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Links in homology spheres are homotopic to slice links - an
application of the relative Whitney trick

@ Definitions and statement of the main theorem

© The story for knots (Austin-Rolfsen '99)

© Key tool: A sufficient condition for sliceness
(J.C. Cha-M.H. Kim-M. Powell '20)

@ The (relative) Whitney trick

© Proof of the main theorem.
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Slice links in S3.

This project is part of a program of asking about the difference between
knot (link) concordance in S and concordance for knots (and links) in
homology spheres.

The central question of knot (and link) concordance is as follows:

Question

Given a link L in S3, does that link bound disjoint smooth / locally flat
embedded disks in the 4-ball?

Definition
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homology spheres.

The central question of knot (and link) concordance is as follows:

Question

Given a link L in S3, does that link bound disjoint smooth / locally flat
embedded disks in the 4-ball?
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locally flat embedded disks in the 4-ball.
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Slice links in S3.

This project is part of a program of asking about the difference between
knot (link) concordance in S3 and concordance for knots (and links) in
homology spheres.

The central question of knot (and link) concordance is as follows:

Question

Given a link L in S3, does that link bound disjoint smooth / locally flat
embedded disks in the 4-ball?

Definition
A link is called smoothly / topologically slice if it bounds disjoint smooth /
locally flat embedded disks in the 4-ball.

v

e I'll be (mostly) interested in the topological setting today.

@ What does it mean for a link in a homology sphere to be slice?
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Slice links in homology spheres.

When one says that a link in some 3-manifold is slice, they are saying that

that links bounds (locally flat) disks in a specified 4-manifold.
°

Definition (For today)

Chris Davis — UWEC (classical knots, virtual Relative Whitney Trick 8 February 2021 4/18
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When one says that a link in some 3-manifold is slice, they are saying that
that links bounds (locally flat) disks in a specified 4-manifold.
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Slice links in homology spheres.
When one says that a link in some 3-manifold is slice, they are saying that
that links bounds (locally flat) disks in a specified 4-manifold.

@ Given a homology sphere, we need to specify a 4-manifold.

e By [FQ90] Any homology sphere bounds a unique contractible
4-manifold. By the 4-dimensional Poincaré conjecture, B* is the
unique contractible 4-manifold bounded by S3.

Definition (For today)
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Slice links in homology spheres.

When one says that a link in some 3-manifold is slice, they are saying that
that links bounds (locally flat) disks in a specified 4-manifold.
@ Given a homology sphere, we need to specify a 4-manifold.

e By [FQ90] Any homology sphere bounds a unique contractible
4-manifold. By the 4-dimensional Poincaré conjecture, B* is the
unique contractible 4-manifold bounded by S3.

Definition (For today)

A link in a homology sphere, L C Y is slice if it bounds disjoint locally flat
embedded disks in the contractible 4-manifold, By, bounded by Y.
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Slice links in homology spheres.

When one says that a link in some 3-manifold is slice, they are saying that
that links bounds (locally flat) disks in a specified 4-manifold.
@ Given a homology sphere, we need to specify a 4-manifold.

e By [FQ90] Any homology sphere bounds a unique contractible
4-manifold. By the 4-dimensional Poincaré conjecture, B* is the
unique contractible 4-manifold bounded by S3.

Definition (For today)

A link in a homology sphere, L C Y is slice if it bounds disjoint locally flat
embedded disks in the contractible 4-manifold, By, bounded by Y.

e Meta-question: Pick a property of links in S relating to sliceness.
Does this property hold for links in homology spheres?
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Slice links in homology spheres.

When one says that a link in some 3-manifold is slice, they are saying that
that links bounds (locally flat) disks in a specified 4-manifold.
@ Given a homology sphere, we need to specify a 4-manifold.

e By [FQ90] Any homology sphere bounds a unique contractible
4-manifold. By the 4-dimensional Poincaré conjecture, B* is the
unique contractible 4-manifold bounded by S3.

