 ass ign out = mux_out ;
11 ass ign osc [ 0 ] = ~mux_out ;
12 ass ign xor_s ig = out ^ in ;
13 ass ign mux_out = xor_s ig ? osc [ n−k ] : osc [ n ] ;
14

15 genvar i ;
16 generate
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17 f o r ( i =0 ; i <n ; i = i +1)
18 begin : bui lding_delay
19 ass ign osc [ i +1] = osc [ i ] ;
20 end
21 endgenerate
22 endmodule

Here, the two parameters n and k determine the natural frequency and the
coupling strength as described in Sec. 6.4.1 and can be adjusted to change
the oscillator’s properties. The code implements one inverter gate (line 11),
a multiplexer (line 13), an XOR gate (line 12), and 50 buffer gates for the
delay (line 15-20), leading to 53 logic gates in total. The multiplexer in
chooses between the output of the buffer-based delay line osc[n-k] and
osc[n], leading to a delay difference corresponding to k buffer gates.

Boolean phase oscillators can be coupled unidirectionally as follows

1 module unidir_coupl ing ( driver , osc ) ;
2 input dr iver ;
3 output osc ;
4

5 Boolean_phase_osc # ( . n ( 5 0 ) , . k ( 1 0 ) ) osc_A ( driver , osc ) ;
6 endmodule

Here, the Boolean signal driver is input to the Boolean phase oscillator
with output osc. The notation #(.n(50),.k(10)) redefines the parameters
within the module. By scanning a range of frequencies of driver and com-
paring the output frequency of osc, a devil’s staircase can be recorded as
discussed in Sec. 6.4.2.

Boolean phase oscillators can be coupled bidirectionally as follows

1 module b id i r_coupl ing ( osc ) ;
2 output [ 1 : 0 ] osc ;
3

4 Boolean_phase_osc # ( . n ( 5 0 ) , . k ( 1 0 ) ) osc_A ( osc [ 1 ] , osc [ 0 ] ) ;
5 Boolean_phase_osc # ( . n ( 5 0 ) , . k ( 1 0 ) ) osc_B ( osc [ 0 ] , osc [ 1 ] ) ;
6 endmodule

By changing the parameters n and k in the two oscillators, the bidirectional
coupling plane in Sec. 6.4.4 can be measured. The measurment in that
section, however, was automized with labview by implementing several
oscillator combinations on the FPGA and selecting and measuring them
without changing the hardware implementation on the FPGA.

B.6.2 boolean phase oscillator with large in-degree

The following hardware description results in a Boolean phase oscillator
with an in-degree of 60 as discussed in Ch. 7.
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1 module bpo_node ( node_out , c_s igna l , c _ d i s a b l e ) ;
2 parameter n_delay =30 , k =1 ;
3 genvar i ;
4 input [ 5 9 : 0 ] c _ s i g n a l /* s y n t h e s i s keep */ ;
5 output node_out ;
6 input [ 5 9 : 0 ] c _ d i s a b l e ;
7 wire [ n_delay −1 :0] main_delay /* s y n t h e s i s keep */ ;
8 wire [ 5 9 : 0 ] mux_out /* s y n t h e s i s keep */ ;
9 wire [ 5 9 : 0 ] k_delay0 /* s y n t h e s i s keep */ ;

10 wire [ 5 9 : 0 ] k_delay1 /* s y n t h e s i s keep */ ;
11 . . .
12 wire [ 5 9 : 0 ] k_delay59 /* s y n t h e s i s keep */ ;
13

14 ass ign node_out = mux_out [ 0 ] ;
15

16 // def ine mul t ip lexer
17 ass ign mux_out [ 0 ] = c _ d i s a b l e [ 0 ] ? k_delay0 [ k−1] :
18 ( c _ s i g n a l [ 0 ] ? mux_out [ 1 ] : k_delay0 [ k−1 ] ) ;
19 ass ign mux_out [ 1 ] = c _ d i s a b l e [ 1 ] ? k_delay1 [ k−1] :
20 ( c _ s i g n a l [ 1 ] ? mux_out [ 2 ] : k_delay1 [ k−1 ] ) ;
21 . . .
22 ass ign mux_out [ 5 9 ] = c _ d i s a b l e [ 5 9 ] ? k_delay59 [ k−1] :
23 ( c _ s i g n a l [ 5 9 ] ? main_delay [ n_delay−1] :
24 k_delay59 [ k−1 ] ) ;
25

