Problem 6.3.37: Find the Laplace transform of the function f : [0, 00) —
0, 1) that is defined by f(t) =t when 0 <t < 1and f(t+1) = f().
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FIGURE 6.3.9 The function f(¢) in
Problem 37; a sawtooth wave.

Solution: Firstly, we note that 0 < f(¢) < 1 for every ¢t € [0,00), we see
that L{f(t)} = F(s) is defined for every s > 0. Using the same notation as
the course textbook we recall that for ¢ € R we have

1 ift>c’

0.1) w(t) = {O ift <c
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FIGURE 6.3.1 Graph ot y = u.(¢).

We now observe that for any 57 > 0 we have

0 ift<y
(02) u](t) — U,j_|_1(t> =<1 iftj<t<g+1.
0 ifj+1<1¢
It follows that we can write
(0.3) F£) = (uj(t) = uja(t))(t — 5), so for s > 0 we have
j=0

04) L0} = [ st = [ (e~ walt) (e~ et
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05 = [ o) - wleie - e

J=0

We will now calculate each integral in equation (0.5). Firstly, we note that

(0.6) Aw ()t — f)edt = Am LBt — ey

—Sj

(0.7) = 6_3j/ te S'dt = eV L{t} = ‘
0

52

We can also deduce the results of equations (0.6) and (0.7) directly from
Theorem 6.3.1 of the textbook. Next, we note that

08 [ w0t = et == [Tuatte— G+ 1+ Ve

(09) = — /OOO Uj+1(t)(t - (] + 1))€_Stdt — /OOO Uj+1(t)€_8tdt

(0.10) L) — G+ D))} — L (®)-1)
—s(j+1) —s(j+1)
by Thm. 6.3.1 € €
A1 — _ _
(0.11) 2 .

Putting together the results of equations (0.6)-(0.11) we see that

e_sj 6_5(j+1) €_S<j+1)

(0.1 Amwﬂw—uﬁw»@—w“ o

S S

S

Plugging in the results of equation (0.12) back into equation (0.5) we see that

013) > [ ) = wal)ie - e
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0 e~ 5] e—s(j—i-l) e—s(j—i—l)
013 ()

J=0 J=0
1 1Z°° G 1 1/ e 1 1
= — — — S — — _ _ el e ——
(0.16) s? s = ‘ s? s (1 — 65) s s(es—1)]
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Problem 6.4.3: Solve the initial value problem

(0.17) y" + 4y = sin(t) — us,(t) sin(t — 27);  y(0) =0, 3'(0) = 0.

Solution: From Corollary 6.2.2 of the textbook we see that
(0.18) LLy' ()} = sL{y(t)} — y(0) = sL{y(t)}, and
(0.19) L{y"(t)} = s*L{y(t)} — sy(0) —y'(0) = s>L{y (1)}, s0
(0.20)  L{y"(t) +4y()} = L{" ()} +4L{y (1)} = s"L{y()} + 4L{y(1)}
(0.21) = (s> + ) L{y(t)}.

We also see that
(0.22)  L{sin(t) — uan(t)sin(t — 21)} = L{sin(t)} — L{usn(t)sin(t — 27)}

1 — 6—27?5

(0.23) = L{sin(t)} — e *™L{sin(t)} = (1 — e ) L{sin(t)} = a1

We now see that taking the Laplace transform of both sides of equation (0.17)
yields

(0.24) L{y"(t) + 4y(t)} = L{sin(t) — uo,(t)sin(t — 27)}
(0.25) L (S ALy} = %
0.26) 0] R

(s> +1)(s* +4)
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Now that we have calculated L(y(t)), we want to determine y(t). We first
require preliminary calculations with partial fractions before we can attempt to
calculate the inverse Laplace transform. We see that

(0.27) 1 _As+B+Cs+D
' (s2+1)(s2+4) s2+1  s2+4
1
(0.28) —
(s241)(s*> +4)
 (A+0O)s*+(B+D)s*+ (4A+C)s+ (4B+ D)
B (s2+1)(s*>+4)
A+ C =0
B +D =20 1 1
AB + D =1
1 1 _1
(0.30) — 4 3

