5.3. Countable nonstandard models with
limited indiscernibles.

LEMMA 5.3.1. There exist positive integers O1,T1,02,T2, .- -,
each divisible by 96, such that for all n = 1 and x,y € N,

OpX + Tp = Oy + Typ —= (0 =m A X = V).
On,Tn = 96n.

Proof: For n = 1, let o, = 96(p,!) and T, = 96p,, where p, is
the n-th prime. Suppose 96 (pn!)x + 96py = 96 (Pn!)y + 96pn.
Then pa!'X + Pn = Pu!y + Pn. If n = m then p, clearly divides
the left side and the first term of the right side. Hence p,
divides pp. Therefore n = m. If m = n then also n = m. Hence
n = m. Therefore x = y. QED

DEFINITION 5.3.1. We fix O,,T,, n = 1, as given by Lemma
5.3.1.

Recall the standard pairing function P (Definition 3.2.1).
We have P(n,m) = n,m. We use the extension P(x,y,z) =
P(P(x,y),z). We have P(n,m,r) = n,m,r, and P is strictly
increasing in each argument.

The following Lemma adjoins r predicates Ei,...,E., C N to
our basic standard countable structure (N,<,0,1,+,-
r*r 1, 109) .

LEMMA 5.3.2. Let r = 3. There exists a structure
(N,<,0,1,+,-,+,1,109,E1,...,Ex) such that the following
holds.

i) E1 € ...C E, € N\{0};

ii) |E1] = r and E, is finite;

iii) For all x < y from E;, x| < y;

iv) Let 1 =i =vy(r), 1 =3j<r, 0=a,b<r, and x €

a(r,E5;1,r). Then (Fvy, ..., vy € Ej11) (Vo, ...,V < ax+tb A
QLi, ] (X, Vo, euu,Vi)) < Op(i,a,0X+Te(i,a,0) & Ei+17

v) For all 1 = 3j =< r-1, 20(r,Ey;1,r)+1, 3o(r,Es;1,r)+1 C
Ej17

vi) E1 N o(r,Ex;2,r) = J;

vii) Let 1 = 1 = B(2r), X1,...,%p € E1, V1i,...,¥c € O(1r,E2),
where (X1, ...,Xy) and (X¢41,...,X2r) have the same order type
and min, and Vi, ...,Vr < min(xi,...,xy) . Then

Eli,2r] (X1y e e ey Xey Yir oo yYr) € E3 <

tli,2r] (Xes1s ee oy Xor,Yir - -0 Ye) € Es.



Proof: Let r = 3, and let r’ >> r. We define y(r)+3r-ary g €
BAF with rng(g) C 48N, as follows. Let x# =

(Yir oo e r Yy rZr e e e r ZeyWig o w o, We, X, X0, 000 Xe) € NYEISE  Tet i
be greatest such that y; = ... = viq1. Let a be greatest such
that z;1 = ... = zz11. Let b be greatest such that w; = ... =
Wp+1. (It will prove to be convenient to write x here

instead of xi.)

case 1. 0 < |x#| = (34+a+b)x A X2, ..., X = ax+b A
eli,r]l (x,%2,...,%Xs) . Set g(x#) = Op(i,a,0)X+Te(i,a,b) -

case 2. Otherwise. Set g(x#) = 96|x#]|+48.

In case 1, g(x#) = 96P(i,a,b)x = 96P(l,a,b)x = 96max(l,a,b)x
= 32 (1l+a+b)x = 8(3+a+b)x = 8 |x#| > |x#|. Also g(x#) =

Op(i,a,0) | X# [ +Tp(1,a,1)

< (Op(i,a,0)tTe(i,a,0)) | XH# .

In case 2, |x#| < g(x#) = 192|x#|. Hence g € ELG N SD N
BAF'.

Clearly rng(g) C 48N. So we can apply Lemma 5.2.12 with r’.
Let Di,...,Drr € N be given by Lemma 5.2.12. For all 1 < i =
r, set E; = D;. Set E; to be the first r elements of D;.

Claims i),ii),4iii),v),vi) for Ei,...,E; follow immediately
from clauses i),ii),iii),v),vii) for Di,...,Dy in Lemma
5.2.12.

For claim iv), let 1 =i =y(r), 1 =3 <r, 0=a,b<r, and
x € a(r,Es;1,r). We claim that

Op (i,a,b)X*TTp(i,a,b) € 48a (r’ ,Ej,‘l, r’).
To see this, write

|d11---ldk|

A

x = t[i,r](di,...,dx) = rldi, ..., dkl,

where k =2 1 and di,...,dx € Ey. Since 9610p(i,a,0)r 96 |Te(i,a,0)/
let p = Op(i,a,n)/48 and g = Tr(i,a,n)/48. Then we have

px+q € oa(r’,Es;1,r")
since r’" >> r and p,q > 0. This establishes the claim.

Since r’ =z r, by Lemma 5.2.12 iv),vi),



Op(i,a,0)X+Tp(i,a,0) € E511 U. gEj:1.
First assume that
Op(1,2,0)X+Tp(1,a,0) & Ej+1.
Then Op(i,a,0)XtTe(i,a,0) € gEj+1. Write

Op (i,a,b)X1TTp(i,a,b)
g(Y1, ceerYy(r)rZlr o e ey Zry Wiy oo oy Wy, Uy U2y 6 -lur) ’

where Vi, ..., Yy x)r 217 +«+rZry Wiy« oo, We, U, U2y ..., Ur € Eji1.

Since 96 divides Op(i,a,0)X*TTp(i,a,b)r O(i,a,b,)XtTp(i,a,b) Can only
arise from case 1 in the definition of g.

Let i’ be greatest such that y; = ... = vyivy1, a’ be greatest
such that z; = ... = z44+1, and b’ be greatest such that w; =
... = Wpr+1. Then

O < IVisreeer Yy rZiseeerZeyWiypeoo,We,U, Uz, ..., U] < (3+a’+b’)x.
Uz, ...,Ur = a’ut+b’.
CP[i’/r] (ulu2l . . -lur) .
g(yis - - crYy(r)rZ21lr e« ey Zry Wiy o o oy Wry, Uy, U2y 6 -y Ur) =
Op(i’,a’,p)U + Tp(i’,a’,b’) = Op(i,a,p)X T Tp(i,a,b) -

By Lemma 5.3.1,

Hence

Uz, ...,Ur < ax+b.
q')l:llr] (Xlu2l °--/ur) .

In particular,

(3V2, e e ey Vy = Ej+1)
(Vo, ««e, Ve = @ax+tb A @[i,r] (X,V2, -, VE)) .

Now assume that

(3V2, e e ey Vy = Ej+1)
(Vo, ««e, Ve = @ax+tb A @[i,r] (X,V2, -, VE)) .

Let



X2y oo oy Xy (S Ej+1.
X0, ..., Xy < ax+b.
CP[i/r] (XIX2I---IXr)-

By Lemma 5.2.12 v), 2x+1 € 2a(r';Ey,1,r")+1 C Dj;1 = Ej41.
Note that

0 < X, 0o, %,2%x+1,...,2x+1,%x,...,%X,2x+1,...,2x+1,
Xy weorX,2x+1, ..., 2%+],X, X0, « ., Xs| =
max (2x+1,ax+b) = (3+a+b)x.
X0, ..., Xy < ax+b.
CP[i/r] (XIX2I ---lxr) .

Here the first group of x’s has length i, the second group
of x’s has length a, and the third group of x’'s has length
b.

