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My goal here is go give you a slightly more systematic way of setting up the integrals for finding
the ~E-Field due to continuous charge distributions.

The equation for an ~E-field is equation 23.11 in the book. It says

~E = k

∫
dq

r2
r̂

Think about what this means very carefully. Under the integral we have the electric field from a
little segment of charge dq. Notice this has all of the characteristics we have come to love about
~E-field equations: a charge in the numerator (dq), distance squared in the denominator (r2), and
a unit vector pointing from the charge to the point of observation (r̂).

So what is the integral in red doing? If you recall your calculus class, integration is really the same
as performing a sum with very small step sizes. So the integral goes across the charge distribution,
and for each tiny chunk of charge dq, computes the ~E-field, and then adds them all together. This
is really just a restatement of the principle of superposition: “Add up all the contributions of the
many little charges (dq) and you’ll have the total electric field.”

Our task is to find a way to make the integral doable by hand. The following steps help me
think about the problem, and may help you. In the examples below, P is the observation point.

1. Pick a variable to integrate over. Always start here. Examine the geometry of your
system, and pick a variable to integrate over that makes it the easiest to collect all of the
charge. Remember: the goal is that when you perform the integral, you integrate over all of
the little pieces dq. So pick a variable that makes this simple. If you integrate a bar lying
on the x-axis from x = 0 to x = L (example 1) then integrating with respect to x makes
sense. If instead you are integrating a hoop of wire, you may want to choose to integrate
with angular variables, for example θ from π/2 to 3π/2 (example 2).

2. Rewrite dq in terms of your integration variable. If you’ve chosen x as your integra-
tion variable, find a way to convert between dq and dx. This change of variable is often the
hardest part of the problem. Think hard about what might relate the two. For the line of
charge in example 1, dq=λ dL = λ dx. In words, the amount of charge contained in a little
chunk dq is the same as the charge density λ times the length of the little piece of the line
dL. An because of the geometry, we can set dL = dx.

3. Rewrite r2 in terms of your integration variable. Again, make the substitutions nec-

essary to turn r2 into a function of your integration variable of choice. In example 1, you
could write r2 = (h2 + x2).



4. Decide what to do with r̂. I always start by writing down r̂ in terms of the unit vectors x̂
and ŷ. I.e., r̂ = cos θx̂+ sin θŷ might be one way to decompose it, depending on your choice
of θ!!! If the question asks for the vertical component of the field, then I will only hang on
to the ŷ component, etc. Then, I figure out what sin θ is in terms of other parameters of
the problem. For example 1, we might write down that for the x-component of the field we
have cos θ = adj

hyp
= x√

x2+h2 .

After performing all of these steps, you are ready to integrate. Again, remember the over-
arching goal was to pick an integration variable and then write everything else in
terms of that variable. For completeness, your final answer for example 1 would have
looked like:

~E = k

∫
dq

r2
r̂ = k

∫ L

0

λ dx

r2
r̂ = k

∫ L

0

λ dx

h2 + x2
r̂ =⇒ ~Ex = k

∫ L

0

λ dx

h2 + x2
x√

h2 + x2
x̂

On an exam or quiz, you could now look at the integral table and finish things off.


