Problem 1 (Not from the text book): Find the inverse of

I =2 3
A=10 2 =5
I -1 1

Solution: We reduce the 3 by 6 matrix [A|l3] until the left half is in reduced
echelon form, which will be I3 since A is invertible.

1 =2 3/100 (12 31 00
(1) 02 5010 —="[0 2 =50 10
1 -1 1]/001
. 1 311 00
(2) o — {01 =210 %0
0 1 —2|—-101 01 —2/—-101
10 -2/1 10 10 -2[1 10
— 1 5 1 2 5 1
(3) =101 —=2/0 5 0]—101-2]0 1 0
5 1
Lo (1O 20110y
(4) 5" 5101 0/=5 =25
00 1 |-2—-12 001/—2 —1 2
To check our work, we note that
1 -2 3 —3 —1 4
(5) AA =10 2 5| -5 —25
1 —1 1 —2 —1 2
1-(=3)+(-2)-(-5)+3-(-2) 1-(-1)+(-2)-(-2)+3-(-1) 1-4+(-2)-5+3-2 1 0 0
(6) —(o (=3)+2-(=5) + (=5)- (=2) 0-(=1)+2-(=2)+(=5)-(~1) 0-4+2-5+(5)~2)—(0 1 0).
T (=3) 4+ (=) (=5)+1-(=2) 1-(-1)4+(=1)-(=2)+1-(=1) 1-44(=1)-5+1-2 0 0 1

Remark: We only have to check that A™'A = I3 OR AA™! = I3. We do
not have to check both.
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Problem 4.9.46: Consider the matrices A, D ane E given by

2 —1
(7) At = 5 1 , D = —12 and £ = |1 1
0 2 1 02 0 3

Find matrices B and C for which AB =D and CA = F.

Solution: We see that

(8) A'D =AY AB) = (A'A)B = B = B,so0
A 3 1]]-123
B p=atn= 1ol 100
(10) 3 (=1)+1-13-241-03-3+1-2
0 (=) +2-10-24+2-00-3+2-2

i S|

Similarly, we see that

(12) EA ' =(CAA T =C(AA™ )Y =CL, =, so
2 =1 3 4 2-34+(—=1)-0 2-14(-1)-2
(13) C=BEA'=|1 1 [o 2]: 1-3+1-0 1-1+1-2
0 3 0-3+3-0 0-1+3-2

(14) -

S W D
S W O

Page 2



Sohail Farhangi Recitation Notes for 10/27,/2020

Problem 4.9.59: Let @ and v be vectors in R”, and let I,, denote the (n x n)
identity matrix. Let A = I,, + @¥", and suppose that ¥ @ # —1. Show that

1

(15) Al =1, — atv’!, where a = T

This result is known as the Sherman-Woodberry formula.

Example: If n = 3,

1 —1
(16) U= (2] andv=| 1 | then
3 0

1
(17)  dla=(-110) (2) =(=1)-1+1-240-3=1%# —1and
3

100 1
(18) A=L+avr" =010+ [2](-110)
001 3
100 1-(=1) 1-1 1-0
(19) =010+ {2-(-1) 2120
001 3-(=1) 3-1 3-0
100 ~110 0 10
(20) =|010]+[-220])]=[-230
001 —3 30 -3 31

We also saw that

—1 10
(21) v =1andw’ = | -2 2 0] so
—3 30
1 1 1
22 = — — ~ and
(22) “Tiyda 141 2™
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100y /=110 2 10
—1 — ]
23) A'l=L—aut' =010 5| 220)=|1 00
001 -3 30 g 31
Indeed, we see that
0 10\ /2 -0
(24) AA = -=230] 1 0 0
3 3
-331) \2 21
0-2+1-140-3 0-(—3)+1-04+0-(—2) 0-0+1-0+0-1 1 00
(25) —((2)~§+3~1+0~§ (=2) - (=5)+3-04+0-(—3) (2).0+3~0+0-1>—<0 1 0)
(=3)-2+3-1+1-2 (=3)-(—3)+3-0+1-(=3) (=3)-0+3-0+1-1 0 0 1