Hence case 1 applies, and so

g(x, ..., %,2x+1,...,2x+1,%X,...,%x,2x+1,...,2x+1,
Xy oo, X,2%+1, o0 .,2%+],X, X0, « oo, Xy) =
Op(i,a,b)XtTp(i,a,b) -

Hence Op(i,a,0)XtTe(i,a,0) € gEs+1. By Lemma 5.2.12, vi), Ej4 N
gEs+1 = . Hence Op(i,a,p)X+To(i,a,b) & Ej+1 as required. This
establishes claim iv).

Claim vii) is immediate from Lemma 5.2.12 wvii). QED

We now work with countable structures whose domain is not
N. These structures must interpret the language L, so that
we work with structures of the form (A,<,0,1,+,-
;*,1og,...). In fact, this is why we wrote (N,<,0,1,+,-
,*,1,109,E1,...,E;) in Lemma 5.3.2.

Let M = (A,<,0,1,+,-,°,1,10g,...) be given. In all such M
that we consider, M will satisfy a certain amount of
arithmetic. In particular, M will satisfy TR(IPl,L). See the
discussion below.

for the set of x € A such that the following holds. There
is a term t in L that is not closed, and an assignment f to
its variables, with rng(f) € E, such that x is the value of
t under f, and a nonnegative integer k, such that x &

[pmax (rng (f) ), kmax (rng (f£))].

DEFINITION 5.3.2. Let E € A and p € N. We write a(E;p, <®)



In the above, the value of t under f is computed using the
interpretation M of L. It is important to note that here
both p and k serve as standard integers.

DEFINITION 5.3.3. We let a(E) be the set of all values of
terms t in L under an assignment of elements of E to the
variables in t, computed according to M. For a(E), we allow
closed terms.

DEFINITION 5.3.4. We also let a(r,E) be the set of all
values of terms t in L with #(t) = r, under an assignment of
elements of E to the variables in t, computed according to
M. For oa(r,E), we also allow closed terms.

Recall the theory TR(II°,L) from Definition 5.1.10. It is
clear that (N,<,0,1,+,-,°,1,1l0g) satisfies PA(L) +
TR(IPl,L), where PA(L) i1s Peano Arithmetic, formulated in L.
See Definition 5.6.6.

LEMMA 5.3.3. There exists a countable structure M =

(A,<,0,1,+,-,°,1,109,E1,E2,...) obeying the following
conditions.

i) (A,<,0,1,+,-,°,1,log) satisfies TR(IT%;,L);

ii) BE1 € E, € ... © A\{0};

iii) E; has order type w, and has no upper bound in A;

iv) For all x < y from E;, x! < y;

v) Let r =21, 9o(vi,...,Vy) be a quantifier free formula of
L, and a,b € N. There exists d,e € N\{0} such that for all
j =21 and x € a(Ey;1,<0), (Fvy, ..., vy € Ej11) (Vo, ...,V < ax+b
AN Q(X, Vo, ..., Ve)) <> dx+e & Ejii;

vi) For all 7 = 1, 20(Ej;1,<0)+1, 30 (Es;1,<0)+1 C Ey4q;

vii) E1 N a(Ey;2,<®) = J;

viii) Let r =2 1 and t(vy,...,Vy) be a term of L. Let

X1, .0..,%Xr € B1, V1,...,Vr € 0(Ez), where (x1,...,%x:) and
(Xr+1y - - -y X2r) have the same order type and min, and Vi, ...,Vr
<= min(x1,...,%xy). Then t(xX1,...,Xr,V1y...,Yr) € E3 <

t(Xr41y v oy X2ry Y1r - - -, ¥r) € Es.

Proof: We apply the compactness theorem for predicate
calculus with equality, to Lemma 5.3.2.

For the purposes of the proof of this Lemma only, we use
the language L' which augments the language L with
infinitely many unary relation symbols E;, 1 = 1, and
infinitely many constant symbols, ci, i = 1.

Let T be the following set of axioms in L .



TR (IT%, L) .

1.

2. For all i = 1, we take c; < ci+1 A Cci € Eq.

3. For all i = 1, we take E; € E;s1 A 0 & E;.

4. (Vx,y EE)(x <y — x!<y).

5. Let 1 =1 =vy(r), 1 =3 <r, and 0 = a,b < r. (Vv; €
a(Ey;1,<0)) ((Ave, ..., Ve € Ej41) (Vo, ...,V < avitbh A

QLi,r] (Vi,«ee,Ve)) < Op(i,a,p)VitTe(i,a,0) & Ei+1) . Here we index

over r,i,j,a,b, and also non closed terms and standard
integer upper coefficients for a(Es;1,<®). The latter is
used to create infinitely many conditional members of
a(Ey;1,<®)) .

6. Let j = 1. We take the schemes 2a(E;;1,<®)+1 C Ejiq,

30 (E5;1,<©)+1 € Ej41. Here we index over j, and also non
closed terms and standard integer upper coefficients for
a(Es;1,<©) . The latter is used to create infinitely many
conditional members of a(Ej;1,<®).

7. We take the scheme E; N a(Ey;2,<®) = J. Here we index
over non closed terms and also standard integer upper
coefficients for a(E;;2,<®). The latter is used to create
infinitely many conditional members of oa(E;;2,<x).

8. Let r =2 1 and t be a term in L with at most the variables

Vi eeor,Vor. Let X1, ...,X0¢ € E1, vVi,...,¥r € a(r,Ez), where
(X1, ««.,%Xy) and (Xg+1y...,X2r) have the same order type and
min, and Vi, ...,Vr < min(xi,...,x:). Then

E(X1y e e ey XeyYir oo Yr) € E3 <

L(Xps1y o+ e rX2ryV1y -+ -, ¥r) € E;3. Here we index over r,t, and
terms for o(r,E;). The latter is used to create finitely

many conditional elements of oa(r,E;).

These axioms have very robust formulations in light of
axioms 1. It suffices to remark that in 5, we take av+b to
be

(I+...+1) evi+(1+...+1)

where the 1’s are associated to the left, and where there
are a 1’s in the first sum, and b 1’s in the second sum. We
take 0 1’'s to mean 0.

i, r,j+1, values of P at # of terms, and upper coefficients
used, are at most s.

Let To € T be finite. Let s = 3 be so large that all of the

Let Mg = (N,<,0,1,+,-,°,1,109,E1,...,Es) be given by Lemma
5.3.2, with r = s. We now show that Mg satisfies Ty +
TR(IPl,L), where for all 1 =i = s, c; is interpreted as the



i-th element of E; (c1 is interpreted as min(Ej)).
Obviously, Mg satisfies 1,2 of Ty by construction.

The axioms in Ty from 3-4,6,7 obviously hold in Ms using
Lemma 5.3.2 i)-1iii),v),vi).

For the axioms in Ty, from 5, we have to handle several
different r’s at once. This is because of the different
lengths of the existential quantifiers that appear in 5.

We use our convenient coding setup whereby if 1 = i = y(r)
and 1 = r = s, then o@l[i,r] = ¢@l[i,s].

For 5, let 1 =1 =vy(r), 1 =3j <r, and 0 = a,b < r.
axioms in Ty from 5 must have r = s. By Lemma 5.3.2 iv), Ms
satisfies

(Vvi € a(s,E;5;1,s)) ((Fve, ..., vs € Ej41)
(Vo, --.,Vs = avitb A @li,s] (Vi,...,Vs)) <
Os(i,a,b,)VitTe(i,a,0) & Ej+1) .

It is clear that Mg satisfies

(Vvi € a(r,E5;1,r)) (Avey, oo oy ve € Ej1)
(V2I e ey Vy = aV1-|'b A CP[l/r] (Vll . . -lvr)) <>
Op(i,a,0)V1+Te(i,a,0) & Ej41)

since 1 = r = s. In particular, all variables in @[i, s]
@[i,r] are among vi,...,Vy, SO the extra existential
quantifiers, Visi,...,Vs, are dummy quantifiers. Therefore Mg
satisfies the axioms in Ty from 5.

