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Abstract— We present a novel monitoring method for 

continuous real-time imaging of deep human tissues using a 
body-worn sensor. The sensor operates at 40 MHz, and consists 
of a set of transmitting and receiving probes placed around the 
human body. For the first time, this portable and body-worn 
sensor provides for deep tissue pixel-by-pixel imaging. A 
demonstration of the concept is carried out by retrieving a 16-
pixel image of the underlying cross-section with accuracy better 
than 6%. This paper also provides a theoretical analysis for 
assessing the sensor’s accuracy. The analysis is based on line-
source scattering by a 2-layer cylindrical model of the human 
torso. Full-wave simulations are then carried out to demonstrate 
the sensor’s imaging capabilities pixel-by-pixel. Overall, the 
proposed sensor can be the basis for a portable and low-cost 
alternative to conventional imaging techniques suitable for a wide 
range of applications (among them, prevention of cardiovascular 
diseases and tumor growth monitoring).   

 
Index Terms—Biomedical sensor, human health monitoring, 

tissue dielectric properties, wearable electronics. 
 

I. INTRODUCTION 
AGNETIC Resonance Imaging (MRI), X-rays, 
Computed Tomography (CT) and Electrical Impedance 

Tomography (EIT) are the most popular surgery-free 
technologies used to image tissues deep into the human body 
[1]-[4]. However, these methods do not provide continuous 
real-time tissue characterization, as they are not portable 
systems. Also, these technologies are expensive, implying 
major access disparities. For continuous and low-cost 
monitoring of vital human body signals, several portable 
body-worn sensors have been reported [5]-[7]. Such sensors 
may pursue continuous monitoring of respiratory and heart 
rates, temperature or blood pressure. However, they do not 
include imaging capabilities. Therefore, there is a strong need 
to develop low-cost, portable devices for deep tissue imaging.  

Recently, we proposed a body-worn sensor that can retrieve 
the average permittivity of deep human body tissues [8]-[10]. 
The sensor operated at 40 MHz, and consisted of a plurality of 
probes wrapped around the human body. Importantly, this 
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sensor used a new algorithm for extracting the body’s deep 
tissue permittivity. Specifically, the permittivity of the tissue’s 
cross-section was determined by using a linear combination of 
the measured S-parameters from the receiving probes placed 
across the human body. As such, ill-posed matrices associated 
with classic inverse-scattering approaches [12]-[13] are 
avoided. Experimental results demonstrated that accuracy of 
this sensor is better than 11% [9]. Further, theoretical studies 
show that the sensor’s accuracy can be increased to about 3% 
[10]. However, so far, the aforementioned studies treated the 
entire imaging domain below the skin, fat, muscle and bone as 
a bulk medium, having a single permittivity value, see Fig. 1a. 
That is, the sensor has yet to be adapted for pixel-by-pixel 
imaging of the body’s cross-section as in Fig. 1b. Also, the 
theoretical studies in [10] considered a semi-infinite planar 
medium to model the human torso (see Fig. 1a), which was 
not realistic. That is, previous studies verified the concept and 
motivated more realistic imaging studies, as in this paper. 
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Fig. 1. (a) Previous studies, and (b) study in this paper.  
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In this work, we develop a body-worn monitoring method 
that images the permittivity and conductivity of the human 
torso’s cross-section pixel-by-pixel. We believe that this is the 
first time that pixel-by-pixel permittivity and conductivity 
images of deep human tissues can be retrieved using a 
portable body-worn approach. Also, conductivity distribution 
of the underlying tissues is provided herewith for the first 
time.  

