Problem 2.2.31: Solve the differential equation

dy x2 +xy+y2
€T

Solution: Letting

2

T’ + zy + 32
® Flay) = =42

we see that for any real number ¢ we have

)

(cx)? + (cx)(cy) + (cy)? B a? + ay + AP
(cx)? B c2x?

(3) F(cx,cy) =

% + Ty + y2
(4) = o = F(z,y),

so equation (2) is a homogeneous equation. Lettingw = 2 we see that

(5) ?/:@:E/_EZQI_Q
de x 22 x x

/

(6) — ' +v=1"

We may now rewrite equation (2) as a differential equation in v. Observe that

9 2 p 2
p oy TTHTYTYy Ty Y

(7) witv=y = . —P+ﬁ+?

(8) :1+%+(%)2=1—|—v+v2

(9) — ol =1+ %

We see that equation (9) is a separable differential equation, so we may go
ahead and solve it by separating the variables. We see that

dv _dx
1+02 x

(10)
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(1) ~ / 1 f}v? N d?x

(12) — tan '(v) = In(x) + C.
(13) —mmr%%y:m@y+c
(14) -+%:umm@g+0)
(15) — |y(z) =y = ztan(In(z) + C),

Since there were no initial values, we did not need to solve for C', but we do
need to find an interval on which the solution is valid. We see that we need
x # 0 in order for equation (2) to be well defined, x > 0 in order for the In(z)
in equation (15) to be well defined, and we need In(z) + C' to be contained
between 2 consecutive odd multiples of 7 in order for the tan in equation (15)
to be well defined. This last conditions results in the following calculations.

2n—1 2 1 2n — 1 2 1
(16) In(2)+C € (2—=r, 27 s ln(z) € (—r—0, 1)
2 2 2 2
(17) S x € (eQnT_l”_C, G%PC) (for some integer n)|.
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