We now come to the verification of 8 in Mg. Let r = 1, t be

a term in L with at most the wvariables vl1,...,v2r,

X1, ...,%Xr € E1, V1,...,Vr € 0(r,Ez), where (x1,...,%x:) and
(Xr+1y - - -, X2r) have the same order type and min, and Vi, ...,Vr
= min(x1, «..,Xr) .

The axioms in Ty from 8 must have r = s. Also we can let 1 =
i = B(2s) be such that t[i,2s] is the result of replacing
the variables vii1,...,Ver in t by the variables vsi1, ..., Vsir.
By Lemma 5.3.2 wvii), Mg satisfies

t[jl2s] (Xll°°°lxrl°°°IXrIyll°°°lyrl°°°lyr) € E3 <>
t[]IZS] (Xe41r e e e rX2ry o e e r X2ey Yir oo er Yrr - - -1 ¥r) € Ez.

Note that



0,281 (X1y e v ey Xy o e ey XeyYis oo e Yerowor¥Yr) =
t(X1y oo ey Rey Vir oo o1 V) -
ElJ,28] (Re+1s e v v X2ry e v ey X2ry Yir oo e s Yer o v s ¥Yr) =
E(Xr41y oo ey X2ry Y1y oo o1 Vo) -

Hence Mg satisfies

E(X1y e e ey XeyVir oo, Yr) € E3 <
E(Xet1y e v v rX2r,Yir - - 1Y) € Es.

By the compactness theorem for first order predicate
calculus with equality, T has a countable model M =
(A,<,0,1,+,-,°,1,109,E1,E2,...). We now verify clauses 1i)-
viii) of Lemma 5.3.3, except for clause iii). In order to
verify clause iii), we must adjust M.

Claim i) is immediate from axioms 1 of T.

Claim ii) is immediate from axioms 3 of T.

Claim iv) 1is immediate from axioms 4 of T.

For claim v), let r =2 1, @(x1,...,%Xs) be a quantifier free
formula of L, a,b € N. By axiom 5 of T, M satisfies

(Vv € a(Ej;1,<®))
((3V2I e ey Vr € Ej+1) (V2I e ey Vy = aX1-|'b A CP[l/r] (Vll . . -lvr)) <>
Op(1,2,0)V1tTe(i,a,6) & Eje1) .

Set d = Op(i,a,py and € = To(i,a,b) -

For claim vi), let r,j = 1. By axiom 6 of T, M satisfies

Since r is arbitrary, M satisfies

20((Ej,'l,<00)+1
30 (Ej;1,<o) +1

Ej+1 .

NN

Ej+1 .
Claim vii) follows immediately from axioms 7 of T.

Claim viii) also follows immediately from axioms 8 of T.



Now M may not satisfy iii). We will instead use an initial
segment of M so that i1ii) holds. We need to check that the
above verifications in M are still valid in our initial
segment of M (defined below).

By axioms 2 of T, let E;’ C E; be of order type w. Let

A’ = {x € dom(M): (dy € E1') (x < y)}.
Note that by axioms 1,4 of T, A’ is closed under all of the
primitive operations of L. Hence we let M’ be M restricted
to A’, where the E; of M’ is E;’, and the E; of M', j = 2, is
E; N A,
We now show that M’ satisfies all of the claims i)-viii).
For i), note that M’ is still a model of TR(IT°;,L) because
M’ is an initial segment of M that is closed under the

operations of M.

Claims ii),1iii) are immediate by the definitions of the E;
of M’.

The remaining claims are all immediate since all of the
quantifiers are bounded, the initial segment A’ is closed
under all of the primitive operations of M, and E; has been
shrunk to E;' € E;. QED

We fix M = (A,<,0,1,+,-,°*,%,10g9,E{,E;,...) as given by Lemma
5.3.3.

DEFINITION 5.3.5. We will use the notation |yi,...,y:| for
the maximum of vyi,...,y: € A in the sense of M.

LEMMA 5.3.4. Every element of E; is nonstandard.

Proof: Fix a standard element k of E;. Let t(x) be a term of
L such that

t(x) = k 1if x = k; 0 otherwise.

By Lemma 5.3.3 iii), let k < n, n € E;. By Lemma 5.3.3
viii),
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This is a contradiction since k € E; and 0 & E3, by Lemma
5.3.3 ii). QED

LEMMA 5.3.5. Let r,j =1, @(vi,...,Vvy) be a quantifier free
formula of L, a,b € N, and x € a(E;;1,<%©) Then

(FAvo, oo oy ve € Ej41) (Vo, oo o, Ve < @X+th A @ (X, V2, ..., Vy)) <
(Avo, oo o, ve € E) (Vo, ., Ve = @ax+tb A (X, V2, o0, Ve))
Proof: Let r =2 1, @(vi,...,Vvy) be a quantifier free formula

of L, and a,b € N. By Lemma 5.3.3 v), let d,e € N\{0} be
such that the following holds. For all j = 1 and x; €
a(E;;1l,<x),

(FAvo, ooy ve € Ej41) (Vo, oo oy Ve < @X+th A @ (X, V2, o .., Vy)) <
dX+e $ Ej+1.

Now let j = 1 and x € a(Ey;1,<®). Then

(Fvo, ooy ve € Ej41) (Vo, oo o, Ve < @X+th A @(X, V2, oo o, Vy)) —
dx+e $ Ejy1 — dx+e $ E, —
(Avo, oo o, vy € E) (Vo, ., Ve < @ax+tb A Q(X, V2, o0, Ve))

QED
LEMMA 5.3.6. For all j = 1, E;1 N a(Ey;2,<0) = .

Proof: By Lemma 5.3.3 vii), this is true for j = 1,2.
Suppose this is false for some fixed j = 3. Let v € E;, p,r

=1, t(ve,...,vy) be a term of L, x3,...,%x € Ey, v =
t(x2,...,X%X¢), and 2|X2,...,%X| =YV = pPlX2,...,%/|. Then
(Fvo, ooy ve €E Ey) (Vo, ey Ve S YV AN 2 Vo, e, V| Sy <
Plviyeee, Vel ANy = t(Ve,...,Ve)).
By Lemma 5.3.5,
(Avo, oo, ve €E E)) (Vo, e vy Ve = VA 2[Ve, ., V| =y <
Plva, e, Vel ANy = t(Ve,...,Ve)).

Therefore v € a(E;;2,<»©). Since y € E;, this contradicts
Lemma 5.3.3 vii). QED

LEMMA 5.3.7. Let r =2 1 and @(v1,...,V2y) be a quantifier free

formula of L. Let x1,...,%Xor € E1, V1, ...,¥r € O0(Ey), where
(X1, ««.,%Xy) and (Xrg+1y...,X2r) have the same order type and
min, and Vi, ...,¥r < min(xi,...,xs). Then

CP(Xll---/Xr/y1/---/Yr) <> CP(XrJrl/---lx2rly1/---/Yr) .
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Proof: Let r,p be as given. Let f:N°* — N be defined by
f(x1,...,%0y) = 0 1f @(x1,...,%X2r); X1 Otherwise.
Obviously, f is given by a term t(xi,...,Xz:) of L.

Let Xi,...,%:,V1,...,Yr De as given. Since 0 & E; and
X1, ...,X2r € E1, we have

CP(X11°°°IXrIyll°°°Iyr) <> t(X:LI"'IXrIle"'Iyr) $ E3-
CP(XrJrl/---/X2r/y1/---/Yr) <> t(xr+1/---/X2r/y1/---IYr) $ Es.