26 // def ine main main_delay
27 ass ign main_delay [ 0 ] = ~mux_out [ 0 ] ;
28 generate
29 f o r ( i =0 ; i <n_delay−1; i = i +1)
30 begin : build_main_delay
31 ass ign main_delay [ i +1] = main_delay [ i ] ;
32 end
33 endgenerate
34

35 // def ine k−coupling delays
36 ass ign k_delay0 [ 0 ] = mux_out [ 1 ] ;
37 generate
38 f o r ( i =0 ; i <k−1; i = i +1)
39 begin : build_k_delay0

40 ass ign k_delay0 [ i +1] = k_delay0 [ i ] ;
41 end
42 endgenerate
43

44 ass ign k_delay1 [ 0 ] = mux_out [ 2 ] ;
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45 generate
46 f o r ( i =0 ; i <k−1; i = i +1)
47 begin : build_k_delay1

48 ass ign k_delay1 [ i +1] = k_delay1 [ i ] ;
49 end
50 endgenerate
51

52 . . .
53

54 ass ign k_delay59 [ 0 ] = main_delay [ n_delay −1] ;
55 generate
56 f o r ( i =0 ; i <k−1; i = i +1)
57 begin : build_k_delay59

58 ass ign k_delay59 [ i +1] = k_delay59 [ i ] ;
59 end
60 endgenerate
61 endmodule

The Verilog code for the Boolean phase oscillator with an in-degree of 60

has three connections node_out, c_signal, and c_disable. node_out is an
output wire with the dynamics of the oscillator. c_signal and c_disable

are vectors of 60 input wires, corresponding to the in-degree of the oscil-
lator. c_signal includes the state of the phase comparisons to adjust the
delay line and c_disable includes signals to disable the input connections
used to uncouple oscillators. For example, all wires c_disable can be set
to the Boolean high state to measure the natural frequency of the oscillator.

The circuit diagram with indicated wire names is shown in Fig. 84. The
figure shows that the c_disable wires are input to the multiplexers together
with the coupling signals c_signal. When one c_disable wire is chosen at
Boolean “1,” the longer time delay line of that multiplexer is selected inde-
pendently of the corresponding c_signal. On the other hand, when it is “0,”
the multiplexer can switch depending on the corresponding c_signal. A
Boolean “1” c_signal signal selects the output of the previous multiplexer
or the output of the fixed delay line, corresponding to a coupling input. A
Boolean “0” c_signal signal selects the longer delay called k_delay (see
also the explanation of the functionality of the Boolean phase oscillator in
Sec. 7.3.1). This functionality of the multiplexer is described in lines 16-24

in the hardware description using the ( ? : ) construct, which is similar
to an if statement in many programming languages.

Lines 26-33 describe a buffer-based delay line for the constant delay, sim-
ilar to an inverter-based delay line, discussed in Sec. B.1.

Lines 35-60 define the buffer-based delay lines before the multiplexers
with length k. Because k is 1, the generate statements result in only one
buffer each. The Verilog code, however, allows to also implement longer
coupling delays by changing the parameter k.
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FIGURE 84: Figure similar to Fig. 53 with labels of the wire names in the hardware

description.

B.6.3 non-local network of boolean phase oscil-
lators

To build a non-local network of Boolean phase oscillators, the module dis-
cussed in the previous section is instantiated N times. For a network size
of N = 128, the hardware description is shown in the following.

1 module bpo_network ( node_dyn , r e s e t ) ;
2 parameter nr_nodes = 1 2 8 ;
3 output [ nr_nodes −1 :0] node_dyn ;
4 input [ 2 9 : 0 ] c_range ;
5

6 bpo_node # ( . n_delay ( 3 0 ) , . k ( 1 ) ) node0 ( node_dyn [ 0 ] , {
7 node_dyn [ 1 2 7 ] ^ node_dyn [ 0 ] ,
8 node_dyn [ 1 2 6 ] ^ node_dyn [ 0 ] , . . . ,
9 node_dyn [ 9 8 ] ^ node_dyn [ 0 ] ,

