Problem 3.2.31: Use a scalar line integral to find the length of the curve
t.t
(1) (t) = (20 Sm(4) 20 005(4) 2), for 0 <t < 2.

Solution: Firstly, we note that

(2) () = <5cos(£), —58111(%), %>.

We now see that

1
(3) Arclength(C /1ds—/ 7' (t)|dt = / |5(:os —58111(4) §>|dt

() _ /O : \/ (5 cos@)Q + (-58111(%))2 + (%)Zt
(5) = /0 : \/ 25 COSQ(E) + 25 sinQ(fl) +idt = /0 : \/%dt

e 1
(6) — 25115‘0:2 257 = V101
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Problem 3.2.46: Find the work required to move an object along the line
segment from (1,1, 1) to (8, 4,2) through the forcefield F' given by

3 <3§',y,2>
7 F = :
(7) r? 4y + 22

Solution 1: Firstly, we recall that one method of parameterizing the line
segment that starts at p and ends at ¢ is to use the parameterization

(8) rt)=1—-t)p+tg=p+tlg—p), 0<t<1.
[t follows that
9) 7(t) = (1,1, 1)+t ((8,4,2) — (1,1,1)) = (147, 1+3t,1+¢t), 0<t <1,

is a parameterization of the line segment from (1,1, 1) to (8,4, 2). We now see
that

1
(10) Work = / Fdr= / E(7(t)) - 7' (t)dt
C 0
! (1+7t,1+3t,1+t)
11 = ’ ’ (7,3, 1)dt
(1) /0£1+7t)2+(1+3t)2+(1+t){i75>—/
F(#(t))
(19 _/1 (1+7t)-T+(1+3t)-3+(1+¢)-1
S 1414t 4982 + 146t + 92 + 14+ 2t + 12

1 1 11 1 11
11 + 59¢ t+ = t+ =
(13) :/ - th:/ 5 | 22 > 3dt:/ 11 259 56 dt
0 3+ 22t + 59t 0 B2+ 5t + 5 o (t+25)*+ 357

1 1 5 \ (1 [1
14 (o2 2 ):—1 23)|.
(14) QD((+59)+3481)0 > In(28)
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Solution 2: We note that for ¢ = %ln(x2 + y? + 2%) we have Vi = ]3, SO
the Fundamental Theorem for Line Integrals (section 3.3) allows us to simplify
the calculations from equations (10)-(14) as follows.

(15) Work—/Cﬁ-df—/CVgo-dF—gp((S,él,Q))—gp((l,l,l))

1 1 1 1 1
(16) =5 In(82 +4%+2%) — éln(12+ 12 +1%) = 5 In(84) = S In(3) = |5 In(28) |
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Problem (not from the book): Determine whether the vector field F
given by

- 1
(17) F={y—e"V ox—e"+1,-)
2

is a conservative vector field. If F' is conservative, then find a potential function
©.

Solution: Letting

1
(18) m(z,y,2) =y —€e"", n(z,y,2)=xz—e"Y+1, plx,yz2)=-,
z

we see that
(19) F={m,n,p), and

om on  On op Om op
9 - —1— :E+y:_ R - & - — —
(20) Oy c or’ 0z 0 oy’ 0z ! ox’

so F' is a conservative vector field, so we will now find the potential function ©.
We recall that

—

(21) (m,n,p) =F =V = (0, 0y,0).
We will now handle the 3 scalar differential equations that arise from (21) in

order to find ¢ (but only up to a constant).

(22) 901<$,y, Z) — m(aj,y, Z) - y_€$+y — @('xaya Z) = XTY — ez—{_y—l_h(ya Z)

(23) z— e+ 1=n(zr,y,2) = py(x,y,2) =2 — "V + hy(y, 2)
— hy(y,2) =1 —= Wy, 2) =y+g(z) = ox,y,2) =y — e +y+g(z).
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(24) - = = 9.(2) = ¢'(2) = g(2) =In|z| + C

IS

—lo(z,y,2) =2y — "V +y+Inl|z| + C|
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Problem (not from the book): Evaluate

(25) /O<\4/x +6+In(In(In(e” +4+ ) — 1,4 +2+ 6y2> . dF,

where C'is the curve that is shown in the picture below.

+ s 2 o

z (t4—1¢)
o =tz 2 Line Segment

?,/ (Q + cos(r}_? sin(r}}

-3 =t= % Partial Elllpse - ! 1 1 1 1 ! 1 ! 1 1 1 1 S ! 1 h__\\. 1
?./ (2 cos(z) 2 sin(r}—i‘} /—\ . \I\."-,

= <t< m  Semicircle

c (—Q—cos(r}_isin(r}} ) 4 2 0 2 [
-7 =t= = Partial Ellipse

Q (5. | /
=t< 2 Parabolic Arc . . 2 r
D () ' |
@ : B
FIGURE 1

Solution: Letting

(26) m(z,y, 2) = Vo + 6+ In(In(In(e” +4+z))) — 1, and
(27) n(z,y,z) =1y +2+ 6y2, we see that

(28) F = (m,n), satisfies

om on
29 )=
(29) 0y ox

so I is a conservative vector field. We also see that
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(30) /(\4/x+6+1n(1n(1n(eee+4+:1:)))—1,y3—|—2+ey2>-dF:/ﬁ-dﬁ
C C

Since F' is conservative and C' is a (simple piecewise smooth oriented) closed
curve, we see that

(31) /Oﬁ-df:@.

Challenge for the brave: Letting C once again denote the curve in figure
1, evaluate

(32) /C (. 0) - dF
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