The provided results demonstrate that the sensor can 
retrieve 16-pixel images of the human body with accuracy 
better than 6%. To our knowledge, this is the highest 
reconstruction accuracy reported for body-worn approaches 
used to image high-contrast inhomogeneous tissues deep into 
the body. The only requirement for the sensor operation 
relates to well-known estimates for: a) the torso 
circumference, and b) the average permittivity and 
conductivity of the imaging domain. The latter can be easily 
estimated using the method presented in [8], [9], [10]. 
Importantly, the proposed sensor can image any cross-section 
of the human body, for a very wide range of applications (e.g., 
prevention of cardiovascular diseases, tumor growth 
monitoring, detection of deep tissue injuries, etc.). Of 
importance is that this imaging method is not impacted by the 
skin, fat and muscle thickness. 

This paper is organized as follows. Section II presents an 
overview of the sensor operation. Section III provides a 
theoretical analysis to assess the sensor’s accuracy limits 
assuming a homogeneous cross-section. Section IV presents 
full-wave simulations to demonstrate the sensor’s imaging 
capabilities. 

II. SENSOR OPERATION  
As shown in Fig. 2a, the proposed sensor consists of a 

number of probes placed conformally around the body. One of 
the sensor probes is fed by a 40 MHz input signal (“source”), 
while the rest are used for receiving (“observation points”).  

The sensor can be placed around any portion of the human 
body to image the corresponding underlying cross-section. For 
validation, in this paper, the sensor is considered to be 
wrapped around a cylindrical model of the human torso. 
Specifically, the human torso will be modeled as a 2-layer 
cylinder, 18 cm in radius (see Fig. 2). For simplicity, the 
torso’s skin, fat, muscle and bone tissues are combined into a 
single outer layer. That is, the properties of the outer layer are 
calculated by the weighted (in terms of thickness) average of 
skin, fat, muscle and bone tissues. Table I [10], [14]-[15] gives 
the aforementioned nominal values for these outer layers. 
Variations of the electrical properties and thicknesses of the 
outer layers are also provided in Table I. We clarify that the 
inner layer depicted in Fig. 2 represents the imaging domain. 
We also note that the input power at the “source” was 1 mW. 
As a result, the corresponding maximum Specific Absorption 
Rate averaged over 1g of tissue was SAR1g,max ≈ 0.2 W/kg. 
This value is far below the limit 1.6 W/kg based on the IEEE 
C95.1-1999 [16] and FCC [17] safety exposure guidelines. 

 
(a) 

                
(b) 

 
(c) 

 

 
(d) 

Fig. 2. (a) Proposed body-worn imaging sensor placed around a 
cylindrical model of the human torso, (b) cross-sectional view assuming 
homogeneous inner layer, (c) pixelization of the imaging domain using 
uniform square grid, and (d) cross-sectional view of the inhomogeneous 
torso after pixelization (# is the numbering from 1st to 16-th pixel). 
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A. Homogeneous Inner Layer 

As presented in [10], the electric fields at the probe 
observation points can be used to determine the average 
permittivity of the deeper human tissue. Specifically, the 
average permittivity of the inner cylindrical layer in Fig. 2b 
(imaging domain) can be expressed as: 

 
 

𝜀𝜀𝑟𝑟2 = � 𝑤𝑤𝜀𝜀,𝑖𝑖𝐸𝐸𝑖𝑖
𝑀𝑀

𝑖𝑖=1
 (1) 

 
For this, M refers to the number of observation points, E i is 
the electric field value at the i-th observation point, 𝜀𝜀𝑟𝑟2 is the 
relative permittivity of the homogeneous inner layer shown in 
Fig. 2b, and wε,i are the unknown weight coefficients to be 
determined. This is done via a least-square method solution 
for a set of equations that enforce (1) for given 𝜀𝜀𝑟𝑟2 and E i 
values.   

A similar expression can also be introduced for the average 
conductivity of the inner cylindrical layer (imaging domain). 
Specifically, we have: 
 

𝜎𝜎2 = � 𝑤𝑤𝜎𝜎,𝑖𝑖𝐸𝐸𝑖𝑖
𝑀𝑀

𝑖𝑖=1
 (2) 

 
where 𝜎𝜎2 is the conductivity of the homogeneous inner layer 
in Fig. 2b and wσ,i are the unknown weight coefficients to be 
found in a similar manner as wε,i.  

