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•   Explore models that are not analytically exactly solvable.

•   Hubbard Model, Frustrated spin models.

•   To confirm or disprove the existing concepts

•   Extend understanding beyond analytical solutions. 

•   Is there superconducting phase in 2D repulsive fermionic Hubbard model? 

•   To discover possible new phases of matter

•   Develop a quasi-particle picture 

•   To do something and spend the computer time (Peter Prelovsek)  

Why Numerical simulations?



For Example

1D Hubbard Model (chain)
Exactly solvable 
Prediction: Spin-charge separation 

K. Al-Hassanieh et al., Phys. Rev. Lett. 114, 066421 (2015) 
K. A. Al-Hassanieh et al., Phys. Rev. B 88, 045107 (2013)
T. Ulbricht et al., EPL 86, 57006 (2009) 
 
 

tDMRG

Wave-packet propagation 
across the phase boundary 

Can we go 
beyond this?



Non-interacting vs interacting models

Non – interacting systems 
Single particle states 

Interacting systems 
Hubbard Model

Hilbert Space: 2N
easily diagonalizable for large systems

Or
Solve exactly by FT to momentum space

Hilbert Space: 4N

configurations/site

4 →16 → 64 → 256 → 1024 → 2048
… →  65536 (8-sites)

Can not simply use ED 



Well, this is clearly a problem.
Exact Diagonalization – Limited to small system sizes.

Quantum Monte Carlo – infamous sign problem. 

How to reduce the complexity? 
Can we truncate the Hilbert-space? 

K. G. Wilson, Rev. Mod. Phys. 47, 773 (1975)



Wilson’s Numerical Renormalization Group

1) Start with 2-sites Hamiltonian.
 

2) Diagonalize it.

3) Keep only eigenvectors corresponding to the lowest 
    Energies. U (square matrix) → U (rectangular matrix)

4) Use the rectangular rotation matrix ‘U’ to rotate the 
    All operators in the new basis

5) Add a site on the right-hand side and go back to step (2)
  



Wilson’s Numerical Renormalization Group

This way, we keep only the low 
energy states contributing to the 
ground-state. Therefore we 
expect to get the low energy 
physics correctly. 

However, this scheme 
performed poorly for most 
interacting models (even for the 
Heisenberg model), with 
exception of Kondo and 
Anderson impurity problem. 

Block Growth

K. G. Wilson, Rev. Mod. Phys. 47, 773 (1975)



Truncation

It turns out that better way to truncate is not using the eigenstates of the Hamiltonian, but using 
the eigenstates of the density matrix. 

Change of basis

Small error



Density Matrix

● Hermitian matrix.
● Eigenvalues are positive-real. 
● Trace equals to unity. 
● Eigenvectors form an orthonormal basis.



1) Start with 1-sites Hamiltonian with 
    local operators.

2) Add one site to the right (forming system) and one 
   to the left (environment).

Left
Right

i
i+1

i+3i+2

(4x4)

(4x4)

Infinite Density Matrix Renormalization Group

Example: Heisenberg Hamiltonian
- Local operators: Spin-1/2 Pauli matrices
- Hamiltonian: zero for one-site

Note: 
Must write all the operator at each 
site in the corresponding left/right 
Hilbert space.



Left Right

i
i+1 i+3i+2

(4x4) (4x4)

3) Use the left and right blocks to form 
the “superblock” Hamiltonian.

Infinite Density Matrix Renormalization Group



i
i+1 i+3i+2

(16x16)

4) Diagonalize the Hamiltonian. 
Generally power methods such as Lanczos or 
Davidson Algorithms are used to obtain only the 
ground-state of the super-block  

5) Calculate the reduced density matrix of Left and 
Right.
   

6) Diagonalize the rho_L and rho_R – storing only the 
eigenvectors corresponding to the largest 
eigenvalues.  

   

Infinite Density Matrix Renormalization Group



Infinite Density Matrix Renormalization Group

7) Using the truncated rotation operators (U) – truncate and 
rotate all the operators, on each site (in new basis).   

7a) Use UR for the operators in Right partition. 
7b) Use UL for the operators in Left partition.

8) Go back to Step 2 with new 
Left and Right block, each 
with 2 sites. 

Repeat:
- Add a site to Left/Right 
- Combine to form superblock 
- ground-state of superblock 
- form reduced density matrix Left/Right 
- Truncate-rotate all operators to new basis. 



Finite Density Matrix Renormalization Group



Possible Improvements 

1) Sparse Matrix Algebra. 

2) Lanczos or Davidson iterative power method to find the ground-state 
of superblock. 

3) H|v> multiplication “onFly” without creating the Hamiltonian of the 
superblock.

4) Wave-function transformation (Prediction) 
to approximate the ground-state 
of next DMRG step.

5) Use Symmetries of the Hamiltonian. 
   - [H,Sz] = 0
   - [H,S^2] = 0
   - translation invariance. 

6) Parallelization using multiple cores (OpenMP, pthreads), or using 
multiple nodes (OpenMPI) or both. 

S. R. White,  Phys. Rev. 
Lett. 77, 3633 (1996)

E. Dagotto, Rev. Mod. 
Phys. 66, 763 (1994)

Intel or Eigen Libraries

E. M. Stoudenmire 
et al., Phys. Rev. B 
87, 155137 (2013)



Limitations 

● DMRG is best for 1D or quasi-1D systems, but becomes less 
efficient in higher dimensions. 
● Note: DMRG is exact in the limit of no truncation.

 
● Convergence can be difficult with gapless systems, Hamiltonian 

with long-range interactions (or hopping), and periodic boundary 
conditions.  

● The limitations can be traced back to 
the entanglement entropy that follows 
area law.    



Limitations 

● Eigenvalues of the 
density matrix. singlet

Valence bond solid

Entanglement entropy is 
proportional to the number of 
broken bonds by boundary.  

Large 
Entanglement 
Entropy



Applications

Spin Chains 
Fermionic Models



Spin Chains

Spin ½ edges
Haldane gap

S. R. White,  Phys. Rev. B 69, 2863 (1992) S. R. White,  Phys. Rev. B 48, 10345 (1993) 



N. D. Patel et. al., Phys. Rev. B 96, 024520 (2017)

Pairing in multi-orbital Hubbard chains

Pair real-space structure
Singlet Pairing Amplitude



Spectral function calculations with DMRG

Orbital selective Mott insulator

Mott orbital

Metallic 
orbitals

A(k,w) N(k,w)

N. D. Patel et. al., ArXiv:1807.10419 (2018)



Conclusion

● Numerical methods are needed to confirm or disprove 
concepts.

● DMRG is a very powerful tool that allow us to study 1D or 
quasi-1D quantum many-body problems. 

● Well defined measure of error to control the DMRG 
algorithm. 

● DMRG can be used to study static as well as dynamical 
properties of model Hamiltonians.





Hubbard Models

S. R. White and D. J. Scalapino
Phys. Rev B 55, 6504 (1997)



- All possible configurations

- Probability associated 
with i^th configuration 

Truncation

Truncation error
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