Problem 5.2.17: Solve the following initial value problem.

(1) y' — 3y — 18y =10; y(0)=0,y(0) =4

Solution: We sce that the characteristic polynomial of equation (1) is

(2) 0=7r>=3r—18=(r —6)(r +3),

which has roots r = —3, 6. It follows that the general solutions to equation (1)
IS

(3) y(t) = cre + coe.

Using the initial conditions, we see that

0 = y(0) = ce?P+ce = ¢+
(4) TN e 30 60 _
4 = y(0) = =3c1e’” + 6c2e”” = —3c1 + 62
(5) R cCi + Co = 0 R2i3>R1 c1T + Cy = 0
—3c1 + 6cy = 4 9cy = 4
LR — _ _ _4
(6) g_>2 C1 -+ Co B 2 Ri—Ry C1 - 9
Co 9 Cy = 9
4 4
(7) — y<t> = —§G_Bt + §€6t
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Problem 5.2.23: Solve the following initial value problem.

1

(8) y' — vy + V= 0; y(0)=1,9'(0) =2.

Solution:We see that the characteristic polynomial of equation (8) is

1 1
9 O=pr2—pr4+=-= ~)2
() r r 4 (T 2)’

which has r = % as a double root. It follows that the general solutions to

equation (8) is

(10) y(t) = cie? + cote?.
Noting that

, I ¢ 1 ¢ 1 e 1 ¢
(11) y(t) = 50167 + coe? + 5027562 = (501 + co)e? + 502?567,

we can use the initial conditions, to see that

1 = y(0) = cre? +cy-0- e

(12) : | 01 o
2 = 9y(0) = (5c1+c)ez+5c-0-e2 = 3¢+
C1 =1 C1 — 1
13 — —
(13) Wt o=2 " o=2-31=3
3
(14) — y(t):e%—i—ite%.
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Problem 5.2.31: Solve the following initial value problem.

(15) y" +6y' + 10y = 0; y(0) =0,4'(0) = 6.

Solution: We sce that the characteristic polynomial of equation (15) is

—6+£v62—4-1-10 —6++/—4
N 2

(16) 0=7r"+6r+10 —r = T

— 3+,
It follows that the general solutions to equation (15) is

(17) y(t) = e 4 e300 — cosin(t)e + ¢, cos(t)e .

Noting that
(18)  9/(t) = cicos(t)e ™ — 3eysin(t)e ™ — cysin(t)e ™ — 3cy cos(t)e ™
(19) = (=3¢ — cg)sin(t)e ™ + (¢ — 3¢g) cos(t)e ™,

we can use the initial conditions to see that

0 = y(0) = c¢;sin(0)e™" + ¢ cos(0)e30

20) 6 4(0) = (=3¢ — e2) sin(0)e30 + (€1 — 3es) cos(0)e~30
0 = (5)) Cr = 0

<21) %6261—302%01 :6—|—362:6

(22) — |y(t) = 6sin(t)e |
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Problem 5.2.37: Solve the following initial value problem.

(23) t*y" + 6ty + 6y =0; y(1)=0,y(1) = —4.

Solution: We perform a substitution (or a change of variables) in order to
convert equation (23) into a constant coefficient differential equation, which will
then be straight-forward to solve. Letting x = In(t), we see that t = e*, and

we may define = y(e*) = y(1). We see that
(24) () = Lh(z) = Ly(e") = () - e = y/(e") - ¢ = ty/(t), and
dx dx dx ’
d d d d
2 /! —_ / - x ! T —_ €T . / T X L / X
25) W) = () = (Y () = () - f () + €7 i ()

(26) — emy/(6x> + 6:1: . exy//(ex) — ea:yl(ex> + 62my//<6.:1:) — ty/<t> +t2y”(t).

We now see that

(27) = 1%y 4+ 6ty + 6y = (t*y" + ty/) + Sty + 6y

(28) = (t%"(t) + ty/ (1)) + 5ty (t) + 6

(29) = 1" (z) + 51/ (z) + 6 =

We see that the characteristic equation of our is

(30) 0=7r*+5r4+6=(r+2)(r+3),

and has solutions r = —3,—2. It follows that the general solution to our
1S

(31)

Recalling that = In(t), we see that the general solution to equation (23) is
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(32) — h(l’) — 616—296 4 626—3x _ Cle—an(t) 4 626_31n(t) _

Making use of the initial conditions, we see that

(33) 0=yl = 1%+ 1% = c1+ ¢y
—4 = 9y'(1) = —2¢;- 13 =3¢ 171 = —2¢; — 3¢9
ct + ¢ =0 R+2R ¢ + ¢ = 0
(34) T % — 3¢y = -4 —c = —4
1p — _ -
si ¢ + o = 0 Ri—R C1 = 4
(35) — Cy = 4 Cr = 4
(36) — |y(t) = =4t 2 4 473,
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Modified Problem 5.2.43: Determine A, w, and ¢ for which

(37) —3sin(4t) 4+ 3cos(4t) = Asin(wt + @).

Solution: Firstly, we use the angle-addition formula for sin to see that
(38) Asin(wt 4 @) = Asin(wt) cos(p) + Asin(p) cos(wt), so

(39) —3sin(41) + 3cos(41) = A cos(p)sin(wt) + Asin(p)cos(wl ).
We now see that w = 4, and that

Acos(p) = =3

(40) Asin(p) = 3

(41) — A% = A%cos’(p) + A%sin®(p) = (=3)? + 32 =18 = A=+ 3V2

cos(p) = +-L 3r 0w
42 — . 2 o= = —, —=
(42) sin(p) = :I:% LRI
3
(43) — —3sin(4t) 4+ 3cos(4t) = |3v/2sin(4t + ZW) — | —3V/2sin(4t — g) .

This is gmplitude—
phase form since A is
positive.
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