By Lemma 5.3.3 viii),

E(Xet1y e e e rX2ryYir oo s ¥r) € E3 = t (X1, .../ XeyVir...,Ye) € Ez.
CP(Xll---/Xr/y1/---/Yr) <> CP(XrJrl/---lx2rly1/---IYr)-

QED

DEFINITION 5.3.6. For x in A and k = 0, we write tk(x) for
x?...1, where there are k 1’s. We take 10 (x) = x.

DEFINITION 5.3.7. By Lemma 5.3.4 and Lemma 5.3.3 iii), we
fix c; < ¢, < ... to be the strictly increasing o
enumeration of E;, which consists entirely of nonstandard
elements. The c’s are unbounded in A.

LEMMA 5.3.8. Let r =2 1 and t(vi,...,Vy) be a term of L.

There exists p € N such that for all xi,...,Xy, t(X1,...,Xg)
< 'p(l%X1,...,%]). Furthermore, if x;,...,%Xy < Cc, then
E(X1, ..., %) < Cns1.

Proof: Let r = 1. The first claim is easily proved by
induction on the term t(vi,...,Vvy).

We now show that for all p € N and n = 1, Tp(cy) < Cps1-
Suppose tp(cn) = Cpy1. By Lemma 5.3.7, for all m = n+l,

'o(cn) = cp. But this contradicts Lemma 5.3.3 iii), that the
c’s have no upper bound in A.

For the second claim, we use p from the first claim, which
depends only on r,t. Let x1,...,Xy = Cp. Then t(x1,...,Xy) <
Tp(|X1/---/Xr|) = Tp(cn) < Cp+1. QED
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LEMMA 5.3.9. For all a,b € N there exist c,d € N\{0} such
that the following holds. Let j = 1 and x € a(Ey;1,<®).
Then ax+b € Ej <> cx+d € Ej..

Proof: Let a,b € N. By Lemma 5.3.3 v), let c¢,d € N\{0} be
such that the following holds. Let j = 1 and x € E;. Then

(v, € Ej41) (V2 = axt+b A v, = ax+b) <> cx+d & Eji1.

ax+b € Ejy1 <> cx+d & Ejur.
QED

LEMMA 5.3.10. Let r = 1, a,b € N, and ¢ (x1,...,X,) be a
quantifier free formula in L. There exist d,e,f,g € N\{0}
such that the following holds. Let 7 = 1 and x €
a(Ey;1,<%0). Then (Ivy,...,ve € Ej41) (V2, ...,V < ax+b A
Q(X,V2,...,Vy)) < dx+e & Ej <> fx+g € Ej1.

Proof: Let r,@,a,b be as given. By Lemma 5.3.3 v), let d,e
€ N\{0} be such that the following holds. Let j = 1 and x €
a(Ey;1,<w). Then

(FAvo, ooy Ve € Ej41) (Vo, o0 o, Ve < @X+th A @ (X, V2, ..., Vy)) <
dX+e $ Ej+1.

By Lemma 5.3.9, let f,g € N\{0} be such that for all j = 1
and x € a(Ej;1,<»),

dx+e €& Ej+1 A fX+g $ Ej+1.

(FAvo, oo Ve € Ej41) (Vo, o0 oy Ve < @X+th A @(Vi, ..., Vy)) <
dx+e $ Ej+1 <> px+g c Ej+1.

QED

We view Lemma 5.3.10 as a form of quantifier elimination
without parameters. We need to develop a workable form of
this kind of quantifier elimination with parameters. This
requires that we have a mechanism for coding up tuples.

DEFINITION 5.3.8. We adapt the standard pairing function of
Definition 3.2.1 to map A% onto A, for our structure M.
I.e., for all x,y € A,
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P(x,y) = (x+y) (x+y+1)/2 + y = (x2+y2+2xy+x+3y)/2.

By Lemma 5.3.3 i, M satisfies TR(IPl,L). Hence P:A%? — A is
one-one, onto, P is strictly increasing in each argument,
and for all x,y € A, P(X,y) = X,V.

DEFINITION 5.3.9. We extend P naturally to any finite
number of arguments by P(x) = x, and for k = 3, P(xi,...,Xx)
= P(P(X11X2)IX3I ---lxk) .

Note that for each k = 1, P is a bijection from A* onto A, P
is strictly increasing in each argument, and for all
X1y oo, Xk E A, P(X1,...,Xx) = X1y ««.,Xx.

DEFINITION 5.3.10. We also define, in M,

x+y = the unique z such that yez = x < (y+1)ez if y = 0;
0 otherwise.

Let X1,...,Xx £ Cpn, where xi,...,xx € Ey. Suppose we want to
code Xi,...,Xx. The natural choice is of course P (X1, ...,Xxk) .
However, at this point, we don’t know that P(xi,...,xx) €
Ey, or even P(Xi,...,%xx) € Es+1, 2P(X1,...,%xx) € Ej41, oOr

3P (X1, ...,%Xx)+1l € Ej+1, which severely limits the usefulness
of P(x1,...Xx).

Our approach is to use c, > ¢, to give a code for xi1,...,xXx <

Cchn that we can really use. For each m > n, a useful code for
X1, «e.,Xxk < Cp 18

CODE (Cn; X1, +-.,%Xk) = 8((log(cn)) M+P (X1, ..., Xx))+1.
We make a more general definition.
DEFINITION 5.3.11. We define

CODE (W; X1, - -.,Xx) = 8((log(w)) T4+P (X1, ...,xx))+1.
INCODE (x) = (x-(log(x))1-1)=+8.

Here +8 1is the floor of the result of dividing by 8. Also,
the - here is associated to the left: a-b-c = (a-b)-c.

Note that CODE is given by a term in L. However, INCODE
(inverse code) is not given by a term in L. So we have to
be careful how we use INCODE. This issue arises in the
proof of Lemma 5.3.13, statement 1). But note that
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y+8 = z < 8z = y < 8z+8.
INCODE (x) = z <> 8z = x-(log(x))!1-1 < 8z+8.

Thus the associated graphs are expressible as quantifier
free formulas of L. This supports careful use of INCODE.

Recall that from the proof of Theorem 5.1.5, log(w)! is the
greatest power of 2 that is = w if w > 0; 1 otherwise.

LEMMA 5.3.11. Let k,n,m = 1, and Xi,...,Xx < Cn < Cp, Where
Xiy...,X € @ (Ey;1,<®) . Then CODE (Cnp;X1i,...,Xx) € Q(Ej;2,<x)
N Ej41. Separately, let k = 1 and 8P(xi,...,xx)+1l < log(w).
Then INCODE (CODE (W; X1, «..,Xx)) = P(X1,...,Xx) .

Proof: Let k,n,m,x1,...,Xx be as given. Note that

(Cpn+2)+1 = (log(cm))?l = cnu.
2cy = 4(log(cy)) M4P (X1, ...Xx)) =< 5cqu.

4((log(cn)) MHP(x1,...Xx)) € a(E;5;2,<0) .
CODE (Cn/ X1y ++ ., Xx) € 20(Ey;2,<00)+1.

We have CODE (Cp;Xi,...,Xx) € Ej41 by Lemma 5.3.3 vi).
Now let k,x1,...,Xx,Ww be as given. We claim that

1) log(CODE(W;X1,...,Xx)) = log(w)+3.
To see this, note that

1og (CODE (W; X1, « « -, Xx)) =
log (8 ((log(w))t + P(x1,...,xx))+1l) =
log(8(log(w))?} + 8P (X1, ...,xx) + 1) =
log((log(w)+3)1 + 8P (X1, ...,xx) + 1) =
log((log(w)+3)1 + log(w)) = log(w)+3 =
log((log(w)+3)1 + 8P (X1, ...,xx) + 1).

