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Spring 2017
Final Exam
5/1/2017
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Time Limit: 1 hour, 45 Minutes
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Recitation Time:

This exam contains 11 pages (including this cover p

age) and 10 questions.

The total number of points is 200. Calculators are not; permitted, and the exam is closed

book and closed notes.

Do not open the exam until instructed to do so. Sh
appropriate supporting details may not be given credit

possible, but not more. Do not cheat.
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A collection of potentially useful information:

The Divergence Theorem:

// V~I*‘(IV://F'ndS.
JJJIR S

Stokes’ Theorem:

//(V X l")'n(lS:jIéF-dr
JJSs C

Taylor’s Theorem:

7+ (c) nt
Rn(z) = m(m a)™*t
COSZ(T) — 1+cozsf2:cg
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1. (20 points) Consider the vector

cylinder of radius 2 and height 4
0<z2<4,z,9, > 0. Let R be tl

faces.

(a) (4 points) Sketch the surfa

(b) (4 points) Do you expect t
negative, or zero? Explain

/’AVISWPM The /ﬂux outword

augle between |

than % , 1€

(c) (12 points) Compute the fl

Hint: You may find the Diy

field F(z,y,2) = (2,0,0) and let .S be the part of the
{ which lies in the first octant. That is, S : 22 +3* =4,
1e solid in the first octant bounded by S and four other

ce S and the field F.

= .
}"// A-ax:¢
)':)Po;»d’s fawand puum dove i en &f X-axis

v . —
m e -[rst petadt The ”Mlklf;nv‘ud‘e, 6f F mOas s

— -~
as E moves awwgy-fres: ongion
he flux outward across the boundary of S to beé positive,
briefly.

acyess e lya(mdayy 0f S g FG*, e F;t:r,/g 4%

~
L

{ee

-

SN
-1 20

ux outward across S, or

// F.7ds.
S

vergence Theorem helpful.

HAnswer
Dwergene thm can be applied to a solid enclesed by an mieited
sunfece. S lis only part of the yoyndery suifenc of e cylinder
Yy fLL(;.-I’W‘Sf‘ octavt
S Frdse J§ ads= S 9F dv
K3 4 oter 0
,fwe,\
UL Py 2 o g e
Aetres O F-c¢ 0,0,0> CCress e Jlam on Y2 - P!{uz.(
@ FUR on e cther Hhree faccs
LN _ o9X . 5
J{) V-Fdvi- fg(-ax 152 )y fpf(ldv:- [ volua D = 47
Henre  J( 'F.Ffds:« ZHT
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2. (22 points) Consider the function f(z,y) = 32° — 4y + 2y® + 7. Find the point (zo, o)
such that the rate of change of f(z,v) in the direction of the vector 7 + j is the smallest.

Then find the rate of change at that point.

Answer -
. - -
The vade of change of + w vhe davertion of - W =<1 ¥
- ~
= QA
Dat = vidn = oty
1,12

= < xtay, 4ty TS

= T[L;-(X?v‘#y——d-x#zyz)
B T}; ( x24x +2y=ay)
=5 l:( X2 2 (y—1>*=f]
At (2.1), + has swulest vede of chawge olavg <1-1> and
the yate of- charge is —_Jé{'
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3. (24 points) Let f(z) = e®sin(z
(a) (12 points) Find a polynor

T

55

nial of degree 3 which approximates /.

on the interval [

Answer p
Pg(x)-‘- F(xo) + -F'/xo)zx-x,,) ’rjﬂ%a_), (x~7(u)1.\- l% (’X-Xg)}
Ko =0 ond \
+1= eXsm A €*eosx o)1= e°siioteteie = |
F"1%) = 6";/'14/x+ 20%osx - C5MX 4"10)= ze%es0 = 2
(%) = 2 cpsx—2€"smX 1= 2e%cs0 = 2
S10)= €%smol=0
P =o4 Ilx+ = 2+ 7
Bix)= x+x+32°}

(b) (12 points) Estimate the n
place of f on the interval |

(®»
ce)
R3(x) = L—-—-
> %
,f.m)
(%) = 26

On [,"7;1.,";—]

nhaximum absolute error in using your approximation in

Z]. Is the error less than 0.017

il I
212

(x-7) "

’%x— §e snx — 207045x

_ 4 sinx

7
\_j,w)(()‘s 4‘61'1
|x-0(t = &*
. 4et s
Ewer & —z7(3)
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4. (22 points) A roller coaster car’s acceleration is gi
the interval [0,7]. At time ¢ = 0, the location of th
velocity of the car is (1,0,0).

(a) (16 points) I*ind the velocity and position fun
Answer.

VO - S AWM +C and use Vo)

ven by @(t) = (€%, ¢2,sin(t)) for ¢ in
e car is the origin, (0,0,0), and the

ctions for the roller coaster car.