10 node_dyn [ 3 0 ] ^ node_dyn [ 0 ] , . . . ,
11 node_dyn [ 1 ] ^ node_dyn [ 0 ] } ,
12 { c_range [ 0 ] , . . . , c_range [ 2 9 ] , c_range [ 2 9 ] ,
13 c_range [ 2 8 ] , . . . , c_range [ 0 ] } ) ;
14

15 bpo_node # ( . n_delay ( 3 0 ) , . k ( 1 ) ) node1 ( node_dyn [ 1 ] , {
16 node_dyn [ 1 2 7 ] ^ node_dyn [ 1 ] ,
17 node_dyn [ 1 2 6 ] ^ node_dyn [ 1 ] , . . . ,
18 node_dyn [ 9 9 ] ^ node_dyn [ 1 ] ,
19 node_dyn [ 3 1 ] ^ node_dyn [ 1 ] , . . . ,
20 node_dyn [ 0 ] ^ node_dyn [ 1 ] } ,
21 { c_range [ 1 ] , . . . , c_range [ 2 9 ] , c_range [ 2 9 ] , . . . ,
22 c_range [ 1 ] , c_range [ 0 ] , c_range [ 0 ] } ) ;
23
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24 . . .
25

26 bpo_node # ( . n_delay ( 3 0 ) , . k ( 1 ) ) node127 ( node_dyn [ 1 2 7 ] ,
27 { node_dyn [ 1 2 6 ] ^ node_dyn [ 1 2 7 ] , . . . ,
28 node_dyn [ 9 7 ] ^ node_dyn [ 1 2 7 ] ,
29 node_dyn [ 2 9 ] ^ node_dyn [ 1 2 7 ] , . . . ,
30 node_dyn [ 0 ] ^ node_dyn [ 1 2 7 ] } ,
31 { c_range [ 0 ] , . . . , c_range [ 2 9 ] , c_range [ 2 9 ] , . . . ,
32 c_range [ 0 ] } ) ;
33 endmodule

Here, the module has an output vector of 128 wires that are connected to
the Boolean dynamical variables of the nodes and an input vector of 30

wires c_range to adjust the coupling range (see also Sec. 7.2.2.1).
The 128 nodes are instantiated with the coupling strength k= 1 and con-

stant delay n_delay= 30. The latter parameter can be adjusted in the net-
work so that frequency heterogeneity is reduced.

For the first Boolean phase oscillator in lines 6-13, the output wire is con-
nected to node_dyn[0]. The 60 node input wires are connected to an XOR
phase detector given by node_dyn[127] ^ node_dyn[0], where the first
number denotes the number of the oscillator that the signal is compared
with. These XOR operations are sorted by node numbers such that the
operation with the highest node number comes first. The signals c_range

that disable input couplings are assembled such that the coupling range
is set by the number of 1 bits in c_range filled up from the first bit. For
example, a coupling radius of R = 1 is achieved with c_range[0]=1 and
c_range[i]=0 for i > 0, where only the coupling inputs with node_dyn[127]

and node_dyn[1] are activated (for node_dyn[0]).
This code is repeated for all 128 oscillators as shown in lines 15-31.
The oscillators are assembled on the chip using the chip planner as dis-

cussed in Sec. 54.
For the readout of the network dynamics node_dyn, the wire states are

saved to on-chip memory and then send to a computer via a RS-232 con-
nection.

B.7 boolean neurons

In this section, I discuss the hardware description of Boolean neurons, of a
network motif of Boolean neurons, and of an interconnected ring network
of Boolean neurons.
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B.7.1 pulse generator

The Boolean neurons, as described in Sec. 8.3.1, are based on pulse genera-
tors. The hardware description of such a device is shown in the following.

1 module pulse_generator ( s ig_ in , pulse_out ) ;
2 parameter n_delay = 5 ;
3 input s i g _ i n ;
4 output pulse_out ;
5 reg s t a t e , s t a t e _ i n v e r s e ;
6 wire de layed_s ta te ;
7

8 always @( posedge s i g _ i n )
9 s t a t e <= ~ s t a t e ;

10

11 my_delay_line #( n_delay ) i n s t 0 ( s t a t e , de layed_s ta te ) ;
12 ass ign pulse_out = s t a t e ^ de layed_s ta te ;
13 endmodule

Here, the always construct implements a flip-flop, where the register
state changes its Boolean value when the input signal sig_in has a posi-
tive edge. The module my_delay_line instantiates a delay line of n_delay
inverter gates, as introduced in Sec. B.1. The result is the circuit shown in
Fig. 69(a) with n_delay inverter gates.