As noted, the weight coefficients wε,i and wσ,i can be 
calculated by enforcing (1) and (2) for a number of known  𝜀𝜀𝑟𝑟2 
and σ2 values. Concurrently, the permittivity, εr, loss tangent, 
tanδ, and thickness, h, of the outer and inner tissue layers (see 
Table I) are varied. For N different combinations of outer 
tissues, we get the equations: 
 

[𝜀𝜀𝑟𝑟]1×𝑁𝑁 = [𝑤𝑤𝜀𝜀]1×𝑀𝑀[𝐸𝐸]𝑀𝑀×𝑁𝑁 (3) 
[𝜎𝜎]1×𝑁𝑁 = [𝑤𝑤𝜎𝜎]1×𝑀𝑀[𝐸𝐸]𝑀𝑀×𝑁𝑁 (4) 

 
to be solved for [𝑤𝑤𝜀𝜀] and [𝑤𝑤𝜎𝜎] via the least squares method. 
This step can be referred to as the “training phase”. Once [𝑤𝑤𝜀𝜀] 
and [𝑤𝑤𝜎𝜎] are determined, (1) and (2) can then be used to 
calculate the inner layer permittivity and conductivity. This 
step is the “testing phase”. 

B. Inhomogeneous Inner Layer 
For inhomogeneous media, such as the human body, pixel-

by-pixel imaging is needed. To do so, the imaging domain is 
divided into K cylindrical segments (“pixels”), as depicted in 
Fig. 2c. As a proof of concept, in this work, we chose K=16. 
Specifically, we chose a uniform square grid where each 
square is typically 7.5cm×7.5cm in size. As a result, pixels 
deep into the cylinder are 7.5cm×7.5cm and the ones adjacent 
to the circular boundary are adjusted accordingly. As seen in 
Fig. 2c, the outer pixels are modified in size by the enclosing 
cylinder of radius r2=15 cm. We remark that when we mention  
the permittivity or conductivity of a pixel, this refers to the 
average value across that pixel.  
    Following the approach in [8]-[10], expressions (3) and (4) 
are generalized to predict and represent the permittivity and 
conductivity at each pixel for k=1, 2, …, K. We have, 
 

[𝜀𝜀𝑟𝑟]𝐾𝐾×𝑁𝑁 = [𝑤𝑤𝜀𝜀]𝐾𝐾×𝑀𝑀[𝐸𝐸]𝑀𝑀×𝑁𝑁 (5) 
[𝜎𝜎]𝐾𝐾×𝑁𝑁 = [𝑤𝑤𝜎𝜎]𝐾𝐾×𝑀𝑀[𝐸𝐸]𝑀𝑀×𝑁𝑁 (6) 

 
We again mention here that M refers to the number of 
observation points around the cylinder. As part of the “training 
phase,” (5) and (6) must now be enforced for N known values 
of pixel permittivities and conductivities at their respective 
locations. In doing so, the matrix entries for [𝑤𝑤𝜀𝜀]𝐾𝐾×𝑀𝑀 and 
[𝑤𝑤𝜎𝜎]𝐾𝐾×𝑀𝑀 are then calculated, using the least square method. 
To generate the “training” matrix system, the followings have 
to be varied: a) electrical properties and thickness of the outer 
layer, b) thickness of the inner layer, and c) electrical 
properties subject to a given value of εr and σ at the k-th pixel. 
This approach results in an extremely high number of possible 
tissue variations. Therefore, to reduce the training equations, 
we introduced some a priori information. This a priori 
information includes the a) torso circumference, and b) 
average permittivity and conductivity of the imaging domain. 
The latter can be extracted using the process described in [8]-
[10].  

