Problem 6.3.37: Find the Laplace transform of the function f : [0, 00) —
0, 1) that is defined by f(t) =t when 0 <t < 1and f(t+1) = f().
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FIGURE 6.3.9 The function f(¢) in
Problem 37; a sawtooth wave.

Solution: Firstly, we note that 0 < f(¢) < 1 for every ¢t € [0,00), we see
that L{f(t)} = F(s) is defined for every s > 0. Using the same notation as
the course textbook we recall that for ¢ € R we have

1 ift>c’

(1) uc(t)—{o if t <c
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FIGURE 6.3.1 Graph ot y = u.(¢).

We now observe that for any 57 > 0 we have

0 ift<y
2) ut) —up(t) = 41 ifj<t<j+l.
0 ifj+1<1t
[t follows that we can write
(3) F£) = (uj(t) = uja(t))(t — 5), so for s > 0 we have
j=0

W) LN = [ o= [ S () welt)le - e at
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5) S5 [l upa o)t - e
j=0 "0
We will now calculate each integral in equation (5). Firstly, we note that

(6) /OOO (D)t — fetdt = e /OOO LBt — ey

(7) Tt e”/ w; (T4 j)reTdr = esj/ Te Tdr
0 0
—57 e_sj
(8) =e YL{T}(s) = o

We can also deduce the results of equations (6) and (8) directly from Theorem
6.3.1 of the textbook. Next, we note that

© [ e - e = [ walte - G+ 1+ e a

10y  =— /0 T (Ot = (G + 1))edt — /O (et

(11) = —L{uj () = G+ 1))} = L{ujn(t) - 1}

(12) by Thm. 6.3.1 e—sU+l)  o—s(i+1)
— . S

Putting together the results of equations (6)-(12) we see that

G_Sj €—S(j+1) e—s(j—i—l)

13 /Ooo<uj<t>—uj+1<t>><t—j> o

S S

S

Plugging in the results of equation (13) back into equation (5) we see that
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(14)

(15)

j=0
> e_sj > 6_5(j+1) 6_S<j+1)
(16) - (Z 9 ) + ( o 2 ) + T )
: S S S
=0 3=0 7=0
6—5~O —s-1 6—5~2 e 1 6—5~2 6—3-3
(17) = 2 2 T 2 o)+ (= 2 2 2
+(>) -
j=0
1 L o UM S o PREARY
(18) R D e B D DL
7=0 7=0
1 - 1 1/ e 1 1
19 = — — — SJ = _ = = | — —
(19) s ; s s (1 — €3> s s(ef—1)
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