Definition (For today)

A link in a homology sphere, L C Y is slice if it bounds disjoint locally flat
embedded disks in the contractible 4-manifold, By, bounded by Y.

e Meta-question: Pick a property of links in S relating to sliceness.
Does this property hold for links in homology spheres?

e Example: Any knot K in S3 bounds a P.L (but non-locally flat) disk,

cone(K), in B* = cone(S?). [Ak91, Lel6] Not so for knots in
homology spheres.
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Stating the main theorem
Meta-question: Pick a property of links in S* relating to sliceness. Does
this property hold for links in homology spheres?
°
Theorem (D. 2020)

Today:

Theorem (D.-Orson-Park)
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Stating the main theorem

Meta-question: Pick a property of links in S* relating to sliceness. Does
this property hold for links in homology spheres?

@ (Today) Any link in S3 is homotopic (as a function from US? to S3)
to a slice link. Is the same true of links in homology spheres?
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Stating the main theorem

Meta-question: Pick a property of links in S3 relating to sliceness. Does
this property hold for links in homology spheres?

@ (Today) Any link in S3 is homotopic (as a function from US? to S3)
to a slice link. Is the same true of links in homology spheres?

Theorem (D. 2020)

If'Y bounds a smooth contractible 4-manifold W which has no 3-handles
then any link in Y is homotopic to a link which bounds a disjoint union of
smoothly embedded disks in W.

v

Today:
Theorem (D.-Orson-Park)
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Stating the main theorem

Meta-question: Pick a property of links in S3 relating to sliceness. Does
this property hold for links in homology spheres?

@ (Today) Any link in S3 is homotopic (as a function from US? to S3)
to a slice link. Is the same true of links in homology spheres?

Theorem (D. 2020)

If'Y bounds a smooth contractible 4-manifold W which has no 3-handles
then any link in Y is homotopic to a link which bounds a disjoint union of
smoothly embedded disks in W.

v

Today:
Theorem (D.-Orson-Park)

Any link in a homology sphere is homotopic to a slice link.
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The story for knots (Austin-Rolfsen '99)
Theorem (Austin-Rolfsen)

Any knot in a homology sphere is homotopic to a slice knot.
o

Goal: Do the same for links.
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The story for knots (Austin-Rolfsen '99)

Theorem (Austin-Rolfsen)
Any knot in a homology sphere is homotopic to a slice knot. J

e [FQ90]|The Alexander polynomial detects free sliceness:
Ak(t) = £tP if an only if K is freely slice.

Goal: Do the same for links.
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The story for knots (Austin-Rolfsen '99)
Theorem (Austin-Rolfsen) J

Any knot in a homology sphere is homotopic to a slice knot.

e [FQ90]|The Alexander polynomial detects free sliceness:
Ak(t) = £tP if an only if K is freely slice.

@ Ak is computed by the Seifert matrix: Let F be a Seifert surface.
The Seifert form (or matrix, after a choice of basis)
V : Hi(F) x Hi(F) — Z is given by («, 3) + lk(a, 37). The
Alexander polynomial is given by A (t) = det(V —tVT)
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The story for knots (Austin-Rolfsen '99)
Theorem (Austin-Rolfsen) J

Any knot in a homology sphere is homotopic to a slice knot.

e [FQ90]|The Alexander polynomial detects free sliceness:
Ak(t) = £tP if an only if K is freely slice.

@ Ak is computed by the Seifert matrix: Let F be a Seifert surface.
The Seifert form (or matrix, after a choice of basis)
V : Hi(F) x Hi(F) — Z is given by («, 3) + lk(a, 37). The
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The story for knots (Austin-Rolfsen '99)
Theorem (Austin-Rolfsen) J

Any knot in a homology sphere is homotopic to a slice knot.

e [FQ90]|The Alexander polynomial detects free sliceness:
Ak(t) = £tP if an only if K is freely slice.

@ Ak is computed by the Seifert matrix: Let F be a Seifert surface.
The Seifert form (or matrix, after a choice of basis)
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The story for knots (Austin-Rolfsen '99)
Theorem (Austin-Rolfsen) J

Any knot in a homology sphere is homotopic to a slice knot.

e [FQ90]|The Alexander polynomial detects free sliceness:
Ak(t) = £tP if an only if K is freely slice.