Using 1),

INCODE (CODE (W; X1, - . ., Xx)) = z <>
8z = CODE (W;X1, ...,%x)—(1log(CODE (W; X1, ...,%Xx))) -1 < 8z+8 <>
CODE (W; X1, +..,%Xx) - (log(w)+3)1-1 < 8z+8 <
CODE (W; X1, - -.,Xx) -8 ((log(w))1)-1 < 8z+8 <
8z = 8P (X1, ...,Xx) < 8z+8.

Hence



15

INCODE (CODE (W; X1, « « -, Xx)) = P(X1,...,Xx) .
QED

LEMMA 5.3.12. Let x € a(E;;1,<»). There exist y,z € Ej;1 N
[0,4x] such that x = y-z.

Proof: Let x be as given. By Lemma 5.3.3 vi), 2x+1, 3x+1 €
Ej;1. Write x = (3x+1)-(2x+1). QED

LEMMA 5.3.13. Let r =21, p = 2, and @(vi,...,Ve) be a
quantifier free formula of L. There exist a,b,d,e € N\{0}
such that the following holds. Let j,n =z 1 and Xi1,...,Xs €
a(Ey;1,<) N [0,cn]. Then

(HVrJrl/ c.oo V2 € Ej+1) (Vet1s e e ey Vor < Tp(|X1/ ceerXe|l) A
cP(Xll e e s XpyVetly oo oy Vor)) <
aCODE(cn+1;x1, .. .,Xr) +b $ Ej+1 <>
dCODE (Cpt+15 X1y + + - s Xr) te € Eq41.

Proof: Let r,p,p be as given. By Lemma 5.3.10, let a,b,d,e
€ N\{0} be such that the following holds. Let j = 1 and x €
a(Ey;1,<w). Then

1) (Avi, ooy Ve € Ejp1) (Viy e ey Vir S X A Vgl oo, Vor < TP ([ Vorsi-
Viypeeoer,V3r=Ve|) A INCODE (X) = P(Vor+1=Viy e e+, V3r—Ve) A Q(Vors1—
Viy oo s V3=V, Vesly oo o, Vor)) <> ax+b & Ejy <> dx+te € Ejyp.

We have used the fact that INCODE (v) = P(vi,...,Vy) can be
expanded out as a formula of L in variables v,vi,...,Vy, as
observed just before Lemma 5.3.11.

Now let j,n =1, Xi,...,%X € a(Es;1,<») N [0,c,]. By Lemma
5.3.11, CODE(Cn+1/X1y...,%r) € a(Ey;1,<). Hence we can set x
= CODE (Cpn+17 X1y - - ., Xy) and obtain the following.

2) (Hvll c.oo V3 € Ej+1) (Vig«e ., V3r = CODE (Cn417 X1y« v« Xr) A
Vrtly « o oy Vor = Tp(|V2r+1_V1/ e V3TV |) A

INCODE (CODE (Cn+17 X1y « « « s Xr) ) = P(Vors1=Vi, oo o, V3r=Ve) A @ (Vors1—
Vip e ooy V3r—Ve, Vegly o« ., V2r)) <> aCODE (Cp+17 X1, -« ., Xe) b $ Ej+1 <>

dCODE (Cpt+15 X1y + + - sy Xr) te € Ej41.

By Lemma 5.3.8, 8P(X1,...,Xr)+l < log(cCp+1) . Using Lemma
5.3.11,
3) (3V1, e ey V3p = Ej+1) (Vl, e ey Vor = CODE(Cn+1;X1, .. .,Xr) A

Vetir oo o7 Vor < 1O (I V2rs1=Viy oo oy V3r=Ve|) A P(X1, ..., Xy) = P(Vors1—
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VipeoorV3r=Ve) A @Q(V2rs1=Viy e ooy V3= Ve, Vetly oo oy Vor)) <
aCODE (Cps1; X1y « « « s Xr) 40 & Eji1 <> dCODE (Cpi1; X1, - - -, Xe) +€ € Esy1.

4) (Hvll e« oy V3r € Ej+1) (Vll e ooy Vor = CODE(CD+1;X11 ---lxr) A
Vestr oo o Vor = TP (I Vors1=Vi, oo oy Var=Ve|) A X1 = Vori=Vi A ... A
Xy = V3r=Vr A Q(V2r+1=Vi, oo oy V3=V, Visly oo oy V2r) ) <
aCODE(cn+1;x1, ...,Xr) +b % Ej+1 < dCODE(Cn+1;X1, ...,Xr) +e € Ej+1.

By Lemma 5.3.12,

5) (Hvr+1/---/V2r S Ej+1) (Vesiy oo oy Vor = CODE (Cnt17 X1y« «« s Xr) A
Vrtly o o oy V2r = Tp(|X1/---/Xr|) A CP(Xll---/Xr/Vr+1/---/V2r)) <>
aCODE (Cn+1,'X1, P ,Xr) +b % Ej+1 <> dCODE (Cn+1,'X1, P ,Xr) +e € Ej+1.

Note that the application of Lemma 5.3.12 to the x =
requires 1 = 4-3, and 4 = 11(1) is false. However, 4
is true. This explains why we require p = 2.

1
< 12(1)

By Xi,...,Xy < Cc, and Lemma 5.3.8,

6) (Hvr+1/---/V2r € Ej+1) (Vet1s o e ey Vor < Tp(|X1/---/Xr|) A
cP(Xll ce ey Xy Vetly oo oy V2r)) <> ACODE (Cny17 X1y« « « X)) +b $ Ej+1 <>
dCODE (Cpt+15 X1y + + - sy Xr) te € Ej41.

QED

LEMMA 5.3.14. Let r = 1, ii,...,ir =21, and @(x1,...,X2) be

a quantifier free formula of L. Suppose (Vvi,...,v. € E5)
(@(Ci 1y ++-sCi tyViyen.,ve)). Then for all j =1, (Vvi,...,v: €
E5) (CP(Ci_ll «eerCir/Viy .. -1 Ve)) .

Proof: Let r,@,i1,...,1r be as given. Fix n > i, ...,1i,.

We apply Lemma 5.3.13. Let a,b,d,e € N\{0} be such that the
following holds. For all j = 1,

(Avi, ..., v € Eji1) (Vi, .o o, v < |Ci_1/---/Ci_r/Cn|TT A
Vig.«.yVr = Ch A _'CP(Ci_ll---/Ci_rlvllooolvr)) g
aCODE (Cn+17Ci 17+ - +7Ci r,Cn) tD & Esi <
dCODE (Cn+17Ci 17+« -, Ci_rsCn) te € Eji1.

(Avy, ..., v € Ej41) (Vi, ..., Ve < Cn A _'CP(Ci_ll «eer7Cir/Viy .. -1 Ve))
<> aCODE (Cn+17Ci 17+ +7Ci r,Cn) tD & Esi <

dCODE (Cn+17Ci 17+« -, Ci_rsCn) te € Eji1.

By hypothesis,
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- (3Avy,...,ve E Ej)
(Vig ooy Ve = Ch A _'CP(Ci_llooolci_rlvll---/Vr))-

aCODE (Cn+17Ci 17 - -+, Ci r,Cn) tb € Ej.