B.7.2 boolean neuron

Using two pulse generators, a Boolean neuron can be implemented with
the following hardware description.

1 module Boolean_neuron ( in , out ) ;
2 parameter n_ref = 1 0 ;
3 parameter n_pulse = 2 ;
4 input in ;
5 output out ;
6 wire and_out , r e f r ;
7

8 ass ign and_out = ~ r e f r & in ;
9 pulse_generator # ( n_pulse ) uni t0 ( and_out , out ) ;

10 pulse_generator # ( n_ref ) uni t1 ( and_out , r e f r ) ;
11 endmodule

The Boolean neuron has an input and output wire and can be configured
with parameters n_ref and n_pulse. It implements the neuron according
to Fig. 69(b) with an NAND gate (inversion of AND) in line 8.
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B.7.3 network motif of two bidirectionally-coupled

boolean neurons

The following shows the hardware description of the bidirectional coupling
topology in Sec. 8.4.2 according to the circuit diagram in Fig. 72(b).

1 module b id i r_coupl ing ( exc_out , r e s e t ) ;
2 output [ 1 : 0 ] exc_out ;
3 input r e s e t ;
4 wire [ 1 : 0 ] exc_in , couplingK , couplingC ;
5

6 //nodes
7 ass ign exc_in [ 0 ] = ( i n i t i a l p u l s e | couplingC [ 1 ] |
8 couplingK [ 0 ] ) & ~ r e s e t ;
9 Boolean_neuron # ( 1 0 , 4 ) node0 ( exc_in [ 0 ] , exc_out [ 0 ] ) ;

10 ass ign exc_in [ 1 ] = ( couplingC [ 0 ] |
11 couplingK [ 1 ] ) & ~ r e s e t ;
12 Boolean_neuron # ( 1 0 , 4 ) node1 ( exc_in [ 1 ] , exc_out [ 1 ] ) ;
13

14 // l i n k s
15 my_delay_line # ( 4 0 ) C0 ( exc_out [ 0 ] , couplingC [ 0 ] ) ;
16 my_delay_line # ( 4 0 ) K0 ( exc_out [ 0 ] , couplingK [ 0 ] ) ;
17 my_delay_line # ( 4 0 ) C1 ( exc_out [ 1 ] couplingC [ 1 ] ) ;
18 my_delay_line # ( 4 0 ) K1 ( exc_out [ 1 ] , couplingK [ 1 ] ) ;
19 endmodule

This hardware module has an output vector of two wires exc_out and an
input wire reset, where the first provides the dynamics of the two Boolean
neurons and the second allows to reset the network into the quiescent state.
Lines 6-12 instantiate the two neurons and their their input connections
according to the circuit diagram in Fig. 72(b). Lines 14-18 implement four
delay lines according to the delay links.

B.7.4 connected ring network of boolean neurons

The network of Boolean neurons in Fig. 76 is implemented with the follow-
ing hardware description

1 module network_32nodes ( i n i t i a l p u l s e , r e s e t , exc_out ) ;
2 parameter nre f =10 , npulse =4 , ndelay =30 ;
3 input i n i t i a l p u l s e ;
4 input r e s e t ;
5 output [ 3 1 : 0 ] exc_out ;
6 wire [ 3 1 : 0 ] couplingC , exc_in ;
7 genvar i ;
8
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9 //def ine Boolean neurons and l i n k delays
10 generate
11 f o r ( i =0 ; i <= 3 1 ; i = i +1)
12 begin : exc_system_loop
13 my_delay_line #( ndelay ) l i n k ( exc_out [ i ] ,
14 couplingC [ i ] ) ;
15 Boolean_neuron #( nref , npulse ) node ( exc_in [ i ] ,
16 exc_out [ i ] ) ;
17 end
18 endgenerate
19