@ Ak is computed by the Seifert matrix: Let F be a Seifert surface.
The Seifert form (or matrix, after a choice of basis)
V : Hi(F) x Hi(F) — Z is given by («, 3) + lk(a, 37). The
Alexander polynomial is given by A (t) = det(V —tVT)

. 01
@ Homotope until V = @; (0 O)'

NE
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o Now Ak(t) = £tP, so K is slice.

Goal: Do the same for links.
Chris Davis — UWEC (classical knots, virtual Relative Whitney Trick 8 February 2021 6/18



Key tool: A sufficient condition for sliceness.

Theorem (Cha-Kim-Powell [CKP2020])

Let L be a boundary link in S3. If L bounds a Seifert surface admitting a
symplectic basis {c;, B;}5_, so that for all j, a; UJ; Bi and B; U J; B;"
are link-homotopically trivial then L is (freely) slice.

(D.-Orson-Park) This generalizes to links in homology spheres.
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Theorem (Cha-Kim-Powell [CKP2020])

Let L be a boundary link in S3. If L bounds a Seifert surface admitting a
symplectic basis {c;, B;}5_, so that for all j, a; UJ; Bi and B; U J; B;"
are link-homotopically trivial then L is (freely) slice.

e J C S3%is link-homotopically trivial if there is a sequence of
self-crossing changes reducing J to the unlink.

(D.-Orson-Park) This generalizes to links in homology spheres.
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Key tool: A sufficient condition for sliceness.

Theorem (Cha-Kim-Powell [CKP2020])

Let L be a boundary link in S3. If L bounds a Seifert surface admitting a
symplectic basis {c;, B;}5_, so that for all j, a; UJ; Bi and B; U J; B;"
are link-homotopically trivial then L is (freely) slice.

e J C S3is link-homotopically trivial if there is a sequence of
self-crossing changes reducing J to the unlink.

e J C S3is link-homotopically trivial iff J bounds a disjoint union of
immersed disks in B*. (4D-homotopically trivial)

(D.-Orson-Park) This generalizes to links in homology spheres.
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Cha-Kim-Powell generalizes to links in homology spheres.

Theorem (Cha-Kim-Powell [CKP2020])

Let L be a boundary link in S3. If L bounds a Seifert surface admitting a
symplectic basis {«;, Bi}%_, so that for all j, aj UJ; B,-Jr and ;U J; ﬂ,ﬂ'
are link-homotopically trivial then L is (freely) slice.

Lemma (D.-Orson-Park)
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Cha-Kim-Powell generalizes to links in homology spheres.

Theorem (D.-Orson-Park)

Let L be a boundary link in Y. If L bounds a Seifert surface admitting a
symplectic basis {«j, B} so that for all j, aj U|J; B,-Jr and ;U Uiﬂfr are
4D-link-homotopically trivial then L is (freely) slice.

Lemma (D.-Orson-Park)
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Cha-Kim-Powell generalizes to links in homology spheres.

Theorem (D.-Orson-Park)

Let L be a boundary link in Y. If L bounds a Seifert surface admitting a
symplectic basis {«j, B} so that for all j, aj U|J; B,-Jr and ;U Uiﬂfr are
4D-link-homotopically trivial then L is (freely) slice.

o Alink J C Y is 4D-link-homotopically trivial if its components bound
disjoint immersed disks in By .

Lemma (D.-Orson-Park)
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Cha-Kim-Powell generalizes to links in homology spheres.

Theorem (D.-Orson-Park)

Let L be a boundary link in Y. If L bounds a Seifert surface admitting a
symplectic basis {«j, B} so that for all j, aj U|J; B,-Jr and ;U Uiﬂfr are
4D-link-homotopically trivial then L is (freely) slice.

o Alink J C Y is 4D-link-homotopically trivial if its components bound
disjoint immersed disks in By .