Now let j = 1. Then

aCODE (Cn+17Ci 17+« -/ Ci_ryCn) th € Eji1.
Hence
_'(3V1, e e ey Vy (S Ej+1)
(Viy«-./Ve < Cn A _'CP(Ci_ll «+-7Ci r/ V1, < s Ve)) .
I.e.,
(VVl, e e ey Vy (S Ej+1)
(Viy ooy Vy < Cp — CP(Ci_ll e +e+rCi ry Vi, .. 1 Ve)) .
Since n = i;,...,1, is arbitrary and the c’s have no upper

bound in A, we have
(Vvi, ..., v. € Ej+1) (CP(Ci_ll «+-rCi r/Viy .. -1 Ve)) .
QED

DEFINITION 5.3.12. We say that t(vi,...,vy) is a (p,<®) term
of L if and only if

i. t(vi,...,vy) is a term of L.

ii. p is a positive standard integer.

iii. There exists a standard integer g such that for all
X1, ..., X € A, PIX1,...,Xe] = L(X1,...,%Xr) = glxX1,...,%]|.

LEMMA 5.3.15. Let r =21, t(vy,...,Vvyr) be a (1,<®) term of

L, and i:,...,12r =2 1, where (i:,...,1r) and (icr¢1, ...,12r)
have the same order type and min. For all j = 1, VvVi,...,V:r €
Ey, viseeo,¥Yr S min(ci 1,...,Ci 1),
t(ci_ll---/Ci_rly11---IYr) € Eyj1 <
t(ci_r+1/---lci_2r/y1/---IYr) € Ej41.

Proof: By Lemma 5.3.3 viii), this holds for 7 = 2. In fact,
in the case j = 2, we have the equivalence for any term t.

We will use Lemma 5.3.14 to argue that it holds for any j =
1. But there are many details that need to be checked.
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By Lemma 5.3.9, let a,b € N\{0} be such that the following
holds. For all j = 1 and x € a(Ey;1,<x),

1) x € Ej41 < ax+b & Eji.

Let r,t,i1,...,12r be as given. Fix n = min(ii, ..., 1i2:) .

Since t is a (1,<%) term, for all j = 1 and yi,...,yr € Ey,

2) t(Ci_l, .

«rCi rr7¥Y1r .- - ' Ye) s € (Ci_r+1/ «+-rCi 207 Y17 - - - rYr)
€ a(Ey;1,<x).

By 1),2), for all j =1 and yi,...,yr € Ey,

3) t (Ci_l, ..

-/Ci_rly11---IYr) € Ej+1 -
at(ci i, ..

«rCirrYir .- - , Yr) +b $ Ej+1
A
t (Ci_r+1l ..

«7Ci 2rr Yir - - < Yr) € By —
at(ci re1y ..

-rCi 2rr Y1y - - ., Yr) th % Ej+1‘

By Lemma 5.3.3 viii), for all vyi,...,yr € o(Ez) N [0,cal,

4) t(Ci_l, ..

-lci_rly1/---IYr) € B3 —
t(ci_r+1l ..

-rCi 2rr Y1y - - . Yr) € Es
A

t(ci_r+1/ <+ -rCi 2r/ Y1y -- s Yr) € B3 —

t(ci_ll . . -lci_rly1l . . -IYr) € E3-

By 1),2),4), for all vi,...,yv: € E> N [0,cual,

5) t(cii,--

-lci_rly1/---IYr) € B3 —
at(ci re1y ..

«rCi 2rr Yir -« -7 Yr) th $ Es
A
t (Ci_r+1l ..

-lci_2r/y1/---/Yr) € B3 —
at(ci i, ..

-7Ci rr Y1y - -rYr)th $ Es.

By elementary logical manipulations from 5,

for all
Vir---,¥Yr € E» N [0,cnl,

t(ci_ll---/Ci_r/y1/---IYr) $ Esz v
at(ci_r+1/---lci_2r/y1/---/Yr)+b $ Es
A
«rCi 2r7Y1r + o s Yr) & E; v
-/Ci_r/y1/---IYr)+b $ Es.

t (Ci_r+1l ..
at(ci i, ..

(Vulv = E3) (t(ci_ll ..

~lci_rly1/---/Yr) # u Vv
at(ci rs1y .-

«7Ci 2rrYir - - -1 Yr) th # V)
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A
(Vu,v € Es) (t(ci_r+1/ «+-7Ci 2r7Y1s - - -/ Yr) Fuv
at(Ci 1y++sCi ryVis.e.-,¥e)to # v).

6) (Vui,uz,us,us € Es)
(t(ci_ll°°°Ici_rlyll°°°lyr) #* u; Vv
at(ci_r+1/ «+-7Ci 2r7Y1s - - -y Yr) th # u
A

t(ci_r+1/ <+ -rCi 2r/ Y1y --.sYr) #F Uz V
at (Ci_ll . . -lci_rl Yir - - -1Yr)+b #* 1.14) .

Write 6) in the form

7) (VV3ri1, Virio, Varis, Varia € E3)
W(Ci 1/ +-+7Ci 207 Vorsls « » -y V3ra) -

where ¢P is given by

8) 1p(Vll---lV3r+4) =
(E(Viy e e ey Ve  Vorsly o o« s Y3r) F Virs1 V
AL (Ves1y o o ey V2r, Vorsly « « « yV3r) Th # Vireo
A

CA(Veslys o v e 1 Vory Vorsly e, ¥Y3r) # Virss V
At (Viy oo oy Ve, Vorstly o« o, ¥Y3r) 7O # Viarys)

To recapitulate, we have

9) (VV2r+1/---/V3rE E2) (Vort1y e, V3r = Cp —
(VV3ri1, Vireo, Vares, Varss € E3)
(W(Ci 17 -+ -7Ci 26/ Vorsly -« -y Y3r+a))) -

We can weaken 9) to

10) (Vvorsiy oo oy Yarea € Ep)
(Vor+1s +«-s¥Y3r < Cn — W(Ci_lr «++rCi 2ryVor+ly - .- . rVirsa) ) .

We now want to apply Lemma 5.3.14 to obtain 10) with E;
replaced by any E5, J =2 1. Lemma 5.3.14 requires that we
quantify over vi,...,Vvy, and use r' constants, where r' = 1.
We can set r' = 3r+4 and add 2r+3 dummy constants.

Hence for all j = 1,

11) (VVori1y oo vy Varia € E5i1)
(Vor+1s +«-s¥Y3r < Cn — W(Ci_lr «++rCi 2ryVor+ly - .- . rVirsa) ) .
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We can now perform the above rewriting in reverse. By 11),
for all 7 = 1 and Vvors1,...,v3r € Ey N [0,cnl,

12) (VV3ri1, Varsz, Vires, Varss € Eji1)
(W(Ci 1/ e« erCi 20y Vorsls o« oy Y3r+d)) -

By 8),12), for all j = 1 and Vorti,...,¥3r € E5 N [0,cnl,

13) (VV3re1, V3re2, V3re3, Vares € Eji1)
(t (Ci_ll «+-rCi r/Vor+ly - - . rV3r) #F Vs V
At (Ci v417 +« e 7 Ci 20y Vorsly « « « /1 V3r) O # Virio
- - A
t (Ci_r+1/ « 7 Ci 2r7V2or+lys - - s V3r) #F Virsz V
at(Ci 17+« erCi r/Vartls o+« Var) Th # Vi) .

By logical manipulations, for all j = 1 and Vorti, ...,V € Ej
M [0,cn],

14) (Vv3r+1lv3r+2 € Ej+1) (t (Ci_ll e .oy Ci_rl Vor+lr « « - IV3r) # Viar+1 V

at (Ci_r+1/ «e«7Ci2r7 Y17 - -y Ve) o # Virs2)
A

(VV3ri3, Vares € Es41) (£(Ci r41y + vy Ci 20/ Vorsly « « »y V3r) # V3rez V
at (Ci_ll LIRS lci_rl Yir -« - - IYr)-I'b #* V3r+4) .