20 //couple topology
21 ass ign exc_in [ 0 ] = ( i n i t i a l p u l s e |
22 couplingC [ 1 5 ] ) &r e s e t ;
23 ass ign exc_in [ 1 ] = ( couplingC [ 0 ] ) &~r e s e t ;
24 ass ign exc_in [ 2 ] = ( couplingC [ 1 ] ) &~r e s e t ;
25 ass ign exc_in [ 3 ] = ( couplingC [ 2 ] ) &~r e s e t ;
26 ass ign exc_in [ 4 ] = ( couplingC [ 3 ] ) &~r e s e t ;
27 ass ign exc_in [ 5 ] = ( couplingC [ 4 ] ) &~r e s e t ;
28 ass ign exc_in [ 6 ] = ( couplingC [ 5 ] ) &~r e s e t ;
29 ass ign exc_in [ 7 ] = ( couplingC [ 6 ] ) &~r e s e t ;
30 ass ign exc_in [ 8 ] = ( couplingC [ 7 ] ) &~r e s e t ;
31 ass ign exc_in [ 9 ] = ( couplingC [ 8 ] ) &~r e s e t ;
32 ass ign exc_in [ 1 0 ] = ( couplingC [ 9 ] ) &~r e s e t ;
33 ass ign exc_in [ 1 1 ] = ( couplingC [ 1 0 ] ) &~r e s e t ;
34 ass ign exc_in [ 1 2 ] = ( couplingC [ 1 1 ] ) &~r e s e t ;
35 ass ign exc_in [ 1 3 ] = ( couplingC [ 1 2 ] ) &~r e s e t ;
36 ass ign exc_in [ 1 4 ] = ( couplingC [ 2 1 ] |
37 couplingC [ 1 3 ] ) &~r e s e t ;
38 ass ign exc_in [ 1 5 ] = ( couplingC [ 1 4 ] | couplingC [ 2 4 ] |
39 couplingC [ 3 0 ] ) &~r e s e t ;
40 ass ign exc_in [ 1 6 ] = ( couplingC [ 3 ] ) &~r e s e t ;
41 ass ign exc_in [ 1 7 ] = ( couplingC [ 1 6 ] ) &~r e s e t ;
42 ass ign exc_in [ 1 8 ] = ( couplingC [ 1 7 ] ) &~r e s e t ;
43 ass ign exc_in [ 1 9 ] = ( couplingC [ 1 8 ] ) &~r e s e t ;
44 ass ign exc_in [ 2 0 ] = ( couplingC [ 1 9 ] ) &~r e s e t ;
45 ass ign exc_in [ 2 1 ] = ( couplingC [ 2 0 ] ) &~r e s e t ;
46 ass ign exc_in [ 2 2 ] = ( couplingC [ 3 1 ] ) &~r e s e t ;
47 ass ign exc_in [ 2 3 ] = ( couplingC [ 2 2 ] ) &~r e s e t ;
48 ass ign exc_in [ 2 4 ] = ( couplingC [ 2 3 ] ) &~r e s e t ;
49 ass ign exc_in [ 2 5 ] = ( couplingC [ 2 ] ) &~r e s e t ;
50 ass ign exc_in [ 2 6 ] = ( couplingC [ 2 5 ] ) &~r e s e t ;
51 ass ign exc_in [ 2 7 ] = ( couplingC [ 2 6 ] ) &~r e s e t ;
52 ass ign exc_in [ 2 8 ] = ( couplingC [ 2 7 ] ) &~r e s e t ;
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to the hardware description. (b)-(d) The three nodes with an in-degree above one are

implemented wiht OR gates. Before each excitation, a reset signal can stop any excita-

tion to reset the network into the quiescent state.

53 ass ign exc_in [ 2 9 ] = ( couplingC [ 2 8 ] ) &~r e s e t ;
54 ass ign exc_in [ 3 0 ] = ( couplingC [ 2 9 ] ) &~r e s e t ;
55 ass ign exc_in [ 3 1 ] = ( couplingC [ 2 ] ) &~r e s e t ;
56 endmodule

The module has three connections, initialpulse to initialize the network,
which can be generated with a pulse generator and a rising edge signal, for
example generated with a mechanical switch; reset to reset the network to
the resting state; and exc_out, which is a vector of 32 wires with the dy-
namics of the 32 nodes in the network. The network has three parameters,
nref and npulse are used to parameterize the neurons and ndelay is the
length on the link delay lines.