@ The proof is the same as in Cha-Kim-Powell.
°
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Cha-Kim-Powell generalizes to links in homology spheres.

Theorem (D.-Orson-Park)

Let L be a boundary link in Y. If L bounds a Seifert surface admitting a
symplectic basis {«j, B} so that for all j, aj U|J; B,-Jr and ;U U,ﬁ?’ are
4D-link-homotopically trivial then L is (freely) slice.

o Alink J C Y is 4D-link-homotopically trivial if its components bound
disjoint immersed disks in By .

@ The proof is the same as in Cha-Kim-Powell.

@ We will homotope a link in Y to satisfy these hypotheses.
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Cha-Kim-Powell generalizes to links in homology spheres.

Theorem (D.-Orson-Park)

Let L be a boundary link in Y. If L bounds a Seifert surface admitting a
symplectic basis {«j, B} so that for all j, aj U|J; B,-Jr and ;U U,ﬁ?’ are
4D-link-homotopically trivial then L is (freely) slice.

o Alink J C Y is 4D-link-homotopically trivial if its components bound
disjoint immersed disks in By .

@ The proof is the same as in Cha-Kim-Powell.

@ We will homotope a link in Y to satisfy these hypotheses.

Lemma (D.-Orson-Park)
Any link in 'Y is homotopic to a 4D-homotopically trivial link. J
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Cha-Kim-Powell generalizes to links in homology spheres.

Theorem (D.-Orson-Park)

Let L be a boundary link in Y. If L bounds a Seifert surface admitting a
symplectic basis {«j, B} so that for all j, aj U|J; B,-Jr and ;U U,ﬂ?’ are
4D-link-homotopically trivial then L is (freely) slice.

o Alink J C Y is 4D-link-homotopically trivial if its components bound
disjoint immersed disks in By .

@ The proof is the same as in Cha-Kim-Powell.

@ We will homotope a link in Y to satisfy these hypotheses.

Lemma (D.-Orson-Park)
Any link in 'Y is homotopic to a 4D-homotopically trivial link. J

@ The key to this lemma is the relative Whitney trick.
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The Whitney trick (in dimension 4)

Goal: Find “cancelling” points in the intersection of surfaces in a
4-manifold and removed them by a homotopy.

Let S; and S; be immersed surfaces in a 4-manifold,
intersecting transversely in a points p, q.
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The Whitney trick (in dimension 4)

Goal: Find “cancelling” points in the intersection of surfaces in a
4-manifold and removed them by a homotopy.

Let S; and Sy be immersed surfaces in a 4-manifold,
intersecting transversely in a points p, q.

Let a;,a» C S1, S, be arcs connecting p to g

If a1 * a» bounds an immersed disk A so that the
framing induced by S; U S, extends over A then A
is a Whitney disk.
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The Whitney trick (in dimension 4)

Goal: Find “cancelling” points in the intersection of surfaces in a
4-manifold and removed them by a homotopy.

Let S; and S; be immersed surfaces in a 4-manifold,
intersecting transversely in a points p, q.

Let a;,a» C S1, S, be arcs connecting p to g

If a1 * a» bounds an immersed disk A so that the
framing induced by S; U Sy extends over A then A
is a Whitney disk.

Slide S; over A to “cancel” these two points of in-
tersection.
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The Whitney trick (in dimension 4)

Goal: Find “cancelling” points in the intersection of surfaces in a
4-manifold and removed them by a homotopy.

Let S; and S; be immersed surfaces in a 4-manifold,
intersecting transversely in a points p, q.

Let a;,a» C S1, S, be arcs connecting p to g

If a1 * a» bounds an immersed disk A so that the
framing induced by S; U S, extends over A then A
is a Whitney disk.

Slide S; over A to “cancel” these two points of in-
tersection.

Be careful! You might add new points of intersection.
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Let a;,a» C S1, S, be arcs connecting p to g
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The Whitney trick (in dimension 4)

Goal: Find “cancelling” points in the intersection of surfaces in a
4-manifold and removed them by a homotopy.

Let S; and S; be immersed surfaces in a 4-manifold,
intersecting transversely in a points p, q.