15) t(ci_ll---/Ci_r/V2r+1/---/V3r) $ By v
at (Ci re1y«« .7 Ci 20/ Vorily -« .+, Var) tb & Eji1
A
E(Ci r1y o v-rCi 20/ Vorely « ooy Vae) & Egi1 Vv
at (Ci_ll o7 Ci ryVortiy - - - s Vir) +b $ Eji1.

16) t (Ci_ll <+ «7Ci r/Vor+ly - - . rV3r) € By —
at (Ci re1y« v .7 Ci 20/ Vorily -« .+, Var) tb & Eju1
A
C(Ci r+17 v« rCi 20y Vorsls -« -, Vi) € Ey41 —
at (Ci_ll « o7 Ci ryVortiy - - - s Vir) +b $ Eji1.

By 1),2),16),

17) t(ci_ll---/Ci_r/V2r+1I---lV3r) € By —
C(Ci r+17 «««rCi 20y Vors1y -« -, Vi) € Eyi1
A
C(Ci r+17 v« rCi 20y Vorsls «« -, Vi) € Ey41 —
t (Ci_ll o7 Ci ryVortiy - - - yV3r) € Ej+1-

18) t(ci_ll---/Ci_rlv2r+1/---/V3r) € Eyj1 <
C(Ci r+17 +«erCi 20y Vors1y -« -/ Vi) € Eyi1
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as required. QED

LEMMA 5.3.16. Let r 2 1 and t(vy,...,vy) be a term of L.
There exists a (1,<®) term t’ (vi,...,Ve+1) such that the
following holds. Let n, ] 1 and xi1,...,% € a(Ej;1,<0) N
[O,Cn]. Then t(Xl,...,Xr) Ej+1 < tf (Xl,...,Xr,CnJrl) (S Ej+1.

Proof: Let r,t be as given. By Lemma 5.3.8, let p = 2 be
such that for all n =1, Xi1,...,Xr < Cn, We have t(xi1,...,Xy)
< 'p(cy). By Lemma 5.3.13, let a,b € N\{0} be such that the
following holds. Let j,n = 1 and Xi,...,% € a(Ej;1,<®) N
[0,cn]. Then

(HY € Ej+1) (Y = Tp(|X1/---/Xr|) NY = t(Xll---er)) <>
aCODE (Cpt+15 X1y« + - s Xr) tb € Eq41.

By the choice of p and [x1,...,X:| = cn, we have

t(Xl,...,Xr) (S Ej+1 <>
aCODE (Cpt+15 X1y« + - s Xr) tb € Eq41.

So we can set t’/ (vi,...,Ve+1) = aCODE (Vy417Vi, ..., V) +b 1if
Vi, « v, Ver1| = a@aCODE (Vet17; Vi, o« ., V)t = 106alVi, v oo, Vel
|vi, ...,Vr+1| otherwise. Obviously t’ is a (1,<®) term, and
for all X1, ...,%Xr = Cn, ' (X1,...,%Xr,Cns1) =

aCODE (Cnt17 X1y « « -y X¢) b € [cp41,106achi1] . QED

LEMMA 5.3.17. Let r,j = 1 and t(vi,...,Ve) be a term of L.
Let i1,...,12: 21, and yi,...,yr € Ey, where (i,,...,1;) and
(ir+1y - -.,12¢r) have the same order type and min, and Vi, ...,VYr
<= min(ci 1,...,Ci r) . Then
t (Ci_lr «+e+rCirrYis - - oY) €
t (Ci_r+1/ «+-rCi 207 Y17 - - - rYr)

J+1 <>

E
= Ej+1 .

Proof: Let r,t(vi,...,Vye) be as given. Let t' (X1, ...,Xor+1)
be as given by Lemma 5.3.16. Let j,i1,...,12¢,V1y...,yYr bDe as
given. Let n > max(ii,...,1i2:). Obviously, Vi,...,Vr < Cn. By
Lemma 5.3.16,

t(ci_ll «+-7Ci r/ Y1y ce V) € By o=
t’ (Ci_ll «e«7CirrYireoer Yoy Cn+1) € Eju1.

t(Ci 417« sCi 20/ V1se--r¥Yr) € E5i1 <
t’ (Ci_r+1/ «+«7Ci 2r7 Y17 e e -7 Yy Cn+1) € Eju1.

Since t’ is a (1,<x) term, we see that by Lemma 5.3.15,
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t’ (Ci_ll «e«7CirrYir e r Yoy Cn+1) € Ey41 <
t’ (Ci_r+1/ «+«7Ci 2r7 Y17 e e o7 Yy Cn+1) € Eju1.
Hence
t(ci_ll «+-7Ci r/ Y1y ce V) € By o=
t(Cire1ree s Ci2rrYire oY) € Ejia.
QED

LEMMA 5.3.18. There exists a countable structure M =
(A,<,0,1,+,-,°,1,109,E,c1,C2,...) such that the following
holds.

i) (A,<,0,1,+,-,°,1,log) satisfies TR(IT%;,L);

ii) E € A\{0};

iii) The c,, n = 1, form a strictly increasing sequence of
nonstandard elements in E\a(E;2,<®) with no upper bound in
A;

iv) Let r,n =1, t(vy,...,vy) be a term of L, and X1, ...,Xy <
Cn. Then t(x1,...,%Xy) < Cnt1s

v) 200(E;1,<®)+1, 30(E;1,<x)+1 C E;

vi) Let r =21, a,b € N, and ¢@(vy,...,vy) be a quantifier
free formula of L. There exist d,e,f,g € N\{0} such that
for all x;1 € a(E;1,<%©), (Axy, ..., %Xy €E E) (X2, ...,%Xr = axi+b A
Q(X1,...,%:)) < dxite &€ E < fxi+g € E;

vii) Let r =21, p = 2, and (v, ...,V2y) be a quantifier free
formula of L. There exist a,b,d,e € N\{0} such that the
following holds. Let n = 1 and X1, ....,Xr € a(E;1,<0) N

[0,cn]. Then

(3y11---IYr € E)(Viy.eee,¥Yr = Tp(|X1/---/Xr|) A
Q(X1yeeerXey Vi oo r¥r)) <

aCODE (Cps1: X1, - - ., Xc)tb &€ E <

dCODE (Cp+17 X1, ..., Xy)te € E. Here CODE is as defined just
before Lemma 5.3.11;

viii) Let k,n,m = 1, and X1,...,Xx = C, < Cp, Where xXi,...,Xx
€ a(E;1,<©). Then CODE (Cpn;X1,...,Xx) € E;

ix) Let r 2 1 and t(vi,...,Ver) be a term of L. Let ii,...,1.s
=1 and vyi,...,¥Yr € E, where (ii,...,1:) and (i1, ...,12¢)
have the same order type and min, and Vi, ...,Vr <

min(ci 1,...,Ci r) . Then

t(ci_lr---/Ci_rIY1/---IYr) € E <«

t(ci_r+1/---/Ci_2r/y1/---IYr) € E.

Proof: Let this M be the same as the M given by Lemma
5.3.3, except that instead of using E;,E;,..., we use E =
U{En: n = 1}. We also use the enumeration c; < ¢c; < ... of
Eq.
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Claim i) is the same as Lemma 5.3.3 1i).
Claim ii) is immediate from Lemma 5.3.3 ii).

Claim iii) is from Lemmas 5.3.3 iii), 5.3.4, 5.3.6, and the
definition of the c¢’s.