III. ACCURACY EVALUATION FOR HOMOGENEOUS INNER 
LAYER 

For simplicity, the analysis in this Section assumes a 
uniform imaging domain, as shown in Fig. 2b. Specifically, 
the inner layer is assumed to represent the lung tissue as 
depicted in Table I. A similar analysis was recently carried out 
in [10], demonstrating that the sensor’s accuracy in estimating 
𝜀𝜀𝑟𝑟2  can be better than 3%. However, the aforementioned 
analysis in [10] considered a non-realistic, semi-infinite planar 
model of the human torso. Here, we consider the sensor’s 
performance for a more realistic scenario, viz. a cylindrical 
model of the human torso as in Fig. 2b. 

A. Modeling 
Scattering by the cylindrical human torso shown in Fig. 2b 

is formulated as a line source scattering from a 2-layer 
cylinder. The line source is placed on the cylinder’s surface 
and radiates a monotonic field at 40 MHz. We assume this 
source field to be TM polarized. The details of the radiated 
and scattered fields are provided in Appendix A.  

TABLE I 
NOMINAL VALUES AND VARIATION RANGE OF TISSUE ELECTRICAL 

PROPERTIES AND THICKNESSES [10], [14] –[15] 

Tissue Permittivity 
(εr) 

Loss tangent 
(tanδ) 

Thickness (h) 
 [cm] 

Skin 93.7±10% 2.17 ± 10% 0.3 ± 10% 
Fat 7.33±10% 2.09 ± 10% 1.5 ± 10% 

Muscle 82.6±10% 3.64 ± 10% 1.5 ± 10% 
Bone 26±10% 1.55 ± 10% 2.0 ± 10% 

Combination of skin, 
fat, muscle, bone 40.6±10% 2.33 ± 10% 5.3 ± 10% 

Lung 65±40% 2.65 ± 20% 15 ± 20% 
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B. Results 

As part of the “training phase,” we employed N = 1 to 640 
combinations of outer tissue layers in (3) and (4) to calculate 
[𝑤𝑤𝜀𝜀] and [𝑤𝑤𝜎𝜎]. A “testing phase” was then conducted for 400 
random test cases. The goal of the “testing phase” was to 
calculate the error range expected from (5) and (6). For each 
test case, the absolute percentage errors in estimating the inner 
layer permittivity, εr2 and conductivity, σ2 were calculated 
from: 

𝑒𝑒𝜀𝜀 = |𝜀𝜀𝑟𝑟,𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒−𝜀𝜀𝑟𝑟,𝑒𝑒𝑎𝑎𝑒𝑒𝑎𝑎𝑒𝑒𝑎𝑎|
𝜀𝜀𝑟𝑟,𝑒𝑒𝑎𝑎𝑒𝑒𝑎𝑎𝑒𝑒𝑎𝑎

×100% (7) 
  

𝑒𝑒𝜎𝜎 = |𝜎𝜎𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒−𝜎𝜎𝑒𝑒𝑎𝑎𝑒𝑒𝑎𝑎𝑒𝑒𝑎𝑎|
𝜎𝜎𝑒𝑒𝑎𝑎𝑒𝑒𝑎𝑎𝑒𝑒𝑎𝑎

×100% (8) 
 

Here, the subscripts actual and estimated imply the actual and 
estimated permittivity and conductivity values, respectively. 
 Numerical results showed that the error for extracting 𝜀𝜀𝑟𝑟was 
< 5% when: 1) the number of outer tissue layer combinations 
used to “train” (3) and (4) was N ≥ 300, 2) the number of 
sensor observation points was  M ≥ 24, and 3) the sensor 
length was ≥ 40 cm. Concurrently, the error in extracting σ2 
was < 1%. To our knowledge, this is the highest accuracy 
reported for body-worn approaches for imaging high-contrast 
tissues deep into the body. 