In lines 10-18, the 32 network nodes and delay links are generated using
previous modules, specifically the Boolean neuron above and the delay line
in Sec. B.1. Lines 21-55 define the coupling topology according to Fig. 85.
The node labeled “0” in Fig. 85 with input wire exc_in[0] has an input
given by the external wire initialpulse, couplingC[15], corresponding to
the delayed dynamics of node 15, and ~reset the Boolean inverse of the
reset signal. The Boolean operation is a combination of OR, AND, so that
a high Boolean value in either initialpulse or couplingC[15] can excite
the node and a high value in ~reset will inhibit any excitation as shown
in Fig. 85(b). The remaining nodes have a similar construction of input
connections.
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B.8 numerical simulation with adams-
bashforth method

Numerical simulations of a differential equation ẋ = h(x, t) approximate
the exact solution x(t) by a sequence {xn} corresponding to the times
{ndt}, where dt is the time step. I perform numerical simulations with
a first order Euler method and a fourth order Adams-Bashforth method
depending on the differential equation. The latter method is a two-step
predictor-corrector algorithm that first predicts the iteration xn+1 from the
previous caluclations xn−3, xn−2, xn−1, and xn, according to

xn+1 = xn +
dt
24

[55h(xn)− 59h(xn−1) + 37h(xn−2)− 9h(xn−3)] (107)

In the next step, the approximation xn+1 is improved using the predicted
value, according to

xn+1 = xn +
dt
24

[9h(xn) + 19h(xn)− 5h(xn−1) + h(xn−2)] . (108)

The coefficients in front of h(·) are chosen to obtain the highest order of
convergence [Pre07].

To handle delay differential equations with a constant delay τ, I add
another variable x(t− τ) ≈ xn−N with N = bτ/(dt)c. When dt is chosen
smaller, the approximation becomes better, but computation time increases.
Under certain conditions, such as a timescale separation in the differential
equation, an algorithm with a variable time step may better choice.



C
A D D I T I O N A L M AT E R I A L

C.1 bias reduction of the xor operation

For the realization of a random number generator in Chapter 5, I use a
4-input XOR gate to reduce bias and correlations. Here, I evaluate the
resulting bias.

For the four inputs of the XOR gate, I assume uncorrelated binary vari-
ables {xi}3

i=0 sampled from identically biased uniform distributions with a
probability of a 0 or 1 given by

P(xi = 0) =
1
2
− b and P(xi = 1) =

1
2
+ b. (109)

The resulting probabilities associated with 4-bit words with different
counts of 1 are calculated in Table 5.

TABLE 5: Probability associated to all 4-bit words considering bias b

4-bit words probability

S0={0000}
(

1
2 − b

)4

S1={0001,0010,0100,1000} 4
(

1
2 − b

)3 (
1
2 + b

)
S2={0011,0101,0110,1001,1010,1100} 6

(
1
2 − b

)2 (
1
2 + b

)2

S3={0111,1011,1101,1110} 4
(

1
2 − b

) (
1
2 + b

)3

S4={1111}
(

1
2 + b

)4

I compute the probability

π0 = P

(
3⊕

i=0

xi = 0

)
, (110)

which can be used to calculate the bias b = |π0 − 0.5|.
Equation (110) can be evaluated by considering the words leading to an

output of either 1 or 0. For this, I use that the XOR operation is the parity
of the inputs. Therefore, words in S0, S2, and S4 in table 5 lead to a 0 output
and hence

π0 = P ([x3x2x1x0] ∈ S0 ∪ [x3x2x1x0] ∈ S2 ∪ [x3x2x1x0] ∈ S4) . (111)
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Assuming uncorrelated bitstreams, these three events are disjoint. Using
values from Table 5, I calculate

π0 = P([x3x2x1x0] ∈ S0) + P([x3x2x1x0] ∈ S2) + P([x3x2x1x0] ∈ S4),

=

(
1
2
− b
)4

+ 6
(

1
2
− b
)2 (1

2
+ b
)2

+

(
1
2
+ b
)4

,

= 1/2 + 8b4. (112)

Therefore, the bias of the 4-input XOR gate is 8b4, corresponding to a
reduction of a 1% bias at the input to a bias of 8 · 10−8 at the output. In
general, an n-input XOR gate reduced a bias b to a bias b̃ = 2n−1bn, which
can be shown by induction.