1 — 27 1 /1 — e 27s ] — g 2ms
0.31 — Lyy(t)} = = - — .
(0.31) Wi = a0 3( 211 244 )

Now we observe that

0.32) £_1{% (82 1+ 1)} _ %sin(t),
(0.33) |

c—l{% (;21 1 )} by Thm 631 —éu%(t) sin(t — 27) = —%u%(t) sin(t),
(0.34) c—l{—% <s2 : 4)} _ 2 {5214} _ —ésin(Qt),and
039) £ (S5 1T O S0 ) = guae(tsint2(e - 2m)
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(0.36) _ éu%(t) sin(2t — dr) — éu%(t) sin(2t).

[t follows that

o =G ()
o (et ()
ey () oG ()
(0.39) _ %sin(t) _ éu%(ﬂ sin(t) — ésin(Zt) i éu%@) sin(2t)
(0.40) _ %sin(t)(l s (t)) — %sin(%)(l = g (1))
(0.41) _ éu — gy (1)) (25in(t) — sin(28)) |
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Modified Problem 6.4.15: Solve the initial value problem

(0.42) 4™ +5y"+4y = 1—un,(t); y(0) = 0, /(0) = 0, y"(0) = 0, y"(0) = 0.

Solution: From Corollary 6.2.2 of the textbook we see that
(0.43) L{y'(t)} = sL{y(t)} —y(0) = sL{y()},
(0.44) L{y"(t)} = " L{y(t)} — sy(0) — ¢/(0) = s*L{y()},
(0.45) L{y"(t)} = s*L{y(t)} = s°y(0) — sy/(0) — y"(0) = s°L{y(t)}, and

(0.46) L{y(t)} = s'L{y(1)} — s’y(0) — s*/(0) — s9"(0) —y"(0)
= s'L{y(t)}.

We now take the Laplace transform of both sides of equation (0.42) and see
that

(0.47) Ly () + 59" (t) + 4y(t)} = L{1 — up (1)}

(048) = L{yW)} +5L{y" (1)} + 4L{y(t)} = L{1} — L{us- (1)}

(0-49) — s L{y(t)} +55°L{y(t)} +4L{y(t)} = é - e—:“
(0-50) — (s + 55" + 4)L{y(t)} = ¥
(0.51) s L{y(t)} = 1 —e 2 _ 1 — o275

Cos(st 4 hs24+4)  s(s2H4)(s241)

Now under normal circumstances we would attempt to use partial fractions

and obtain a decomposition of the form
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1 _A$+B+03+D+E
s(s2+4)(s2+1)  s2+1 244 s’

(0.52)

but let us recall that when solving problem 6.4.3 we showed that

1 — 6—27rs 1 | |
(52 +4)(s2 + 1)} = —(1 — ug.(t))(2sin(t) — sin(2t)).

(0.53) £ -

We now see that

1 — 6—27rs

(s2+4)(s*2+1)

(0.54) =sL{y(t)} = L{y'(t)}

1 — 6_27TS
(s2+4)(s?+1)

L1 = e (8))(25in(t) — sin(28))

F=5

(0.55) — ¢/(t) = L7
056) — y(t) = /O éa g ())(2in (1) — sin(2u))du + ¢

(0.57) :éu—u%(t)) /0 (2sin(w) — sin(2u))du

+ éuzﬁ(t) /0 7T(2 sin(u) — sin(2u))du + ¢
(0.58) = é(l — Uor(t))(—2 cos(u) + %COS(ZU)) i:o

+ Suselt)(~2cosu) + g cos2u))| 4
0.59) = S0 (1)) (~2eos(t) + 5 cos20) + 5) +

Recalling that y(0) = 0, we see that ¢ = 0, so our final answer is

(0.60) () = (1 — use(t))(~2cos(t) + 7 cos(21) +5)|
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