Let a;,a» C S1, S, be arcs connecting p to g

If a1 * a» bounds an immersed disk A so that the
framing induced by S; U S, extends over A then A
is a Whitney disk.

Slide S; over A to “cancel” these two points of in-
tersection.

Be careful! You might add new points of intersection.

This trick works very well in high dimensions and is used in eg. the
Whitney embedding theorem and the h-cobordism theorem.

Chris Davis — UWEC (classical knots, virtual Relative Whitney Trick 8 February 2021 9/18



The relative Whitney trick.
Goal: At the cost of changing the boundary of a surface by a homotopy,

remove a point of intersection.

Let S; and S, be immersed surfaces, p € $1N
5S>, and g; € 9S; N OW.

.
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The relative Whitney trick.
Goal: At the cost of changing the boundary of a surface by a homotopy,

remove a point of intersection.

Let S; and S, be immersed surfaces, p € $1N
5S>, and g; € 9S; N OW.

and go, and a3 C W connect g1 to g

Let a1, a> C S1, S be arcs connecting p to g1 /]
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The relative Whitney trick.
Goal: At the cost of changing the boundary of a surface by a homotopy,

remove a point of intersection.

Let S; and S, be immersed surfaces, p € $1N
5S>, and g; € 9S; N OW.

Let a1,a> C 51, S, be arcs connecting p to g1
and go, and a3 C W connect g1 to g

If a1 * as * a3 bounds an immersed disk A then A is a relative Whitney
disk. (Any framing on a; * a, extends over A.)
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The relative Whitney trick.

Goal: At the cost of changing the boundary of a surface by a homotopy,
remove a point of intersection.

Let S; and S, be immersed surfaces, p € 51N
5S>, and g; € 9S; N OW.

Let a1,a» C 51, S, be arcs connecting p to g1
and g», and a3 C OW connect g1 to g0

If a1 * as * a3 bounds an immersed disk A then A is a relative Whitney
disk. (Any framing on a; % a, extends over A.)

Slide S; over A to remove this point of intersection.
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The relative Whitney trick.

Goal: At the cost of changing the boundary of a surface by a homotopy,
remove a point of intersection.

Let S; and S, be immersed surfaces, p € $1N
5S>, and g; € 9S; N OW.

Let a1,a» C 51, S, be arcs connecting p to g1
and go, and a3 C W connect g1 to g

If a1 * as * a3 bounds an immersed disk A then A is a relative Whitney
disk. (Any framing on a; * a, extends over A.)

Slide S; over A to remove this point of intersection.

Be careful! You might add new points of intersection.
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The relative Whitney trick.

Goal: At the cost of changing the boundary of a surface by a homotopy,
remove a point of intersection.

Let S; and S, be immersed surfaces, p € $1N
S, and g; € 9S;NOW.

Let a1, a> C 51, 5o be arcs connecting p to g1
and g, and a3 € QW connect g1 to g»

If a1 * ap * a3 bounds an immersed disk A then A is a relative Whitney
disk. (Any framing on a; x a, extends over A.)

Slide S; over A to remove this point of intersection.

Be careful! You might add new points of intersection.
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The relative Whitney trick.

Goal: At the cost of changing the boundary of a surface by a homotopy,
remove a point of intersection.

Let S; and S, be immersed surfaces, p € $1N
S, and g; € 9S;NOW.

Let a1, a> C 51, 5o be arcs connecting p to g1
and g, and a3 € QW connect g1 to g»

If a1 * ap * a3 bounds an immersed disk A then A is a relative Whitney
disk. (Any framing on a; x a, extends over A.)

Slide 51 over A to remove this point of intersection.
Be careful! You might add new points of intersection.

Use this idea to remove all intersection points between immersed disks.
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Proof of the disjoint immersion lemma

Lemma (Homotopy trivializing lemma)

Any link in a homology sphere is homotopic to a 4D-homotopically trivial
link.

