Problem 3.6.16: Use the method of variation of parameters to find the
general solution to the differential equation

(1) (I—t)y '+t —y=20t—-1)7%" 0<t<l,

given that y;(t) = €' and y5(¢) = t are solutions to the corresponding homo-
geneous equation.

Solution: We begin by considering solutions to equation (1) of the form

(2) y(t) = wr(t)y(t) + ua(t)ya(t) = e'ur(t) + tus(t),

where u1(t) and uy(t) are functions that are yet to be determined. We see
that

(3) y (1) = e'ul(t) + elu(t) + tuy(t) + uolt).

Viewing uq(t) and wus(t) as free variables, we see that we have 2 degrees of
freedom, but we currently only have 1 constraint, which is that y(¢) satisfy
equation (1). It follows that we can impose a second constraint, so we impose

(1) OGO =0 (& u(l) ==l & ult) = [ S,
from which we see that

(5) Y (t) = e'ua(t) + ua(?).
We now see that

(6) ' (t) = el (t) + elui(t) + uh(t), o

(7) At=1Pe "= (1—-t@y"+ty — vy

(8) = (1 —t)(e"u)(t) + elug () uy(t)) —1# t(efuy () uQ(t’ — (efuy (£)+ tus(t))
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(11)
(12)
(13)

(14)

(15)

(=Rt =) =M@+ o' (1) — te'un (1) +ui(t) — tus(?)

= (@ =) + 1) = (€N (1) + (L =)&) + 1) — (£)ut)

+ el (t) — te'ul(t) + uh(t) — tuy(t)

= e'u)(t) — te'ul (t) + ub(t) — tuy(t)

by (4)

0 i) + ) + ule) — (1) = (BEDRE

= u(t) = 2¢7 " (1) = —2te

* 1 *
— ui(t) = te ¥ + 56_% and us(t) =

Page 2


Anonymous
Highlight

Anonymous
Highlight

Anonymous
Highlight

Anonymous
Highlight

Anonymous
Highlight

Anonymous
Highlight

Anonymous
Highlight

Anonymous
Highlight

Anonymous
Highlight

Anonymous
Highlight

Anonymous
Highlight

Anonymous
Highlight

Anonymous
Highlight

Anonymous
Highlight

Anonymous
Sticky Note
This is a particular solution, not the general solution.