B —
to deternting C

V= < Jer' s, Serdp, Ssmt oM +C
T Fe, e sty e
L 4%60, .0, -cos0> +5 =<0, 0>
5 C= <5 0. 1>

. §

Y= < 'éc”,gf*%, ‘§T3 | —rost >
= —

Y= JPwdi+e and we

T =< § 503 +2 dt, 5434

T g, ittt
Y= < 4€°0 , %0, 0-5
=
(=<-3,0,0>

- /
v =< gete s F, Bt
(h) (6 points) Sect up, but do not evaluate, an integ
of the car’s trajectory.
Answev .
=, _ Ny o4
S = jf Irrel dt =S, 11

-—
Y70) 1o defevniine

-

(

=Y
1, §i-tostcht >+ C
. —
-smt >+ ¢

. SN
mO> + ¢

£0.0-0 >

t-snd >

ral which would compute the length

70 dt

Tol= J Gt )L gy

+ (l-1ost)*
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5. (20 points) Consider the solid cone whose boundary is give by —; = a? - y? with 0 <
z < 4. Suppose also that the cane has a constant density of 10 kg/m?.

(a) (10 points) What is the mass of this cone? You might find the following formula

helpful.
e [
R

2:4
4% _

____x4y

X+y:9

Phoyechien on xy-plane

z 2 V2
_j - 207 ’Ls ' 6‘&
m=If jii*:*;) p-dzdA g )
R 2 x4y = JD’i 20)‘8_/0__; a5xs AP
= (am 20 [ 4
10-dz rdvde .
- 7 [ 2V2 . ~
= fi,jbl J0(4-T27) v Ardg - %gle
(b) (10 points) What is the 2-coordinate of the center of mass of tlkis cone? You might

find the following formula helpful.

Mgy = /// pzdV
R

My = ﬁﬂjzﬁj;r 1p-2 dz-rdrd@

2

J28 G
:qu ﬁh Go- lor* ) rdrds
SJT e BrA [ ds
J 3”%?oxs~ 2 6va)s do
= fbox2w

ArSwey

) dr de

)1
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6. (24 points) Let the curve C be that drawn below,

consisting of a straight segment on

the x-axis between —3 < o < —1 and a semi-circular segment for —1 < z < 1. Let

F = (—y,z) and G = (cos(z) +y,z — 1).

(a) (8 points) Is cither F or G conservative? Expl

Answey. .. F
13t Fu )
For‘a)
= = i
ax‘l—’:% G s

(b) (8 points) Compute the work done by F along

Arnzwer o work = jc '[fd)"s

SeEdv s SoFd7 +SoFdr
G- Y= <+, 0> 35t<-]

I

-

o F

A7 - 5 <o tr <o dt 40

/ot mservative

(ons€vvedtwe

/ clockwice

-~ <
(r: TMH =< Sit, wst> 0<te)]
Jzz E.dv ’jg < —tost, skt >« £ ost,—S Al
= (7T
jo -1 A
i

Work = -1 - -y

(¢) (8 points) Compute the work done by G along

Answey:

c.

Method I . use similar method ?‘“ @

Melod T Fad @ sech et wp= G and S, Bdr = P (B-Pa)
a = {UlSA¥Y, X-1> = VY=< B B>
Step1. Px=cosaty !.
P= fwsx+ydxt+ C(yd| = Smrx+xy+Cly)

ffef)z Py = (SmX+xy+ C(y))/:

X+ Cley) = x )

e -4 = Cip= y+e

P=Smxtxy -y +C

Werk = P — Pay = Sm )-—éfw(-g)
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7. (20 points) For each of the following series, state:
(I) whether the series converges or diverges and

(II) what test you used to come to this conclusion.

(a) (4 points) Z =

(on venges .

- cevies test and P=2 > |

(b) (4 points) 2 5,3}1_); (onvenges

Limk Comepaieon Test Alte deﬂf(/ serves test dhso works
oG |
Compave wth 2,k

/e'n‘ -l)k} /-—) _ l ﬂwy have 'ﬂ’l[ save /)U“Pﬁ"l‘/ )

| 2o
(c) (4 points) ?_:2 it Dwenjes

z wegrel  te st

e 4, L2
Jj,( Tox AR = (‘“‘ L& T dx Let (¢

oL i e(';\f
b

, ¥ " r o - >
j L Tox X = [ 'I%tdcf : =int: lax) > ? b
o
(d) (4 points) S (=1)¥*1eb=31 [ipenges. ' ke
9 fa™e™ 20
Greonetroc Senes test N S

- k3t g} N | ¥ 5 D _
Fer - e = ,f,(*i)e P -ey" ,Dwewycu(e test also work s

C Betten)
(e) (4 points) k;'% (onvenges
Radio Test
+ Je < ¥ A )g , e
Qen (el Sk o e = ()= (1000

i L -k =~
fiu bz el <
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8. (18 points) Consider the following graph:
Y
4

!