IV.  ACCURACY EVALUATION FOR INHOMOGENEOUS INNER 
LAYER 

A. Modeling 
Based on the design guidelines derived in Section III, we 

consider a sensor that is wrapped around a cylindrical model 
of the torso having radius 18 cm, shown in Fig. 2a. ANSYS 
HFSS was used in the simulations, and the simulation set-up is 
shown in Fig. 2a. The sensor consists of M = 24 probes. We 
also used N = 400 different combinations of tissues during the 

 
“training phase” to determine the weight coefficients [𝑤𝑤𝜀𝜀]𝐾𝐾×𝑀𝑀 
and [𝑤𝑤𝜎𝜎]𝐾𝐾×𝑀𝑀. The sensor probes were dipoles, 5.3 cm long, 
viz. λ/141.5 at 40 MHz, where λ=7.5m is the free-space 
wavelength. That is, we chose a realistic example of the torso. 
Also, all dipoles were matched to 50Ω.   

B. Numerical Results 
Incorporating the a priori information, a) torso 

circumference, and b) average permittivity and conductivity of  
the imaging domain, during the “training phase”, the tissue 
electrical properties and thicknesses were varied by ±10% 
around their nominal values. For the outer layer, these nominal 
values are given in Table I. For the inner layer, a total of 16 
pixels were used to model the inhomogeneous region using 
values in the range 58.5 < εr < 71.5 and 0.34 S/m < σ < 0.42 
S/m. 

 The “testing phase” was conducted using 400 random test 
cases. For each test case, the absolute percentage errors in 
estimating the permittivity and conductivity of each pixel were 
calculated according to (7) and (8). We found that the 
percentage errors for each pixel, averaged over the 400 test 
cases were always < 6%.   

To further assess our wrap-around sensor, we proceeded to 
demonstrate its pixel-by-pixel accuracy for a specific scenario. 
Specifically, we considered a case that emulates the electrical 
cross-section of a lung subjected to pulmonary edema. The 
extracted relative permittivity and conductivity of the cross-
section (see Fig. 2d) is given in Table II for 16 pixels. The 
associated errors calculated using (7) and (8) are further 
plotted in Fig. 3. We observe that both the permittivity and 
conductivity were recovered with an error < 5%.   

TABLE II 
IMAGING ACCURACY OF THE SENSOR FOR AN INHOMOGENEOUS 

EXAMPLE 

Pixel 
# 

Relative permittivity 𝜀𝜀𝑟𝑟 Conductivity 𝜎𝜎 

Actual Estimated Error 
(%) Actual Estimated Error 

(%) 
1 63.5 64.75 1.96 0.38 0.373 -1.8 
2 63.5 64.59 1.71 0.38 0.381 0.26 
3 63.5 62.67 -1.3 0.38 0.375 -1.31 
4 63.5 63.76 0.42 0.38 0.376 -1.05 
5 63.5 65.32 2.87 0.38 0.386 1.57 
6 68.6 66.8 -2.71 0.42 0.40 -4.98 
7 69.22 66.7 -3.63 0.42 0.401 -4.52 
8 63.5 64.86 2.14 0.38 0.376 -1.05 
9 63.5 62.93 -0.89 0.38 0.375 -1.31 
10 67.31 66.65 -0.98 0.42 0.402 -4.28 
11 68.58 67.18 -2.03 0.42 0.405 -3.57 
12 63.5 64.88 2.17 0.38 0.38 0 
13 63.5 64.02 0.84 0.38 0.375 -1.31 
14 69.85 69.56 -0.41 0.38 0.387 1.84 
15 63.5 65.28 2.81 0.38 0.388 2.10 
16 63.5 65.82  3.66 0.38 0.375 -1.31 

 
 
 

 
 

 
(a) 

 
(b) 

Fig. 3. Pixel-by-pixel extraction error for the: a) relative permittivity, and 
b) conductivity. 
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V. CONCLUSION 
An accuracy evaluation was carried out for a wrap-around 

imaging sensor. The sensor consists of several probes, one 
transmitting and the others receiving. Imaging of deep human 
tissues is achieved by using the fields collected at the 
receiving probes. Specifically, these fields are weighted to 
determine the permittivity and conductivity at different 
locations within the enclosed cylindrical structure.  