C.2 chimera states with randomized ini-
tial conditions

To obtain chimera states, the initial conditions usually have to be prepared
carefully [Abr04]. Homogeneous initial conditions, on the other hand, do
not lead to chimera states in a homogeneous network model, such as the
Kuramoto model. I show here, however, that both random and homoge-
neous initial conditions can lead to chimera states in the model when the
phase shift parameter αij is heterogeneous.

I initialize the simulation of Eq. (75) with random initial conditions (φi ∈
[0, 2π] uniformly distributed) and synchronous initial conditions [φi = 0
(i = 1, ..., N)] for heterogeneous phase lag parameter αij = 0.1± 0.2 with
a Gaussian distribution of mean 0.1 and standard deviation 0.2. The re-
sult is shown Fig. 86(a) and (b) leading to a chimera state for both initial
conditions as a result of the heterogeneous phase lag parameter.

The finding that random and homogeneous initial conditions can lead
to chimera states for heterogeneous networks increases the probability to
observe chimera states in nature.
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FIGURE 86: Numerical simulation of the Eq. (75) with heterogeneous αi,j. (a) Random

initial conditions, (b) homogeneous initial conditions. The oscillator index is shifted so

that the unsynchronized region of the chimera appears in the middle of the network.

Other parameters as in Fig. 5 in the main article.

C.3 cluster synchronization in coupled

neural populations

In this section, I study the dynamics of an artificial neural network of 80

excitable nodes. With this, I show that I can build large meta-networks of
silicon neurons.1

I assemble Boolean neurons in a network of four distinct neural popu-
lations, as illustrated in Fig. 87(a) and(b). Dynamical properties of similar
network topologies have been investigated theoretically [Vic08, Kop12] be-
cause of their similarity to neural circuits such as the thalamic circuitry
embedded in the brain [Jon02, Shi03a].

In the experiment, each population consists of 20 excitable nodes, totaling
80 nodes for the entire network. Nodes within a population are connected
with probability p = 0.3, where links are realized with on-chip wires lead-
ing to small link time delays. Nodes of different populations are connected
with probability p = 0.015 with time-delay links with τ = (16.8± 0.6) ns.
These probabilities lead to strong connections of nodes within a population
with negligible link delay and loose connections between nodes of different
populations with significant time delay τ.

The dynamics of the artificial neural network is described theoretically by
Kanter and collaborators [Kan11a, Var12]. According to the theory, the net-

1 This study is published in Ref. [Ros13b].
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FIGURE 87: (a) Topology of four coupled populations that involves loops of four, three

and two elements. (b) Implemented topology, where nodes of the same (di�erent)

populations are connected with directed links. An initial pulse is sent to one node to

perturb the network out of its quiescent state. (c) Raster diagram of the network for

nτ = 60 [τ = (16.8± 0.6) ns], npulse = 4
[
Tpulse = (1.12± 0.04) ns

]
, and (b)

nref = 20 [Tref = (5.6± 0.2) ns].

work dynamics is given by the network topology of the community struc-
ture by the greatest common divisor (GCD) of the sizes of directed loops.
In the network topology in Fig. 87, inspired by Fig. 1a in Ref. [[Kan11a]],
there are three directed loops of two, three, and four neural populations,
respectively. Therefore, the theory predicts a number of synchronized zero-
lag synchronized clusters of GCD(2, 3, 4) = 1, i.e., all the populations are
predicted to be synchronized with zero time lag (see also Sec. 9.3.2).

The experimental dynamics of the network is reported in the raster dia-
gram of Fig. 87(c), where each circle corresponds to a pulse generated by a
node.

I observe that all the artificial neurons of the four populations generate
pulse trains with period τ ± ∆τ with ∆τ = 5 ns. The dispersion ∆τ in the
period of the pulse trains originates from heterogeneities in the values of
the link time delays and limited resolution of the integrated measurement
system. The network is near-zero-lag synchronized, which is consistent
with the theoretical predictions.
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