]C2 and let us remind you of Green’s Theorem:
: T

-’12 <087 ‘//2Dcurl(ﬁ)dA:/ﬁ'd7*'
JR JC

B

(a) (6 points) Let C = C1UC, and let 7 parameterize C in a counterclockwise direction.
£ 1= (¢ 2ysin(2wy), -2z sin(2zy)), estimate: §, F - dF

Arswer . 6, F.dy = fﬁ( %,%iy YdA 4 0
’:})"j = —25smbxy) —4xYyes(2xy) :
'g{ = -2 (2%y) — 4 xy Cﬂ.‘»fzx)’)

(b) (6 points s) Let C'= CiUC, and let 7 peuarneterl;ae C in a counterclockwise direction.
If /7 (- 2y.y%), estimate: §, F - i

An Suser 93( E-di.s j){(@ﬂ;_%ﬁ )d,q:. ‘,go—z dA - v),;{jld‘q
- «2%}1(00)‘ R

2 2.2] = 59
(c) (6 points) If = (%, 2z), Cy runs from A to B, C, runs from B to A, and

/ﬁ-dF=33
(o)) !
/F*-df"
- -~ Y Ca =
dv = S, Fdit S, Bd7 = 33+ S, Edr
P ‘] |
dr = fg%—-%’é YAdA = J{ 2 da - 2-27 =54

R

estimatoe:

Answer {f( 2
g,

S Fd7v= 54-33 =2

Tl T,
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9. (15 points) Multiple Choice:
choice is clearly indicated.
(a) (3 points) The line 7(t) =
following planes?
A z=z+y+1

B

B. —z—2y+3z=11
C.z—y+6z2=5
D.z=0 7=

D

24+ yt+22=1
r? =9 (cylmder
0<g<or R3
22 =8-r2 sphe

Oawp>

. &(c) (3 points) Which of the following integrals represents the arca of the region inside

(41,26

<

5y X

\/ "(I)l;—-;)

| s

i n:(l»])'l>

' 2
n=<1-2.3>
ﬁ :C‘)”‘; 6)

0.0,51>

both of the circles r = 2cos(f) and r = 2sin(0)?

f1r/4 f23m(9) i

B. f"/2(2cos -2
' f j-2cos(0),rd d6'

2sin()
D. 2 g

2 cos(8)
2sin(0)

(d) (3 points) The parametric
A. a straight line.
B. a parabola.
C. acircle.
D. an ellipse.

rdrdd

9+f1r/2 f02cos(0) drd0
sin(6)do

AN

5/1/2017

curcle the correct answer for each question. Make sure your

1, -3t + 6) is perpendicular to which of the

(b) (3 points) Which of the following describes a sphere in cylindrical coordinates?

e e e et

(v, 6.2

/}r@af»fg 1dA
={5 ek

j.; J’jl v d "dﬁ'

Fyl-qrde

function given by z(t) = 3¢ —(2)(11”1 y(l )(

&

Elimrude t
=) - Xt
0= y- X"j,’l
[7"-(6 w (@) e 9(&)2 4-

)

200505 25m@

tan@ = |
- "I
6= &
S 012 — 4 is

s
4

(e) (3 points) The unit tangent vector T and the principal unit normal vector N for

A

the curve 7(t) = (4 cos(t),4sin(t),3t) at t = 7 are

A. T =(-%/0,2) and N = (0,-1,0).
B. T = (-%0,2) and N = (—£,0,-%).
C. T =(1,0,0) and N = (0,1,0).

D. T = (4,%,0) and N = (2 -%0).

= 'f\g) - _<
T Jr64_+~9
= -{ < = 4snd, 405t
Y VAT
A

3>

—4smd, 4/0«, 3>
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10. (15 points) For cach of the following statements, circle T if the statement is true and F
if the statement is false. You do not need to show any explanations for this problem.

F (a) (3 points) T/ F
Jo V() - dr'=( for any curve C.

Jt s true , o ¢ 2% closed . (E=9F i cnsevvedve D

(b) (3 points) T/ I
T For any closed and bounded region R in the plane and any continuous function f,
the function [ must have an absolute maximum on R. =

Extvene value +leorem |

_ (c) (3 points) T/ F
For any vector fields F and G, Vx (F4+G) =V X F+V X G.

(d) (3 points) T / F

- .
Il lim @, = 0 then it must be true that ) an converges.

F

n-22 n=0
(Countey exconchle v ) i : C
(7 ,?TL A’vwn»jﬂs ! bo Lo R,
- h->vo
(e) (3 points) T/ F
= The curve 7(t) = (82, + 1,12 + 3) is parameterized by arc length.

-/
Y ) = <2t 2,2t >

Ir7o) = J b)xs 3/