For the first time, this paper provided a validation of the 
imaging accuracy for this simple, wearable, but also very 
practical imaging sensor of the torso or other body cross-
section. The accuracy of the sensor was evaluated for 
homogeneous and inhomogeneous cylinder cross-sections. It 
was shown that the error in determining the cross-section 
permittivity and conductivity at each pixel was no more than 
6%. 

Future work will include experimental verification of the 
proposed imaging method, and further improvement of the 
sensor’s imaging resolution. 

APPENDIX A 
The training of the homogeneous cylinder was done using 

analytical formulas to calculate the surface electric fields. 
These fields are then used to determine the weight coefficients 
of (3) and (4) by satisfying (1) for several cases. The 
excitation was assumed to be a line source, and the radiated 
fields were found via the addition theorem and by enforcing 
continuity conditions. 

Specifically, given the incident/excitation field [18]-[19], 
 

𝑬𝑬𝒊𝒊 = 𝒛𝒛�
−𝑘𝑘02𝐼𝐼
4𝜔𝜔𝜖𝜖0

𝐻𝐻0
(2)(𝑘𝑘0|𝝆𝝆 − 𝝆𝝆′|)

= 𝒛𝒛�
−𝑘𝑘02𝐼𝐼
4𝜔𝜔𝜖𝜖0

� 𝐽𝐽𝑛𝑛(𝑘𝑘0𝜌𝜌)𝐻𝐻0
(2)

∞

𝑛𝑛=−∞

(𝑘𝑘0𝜌𝜌′)𝑒𝑒𝑗𝑗𝑛𝑛(𝜑𝜑−𝜑𝜑′),   𝜌𝜌 ≤ 𝜌𝜌′ 
(A.1) 

    The scattered field in the air medium is [18]-[19], 
 
𝑬𝑬𝒔𝒔 = 𝒛𝒛� −𝑘𝑘0

2𝐼𝐼
4𝜔𝜔𝜔𝜔

∑ 𝐶𝐶𝑛𝑛𝐻𝐻0
(2)∞

𝑛𝑛=−∞ (𝑘𝑘0𝜌𝜌)𝑒𝑒𝑗𝑗𝑛𝑛𝜑𝜑,   𝜌𝜌 ≥ 𝑎𝑎1        (A.2)                                           
 

The resulting fields (scattered+incident) in the outer and 
inner layer, respectively, of Fig. 2b are given by [18]-[19], 

 

𝑬𝑬1 = 𝒛𝒛�
−𝑘𝑘12𝐼𝐼
4𝜔𝜔𝜖𝜖1

� � 𝑎𝑎𝑛𝑛1𝐽𝐽𝑛𝑛(𝑘𝑘1𝜌𝜌) +  
∞

𝑛𝑛=−∞

𝑏𝑏𝑛𝑛1𝑌𝑌𝑛𝑛(𝑘𝑘1𝜌𝜌)𝑒𝑒𝑗𝑗𝑛𝑛𝜑𝜑 ,   

 𝑟𝑟2 ≤ 𝜌𝜌 ≤ 𝑟𝑟1 

  (A.3) 

 

𝑬𝑬2 = 𝒛𝒛�
−𝑘𝑘22𝐼𝐼
4𝜔𝜔𝜖𝜖2

� � 𝑎𝑎𝑛𝑛2𝐽𝐽𝑛𝑛(𝑘𝑘2𝜌𝜌) +  
∞

𝑛𝑛=−∞

𝑏𝑏𝑛𝑛2𝑌𝑌𝑛𝑛(𝑘𝑘2𝜌𝜌)𝑒𝑒𝑗𝑗𝑛𝑛𝜑𝜑 , 

  𝜌𝜌 ≤ 𝑟𝑟2 

(A.4) 

