Singularity Functions
I
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A singularity function is a function
that either itself is not finite
everywhere or one (or more) of
its derivatives is (are) not finite
everywhere.
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Singularity Functions (cont.)
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For any function f(): f f(@©) 6t —=T)dt = f(T).



Laplace Transform Definition

I r )
F(s):ﬁ[f(r)]:ff(t}e St (10.10)
J

where s 1s a complex variable with areal part o and an imaginary
part @ given by
Ss=o0 + jo. (10.11)

A given f(7) has a unique F(s), and vice versa.

The uniqueness property can be expressed in symbolic form
by
f(t) <= F(s). (10.12a)

The two-way arrow 1s a shorthand notation for the combination
of the two statements

LIf(HO]=F@s), and  L7'[Fs)] = f(t). (10.12b)



Laplace Transform of Singularity Functions
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Application of Eq. (10.10) gives () = Alu(t — T1) — u(r — Tr)]

[ts Laplace transform is

Fi(s) = f fi() e S dt = fA u(t —T) e ™ dt
o

o0
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o Fao(s) = [ Alu(t = T1) —u(t — To)le ™ dt
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= A]B_sr dt = —— e_sr = — e_ST_ 0—
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ForA=1and T=0:



Laplace Transform of Delta Function
—r

f30) =Asa—T). 1)
The corresponding Laplace transform is 44
00 Impulse
Fi(s) = fA §t—T)e™
0 r
T+e

— A f §(t—T) e dt

T—c f(t) <= F(s)
_ AE—ST

ForA=1and T=0: 5(t) == 1.



Example 10-3: Laplace Transform of cos wt

Obtain the Laplace transform for [cos wt] u(t).

I D Solution:  The solution is facilitated by expressing cos wt in |G

terms of complex exponentials (see Appendix D-1). namely
L t —jwt
coswt = E[EM + e /.

Use of this expression in Eq. (10.10) gives

o0
F(s) = f coswt u(t) e ' dt
2
1 Wi . i .
=3 fe-"‘”re_sr dt —{—fe_-”‘”e_“ dt
|0 0
1 [elio—s  —Ga+s 7| S
T2 | jo—s * —(jw+s)j| . St

Hence.

COSwt <= L. (10.17)
52+m2



Properties of Laplace Transform
N

1. Time Scaling

If
f@t) <= F(s),

then the transform of the time-scaled function f(at) is

i) éF(E) a =10,

a

2. Time Shift Example
S
COS wf <= 3
If ¢ is shifted by T along the time axis with 7" > 0, then §°ro
-T
f(t—T)yut —T) <=> e "°F(s), S

cosw(t—T)u(t —T) <w=> ¢

T >0.




Properties of Laplace Transform (cont.)

N
3. Frequency Shift

e~ f(r) <> F(s+a). Example
For f(t) = cos wt,
S
F(s) = T
4. Time Differentiation Pl =1,
and
! df — ! — .
f'=—r <« sF@E-f07). 7F(07) = —wsinwt|,—g- = 0.
Hence,
3
2 E[fﬂ‘l = 5 5 — S
f=2L e PFE s 07 - £, Ve
dt —w’s
B s2 + w?’




Properties of Laplace Transform (cont.)
I

5. Time Integration

t
ff(t)dt <= %F(s).
0

6. Initial and Final-Value Theorems

£(0T) = lim s F(s) f(o0) = ,}E‘}) s F(s)

S— 00

Initial-value theorem, Final-value theorem.



Determine the initial and final values of a function f(#) whose

EXGmP|e 1 0'5: Laplace transform is given by
Initial and Final Values 255(s + 3)

k) = (s + 1)(s2 +2s + 36)°
I

Solution:  Application of Eq. (10.39) gives

25s%(s +3)
07) = lim s F(s) = lim .
107) = Jig s K9 = I, (s + D)(s® +2s + 36)
To avoid the problem of dealing with oo, it often is more
convenient to first apply the substitution s = [ /u, rearrange
the function and then to find the limit as u — (. That 1s,

. 25(1 /u + 3)
FO) = 1123}] ul(l/u+ DH(l/u? 4+2/u+ 36)
25(1 4+ 3u)
= a0 (1 +u)(l + 2u + 36u2)
25(1 4 0)
(1401 +0+0)

= 25.