Claim iv) 1is from Lemma 5.3.8.

Claim v) is immediate from Lemma 5.3.3 wvi).

For claim vi), let r,a,b,p(vi,...,vy) be as given. By Lemma
5.3.10, let d,e,f,g € N\{0} be such that the following

holds. Let j =2 1 and x1 € a(E;;1,<x). Then

(FAxo, ooy xe € Ej1) (X2y oo oy X < aX1+b A @ (X1, ..., X)) <
dx,+e $ Ejyp <= fxi+g € Ej+1.

Let x1 € a(E;1,<®). For all j = 1, if x1 € a(Ey;1,<x), then

1) (Axoyevo) X € Egu1) (X2y o« oy X < @x1tD A Q(X1, ..., X)) <
dx,+e $ Ejy1 <= fxi+g € Ej+1.

We must verify that

(Ax2, oo ., Xy E E) (X2, v 0o, Xy = axX1+b A @ (X1, ..., X)) <
dx1+e $ EF < fX1+g € E.

First assume
2) (Axz, v oo, Xr E E) (X2, 0w, Xy = @ax1+¥b A @(X1, 000y Xe)) .
Let j be such that

3) x1 € a(Ey;1,<x) .
(%o, ooy xe € Ej1) (X2y oo oy X < aX1+D A @ (X1« w0y Xy) )«

By 1),3),

dx,+e $ Ej+1.
fxi+g € Ej+1.

Since j can be raised arbitrarily,

dx1+e $ E.
fX1+g e B.
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Next assume
4) dxite & E.
By 1),4), for all j = 1, if x1 € a(Es;1,<®) then
(%o, ooy Xe € Ej1) (Roy oo oy X < aX1+D A @ (X1« oy Xy) )«
fxi+tg € Ej41.

(Ax2, oo ., Xy E E) (X2, e 0o, Xy = aX1+b A @ (X1, o .., X)) .
fX1+g e B.

Finally assume
5) fX1+g € E.

By 1), for all j = 1, if fx;+g € Ejy1 and x1 € a(Ey;1,<x),
then

(FAxo, ooy xe € Ej1) (X2y oo oy X < aX1+D A @ (X1« ooy Xy) )«
dx,+e $ Ej+1 .

Since we can choose such a j to be arbitrarily large,

(Ax2, oo ., Xy E E) (X2, v 0o, Xy = axX1+b A @ (X1, ..., X)) .
dx1+e $ E.

For claim vii), let r,p,9(vi,...,V2) be as given. By Lemma
5.3.13, let a,b,d,e € N\{0} be such that the following
holds. For all j,n = 1 and xXi,...,% € a(Ey;1,<0) N [0,cnl],

(3y1/---IYr € Ej+1) (Yir e e er¥Yr < Tp(|X1/---/Xr|) A
Q(X1y oo ey XeyVig oo or¥Ye) <
aCODE(cn+1;x1, ...,Xr) +b $ Ej+1 <>
dCODE (Cpt+15 X1y + + - s Xr) te € Eq41.

Fixn=1 and X1, ....,%Xr € 0(E;1,<©) N [0,cn]. Then for all
j =21 and x1,...,% € a(Ey;1,<0) N [0,cnl,

6) (3y11---IYr € Ej+1) (Yir e e er¥Yr < Tp(|X1/---/Xr|) A
CP(X11°°°IXrIyll°°°Iyr) <>
ACODE (Cps1; X1y « « « s Xp) +b & Es4p <
dCODE (Cpt+15 X1y + + - s Xr) te € Ej41.
We must verify that

(3y11---IYr € E) (y11---IYr = Tp(|X1/---/Xr|) A
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CP(Xll---/Xr/y1/---/Yr)) <>
aCODE (Cps1: X1, - - ., X)) tb &€ E <
dCODE (Cnt1; X1, . - -, Xy) +te € E.

First assume

7) (3y11---IYr € E) (y11---IYr = Tp(|X1/---/Xr|) A
CP(Xll---/Xr/y1/---IYr))-

Let j = 1 be such that

X1y ..., Xy € O((Ej,'l,<00).
(3y1/---IYr € Ej+1) (Yir e e er¥Yr < Tp(|X1/---/Xr|) A
CP(Xll---/Xr/y1/---IYr))-

By ©6),7),

AQCODE (Cps17 X1y « » - s Xp) +0 & Esy1.
dCODE (Cpt+15 X1y + + - s Xr) te € Eq41.

Since j can be raised arbitrarily,

aCODE (Cps1: X1, - - -, X¢) b €& E.
dCODE (Cnt1; X1, . - - s Xy) te € E.

Now assume
8) aCODE (Cnt17 X1, ---,%X:) b & E.
By 6),8), for all j =21 and Xi,...,% € a(Ey;1,<0) N [0,cnl,
(Ayis oo yr € Eju1) (Vige ooy yr < PR, o0 0y Xe]) A

cP(Xll e ooy XryVYir .. -IYr)) .
dCODE (Cpt+15 X1y + + - s Xr) te € Ej41.

(3y11---IYr € E) (y11---IYr = Tp(|X1/---/Xr|) A

CP(Xll---/Xr/y1/---IYr))-
dCODE (Cnt1; X1, - - - s Xy) +te € E.

Finally assume
9) dCODE (Cnt1; X1, ..., Xy) te € E.

By 6), for all j = 1 such that xi,...,%x € a(Ej;1,<%) N
[0,cn] and dCODE (Cnt15 X1y « .., Xr) te € Ejy41,

(3y1/---IYr € Ej+1) (Yir e e er¥Yr < Tp(|X1/---/Xr|) A
CP(Xll---erly1I---IYr)-
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ACODE (Cps17 X1y « « - s Xr) +0 & Esy1.
Since we can choose arbitrarily large such 7,

(3y11---IYr E E) (y11---IYr = Tp(|X1/---/Xr|) A
CP(X].I°°°IXIIyll°°°Iyr)°
aCODE (Cpt1; X1, + - ., X:) b & E.
For claim viii), let k,n,m,xi1,...,Xx be as given. Let j = 1
be such that xi,...,xx € a(E5;1,<%). By Lemma 5.3.11,
CODE (Cn/ X1y . . ., Xx) € Ej41. Hence CODE (Cup;X1,...,Xx) € E.

For claim ix), let r,t,i1,...,12¢,V1,-..,Yr e as given. By
Lemma 5.3.17, for all j =1, if yi,...,yr € E; then

10) t(Ci_l,.--/Ci_rIY1/---/yr) € Ej+1 hig
t(ci_r+1/---/Ci_2r/y1/---IYr) € Eja.

We must verify that

t (Ci_ll . . -lci_rl Yir - - -IYr) €
t (Ci_r+1/ «++7rCi 2r7 Y1y .- r Yr)

First assume t(ci 1,...,Ci ryYi/.-.,Yr) € E. Let J =2 1 be such
that

11) Yi,...,v: € Ej.
t(ci_ll ---lci_rly1l ---IYI) S Ej+1-

By 10),11),

t(ci_r+1/---/Ci_2r/y1/---IYr) S Ej+1.
t(ci_r+1/---lci_2r/y1/---IYr) € E.

Finally, assume t(Ci r+1y.+.,Ci 2r/Y1s.-.,¥r) € E. Let J 2 1 be
such that

12) Yir « e «r ¥Yr (S Ej.
t(ci_r+1/---/Ci_2r/y1/---IYr) S Ej+1.

By 10),12),

t(ci_ll°°°Ici_rlyll°°°lyr) S Ej+1-
t(ci_ll°°°Ici_rlyll°°°lyr) € E.

QED