 
In (A.1)-(A.4), k0 is the free-space wavenumber, k1,2 is the 

wavenumber in the outer and inner cylinder layers, ω is the 
angular frequency, ε0 is the free-space permittivity, ε1,2 is the 
permittivity of the outer and inner cylinder layers, I refers to 
the line source current strength, r1,2 is the radius of  the outer 
and inner cylinder layers, 𝐻𝐻0

(2) is the Hankel function of the 

second kind of order zero, and Jn and Yn are the Bessel 
functions of the first and second kind, respectively, of order n. 
The coefficients an1, bn1, an2, bn2, and cn are obtained by 
enforcing continuity of the electric and magnetic fields at the 
cylindrical layer interfaces. They are given by: 
 

𝑎𝑎𝑛𝑛1 =
𝑁𝑁1
𝐷𝐷

 ,𝑎𝑎𝑛𝑛2 =

𝑘𝑘1
2

𝜀𝜀1
(𝑋𝑋𝑋𝑋1𝑎𝑎𝑛𝑛1 + 𝑌𝑌𝑌𝑌1𝑏𝑏𝑛𝑛1)

𝑘𝑘2
2

𝜀𝜀2
𝑍𝑍𝑍𝑍1

 (A.5) 

  
𝑏𝑏𝑛𝑛1 = 𝑁𝑁2

𝐷𝐷
  , 𝑏𝑏𝑛𝑛2 = 0 (as the function, Yn is singular 

at the center) 
  

(A.6) 
  
𝑐𝑐𝑛𝑛 = 𝑋𝑋1𝑎𝑎𝑛𝑛1+𝑌𝑌1𝑏𝑏𝑛𝑛1−𝑍𝑍1

𝐾𝐾
,          (A.7) 

 
where 
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=  (A.8) 
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−
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Here, |·| denotes determinant of the matrix. Also: 
 
𝐾𝐾 = 𝑘𝑘0

2

𝜀𝜀0
𝐻𝐻0

(2)(𝑘𝑘0𝑎𝑎1), 𝐿𝐿 = 𝑘𝑘0
2

𝜀𝜀0𝜂𝜂0
𝐻𝐻0

(2)′(𝑘𝑘0𝑎𝑎1),  

𝑋𝑋1 = 𝑘𝑘1
2

𝜀𝜀1
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2
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2

𝜀𝜀1
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2
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2
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′, 

𝑍𝑍2 = 𝑘𝑘0
2

𝜀𝜀0𝜂𝜂0
𝐽𝐽𝑛𝑛′(𝑘𝑘0𝑎𝑎1)𝐻𝐻0

(2)(𝑘𝑘0𝜌𝜌′)𝑒𝑒𝑗𝑗𝑛𝑛𝜑𝜑
′, 

𝑋𝑋𝑋𝑋1 = 𝐽𝐽𝑛𝑛(𝑘𝑘1𝑎𝑎2), 𝑋𝑋𝑋𝑋2 = 1

𝜂𝜂1
𝐽𝐽
𝑛𝑛
′(𝑘𝑘1𝑎𝑎2), 

 𝑌𝑌𝑌𝑌1 = 𝑌𝑌𝑛𝑛(𝑘𝑘1𝑎𝑎2), 𝑌𝑌𝑌𝑌2 = 1

𝜂𝜂1
𝑌𝑌
𝑛𝑛
′(𝑘𝑘1𝑎𝑎2),  

𝑍𝑍𝑍𝑍1 = 𝐽𝐽𝑛𝑛(𝑘𝑘2𝑎𝑎2), 𝑍𝑍𝑍𝑍2 = 1

𝜂𝜂2
𝐽𝐽
𝑛𝑛
′(𝑘𝑘2𝑎𝑎2). 

 

(A.11) 
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