To determine f(o0o). we apply Eq. (10.40),
f(o0) = lim s F(s)
s—0

= lim 255°(s +3) =
T 550 (s + l)(Sz + 2s + 36) o




Properties of Laplace Transform (cont.)
I

/. Frequency Differentiation 8. Frequency Integration
d F(s) , o
rf(t) <= — d: = —F(s), @ = fF(S) ds.

S

Example 10-6: Applying Frequency Differentiation
Property

Given that
F(s) = L[e ] =

s—l—a’
atr

apply Eq. (10.43) to obtain the Laplace transform of re™“".

Solution:

a4 _df 1
e ™1 = dsF(S)_ ds[s+a]

o
(st a)?




Table 10-1: Properties of the Laplace transform.

Property £ F(s) = LIf (1]
1. Multiplication by constant K f(t) <= K F(s)
2. Linearity Ky filt) + Ko fro(t) <==> K F|(s)+ Ky Fa(s)
) . 1 S
3. Time scaling flat), a=0 <= _F (—)
a a
4. Time shift ft—=Tyu(t —T) <=> e~ Ts F(s)
5. Frequency shift e M f(t) <= F(s+a)
: o , df . .
6. Time 1st derivative = I = sF(s)— f(07)
. . A " dzf RS —
7. Time 2nd derivative = el = $°F(s) —sf(07)
t
— f(07)
, 1
8. Time integral ff{':) dt = _ F(s)
S
’ d
9. Frequency derivative tf(r) = s F(s) = —F'(s)
o0
. F(t) .
10. Frequency integral — <) F(s) ds
5
11. Initial value f(0+) = lim s F(s)
§—= 00
12. Final value f(00) = lim s F(s)
s—0
13. Convolution f1(t) * fa(r) <= Fi(s) Fa(s)




Table 10-2: Examples of Laplace transform pairs.
Note that (i) =0fort < 0.

Laplace Transform Pairs

fi) F(s) = LLf(1)]
1 8(r) ]
la S(t—T) <= 15
1
2 u(r) - o—
S
E_TS'
2a wit —=T)
5
1
3 e 9 y(t) -
s+a
E_TS
Ja e=aU=T) it —T) -
s+a
1
4 fu(t) - =
5
E—Ts
4a (t=Tyult=T) <= —
- 2
5 2 uit) — =
5
1
6 te 8 yit) - 5
(s+a)
2
7 r2e=al y(r) - F
(s+a)
8 lema y(r) > (n — 1)
s+ay
i
9 sin i uit -
® s2 4+ w?
i ssin 4+ wcosd
10 sin(of +6) u(t) <= ———s—
< 4 we
s
11 cosat u(t) - ———
( ) 52+w2
scosf — wsin
12 cos(wf +6) u(t) = ——s——s—
8= + w-
@
13 e gingt w(f) d— —
) (s+a}2 +w?
14 e M cosmt u(t) == %
(s+a) +w
i —jé
15 20t cos(bt — 0) u(t) <= c £
sta+jb s4a—jb
=1 ig L
16 e cos(bt — ) ul(t) = T, A
(n—1) (s+a+ byt  (s+a— jby?




Example 10-7: Laplace Transform ’

Obtain the Laplace transform of f(t) = t2e73 cos 4t.

Solution: The given function is a product of three functions.

We start with the cosine function which we will call £ (¢): _

f1(t) = cos 4t. (10.47)

According to entry #11 in Table 10-2, the corresponding
Laplace transform is

Fi(s) = (10.48)

S
s2+ 16
where we replaced s with (s + 3) everywhere in the expression

Next, we defi i
ext, we deline of Eq. (10.48). Finally, we define

=3t _ 3
fat) =e T cosdr=e 7 fi(1), (10.49) F(t) =12 fo(t) = t?e > cos 4t, (10.51)

and we apply the frequency-shift property (entry #5 in Table o )
10-1) to obtain and we apply the frequency derivative property (entry #9 in

Table 10-1) twice:

s+3
F2(5)=F1(5+3)= (S+3)2+ e (10.50) d2 [ s+ 3 :|

Fs) =F5(5) = 75 (s+3)2+ 16

_ 2(s +3)[(s +3)* — 48]

[(s+3)2 + 16F o