Solution: The inverse of a matrix (if it exists) is unique, so for

(26) B =1, — ait’,

we only have to verify that

(27) AB =1, or BA = I,

as we will then know that A is invertible, and that A~! = B. Since ¢'% is a
scalar, let us simplify our notation by letting

1

28 b= so that a = ——.
(28) vt so that @ = ——

We see that

(29) AB = (I,+ai")(I,—aiiv") = 1,1, +@0" I,+1,(—atd’ )+’ (—ait")

(30) =1, +ut’ — auwv’ — a(uv”)(av’) = I, + uv" — atv’ — ai(v @)
By (28) T T 01\ =T - - -
(31) = I, +ut —auv —ad(b)v" =1, +uv" — aut’ — abuv
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1 b
(32) :Lﬁw1—a—ammﬁEi@)h+41—1+b—1+ymf

(33) =1, +0-av’ =1,
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Some Problems From the Appendix on Complex
Numbers

Modified Problem 12: Plot z = —1 — %z in the complex plane. Then
i0

find the modulus and argument of z, and express z in the form z = re".

2 ST
Solution: Based on the diagram below, we see that —1 — =i = |—=€' |.
Q| —] - =il
m(d ):m 5 o
g ! N
® (o ST 0%
; Oam+r
Q |
=27
(=) 2 2. \a. b
:-ﬁ.—;— [-1) ‘}'(ﬁ
Problem 19: For z = —1 + 47 and w = 5 + 2¢ evaluate ‘ﬁ|
Solution 1: We see that
(34) z —l+4  —1+4 —1+4 10-4 (—1+42)(10 — 44)
2w 2(54+2i)  104+4i 1044 1o:4¢_ (10 4 44)(10 — 44)
(35) —10 + 407 + 41— 1642 i2=—1 —10 + 402 + 4¢2+16 6+44z'
T 100 + 407 — 40i—16i2 100 + 40i — 40i+16 116
3+22@ 3+ 221 1 1 493
36 ‘ ‘_ — |3422i] = —/32 1207 = | Y20
(36) = 2w ‘ rglo 22l = gVt 53

Solution 2: We see that
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el e =1+ (1242 VIT V493
2w|  2lw| 2|5+ 2i 2v/52 + 22 2v/29 58 |

) |5l

Problem 28: Evaluate i(e't — e™'%).

Solution: Recalling Euler’s formula

(38) e = "t = ¢"(cos(y) + isin(y)), we see that

v v s v

(39)  i(e's —e6) = ((cos(g) +1 Sin(g)) — (cos(—g) +1 sin(—g)))

v v

(40) =1 ((cos(g) + i sin(g)> — (cos(g) — isin(%))) =1 (2@' sin(%))

(41) =i(2i- o) =i" =[—1].

Problem 53: Find all possible fourth roots of —16. Equivalently, find all
possible values of (—16)%1.

Solution: We see that

(42) =16 =16-(—1) = 16e™ = 16e™*2"™) (where n is an integer)

1

I 1
(43) — (—16)%1 = (16ei(ﬂ+2nﬁ))4 _ 16‘11 <ei(7r+2n7r))4
(44) = 2¢'(1+37) (where m is an integer)
® (10 € 2026 2 207),

Making use of Euler’s formula, we see that
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.. T 1 1
(46) =2 (cos(—) + zsm(z)) = Q(E + ZE) =
(A7) 26T =2 <cos(%”) + ism(%”)) — 2(—% + z\%) = —V2+V2i
(48) = (cos(%r) —i—isin(%)) = 2(—% + z(—%)) =
(49) 26T =9 (COS(%T) + isin(%)) = 2(% + 2(—%)) =2 — V2,
(50) = (=16)T € |{ V2 + /2, V2 = V2i}|