Proof for a 2-component link:
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Proof of the disjoint immersion lemma

Lemma (Homotopy trivializing lemma)

Any link in a homology sphere is homotopic to a 4D-homotopically trivial
link.

Proof for a 2-component link:

o m(By)=0 = L=L;UL bounds
immersed disks Dy U D5.
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Proof of the disjoint immersion lemma

Lemma (Homotopy trivializing lemma)

Any link in a homology sphere is homotopic to a 4D-homotopically trivial
link.

Proof for a 2-component link:

o m(By)=0 = L=L;UL bounds
immersed disks Dy U D5.

o Take p € D1 N D,. Find a rel. Whitney
disk, A. (m1(By) = 0)
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Proof of the disjoint immersion lemma

Lemma (Homotopy trivializing lemma)

Any link in a homology sphere is homotopic to a 4D-homotopically trivial
link.

Proof for a 2-component link:

o m(By)=0 = L=L;UL bounds
immersed disks Dy U D5.

o Take p € D1 N D,. Find a rel. Whitney
disk, A. (m1(By) = 0)

e Problem: A might intersect Dy. If so, |D; N Dy| increases.
°
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Proof of the disjoint immersion lemma

Lemma (Homotopy trivializing lemma)

Any link in a homology sphere is homotopic to a 4D-homotopically trivial
link.

Proof for a 2-component link:

o m(By)=0 = L=L;UL bounds
immersed disks Dy U D5.

o Take p € D1 N D,. Find a rel. Whitney
disk, A. (m1(By) = 0)

e Problem: A might intersect Dy. If so, |D; N Dy| increases.
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Proof of the disjoint immersion lemma

Lemma (Homotopy trivializing lemma)

Any link in a homology sphere is homotopic to a 4D-homotopically trivial
link.

Proof for a 2-component link:

o m(By)=0 = L=L;UL bounds
immersed disks Dy U D5.

o Take p € D1 N D,. Find a rel. Whitney
disk, A. (m1(By) = 0)

e Problem: A might intersect Dy. If so, |D; N Dy| increases.

@ Solution: Use a finger move to kill this intersection and increase
number of double points in Dy

°
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Proof of the disjoint immersion lemma

Lemma (Homotopy trivializing lemma)

Any link in a homology sphere is homotopic to a 4D-homotopically trivial
link.

Proof for a 2-component link:

e m(By)=0 = L=L;UL; bounds
immersed disks Dy U D5.

o Take p € D1 N D,. Find a rel. Whitney
disk, A. (m1(By) = 0)

e Problem: A might intersect Dy. If so, |D; N Dy| increases.

@ Solution: Use a finger move to kill this intersection and increase
number of double points in D5

°
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Proof of the disjoint immersion lemma

Lemma (Homotopy trivializing lemma)

Any link in a homology sphere is homotopic to a 4D-homotopically trivial
link.

Proof for a 2-component link:

e m(By)=0 = L=L;UL; bounds
immersed disks Dy U D5.

o Take p € D1 N D,. Find a rel. Whitney
disk, A. (m1(By) = 0)

e Problem: A might intersect Dy. If so, |D; N Dy| increases.

@ Solution: Use a finger move to kill this intersection and increase
number of double points in D5

°
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Proof of the disjoint immersion lemma

Lemma (Homotopy trivializing lemma)

Any link in a homology sphere is homotopic to a 4D-homotopically trivial
link.

Proof for a 2-component link:

o 7T1(By) =0 — L=1L7U L bounds
immersed disks Dy U D5.

o Take p € D; N D,. Find a rel. Whitney
disk, A. (m1(By) = 0)

e Problem: A might intersect Dy. If so, |D; N Dy| increases.
@ Solution: Use a finger move to kill this intersection and increase
number of double points in Dy

@ After removing all points from Dy N A perform the relative Whitney
Move. |D; N Dy| reduces. The number of double points of D
increases.
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Proof of the disjoint immersion lemma

Lemma (Homotopy trivializing lemma)

Any link in a homology sphere is homotopic to a 4D-homotopically trivial
link.

Proof for a 3-component link.
o
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Proof of the disjoint immersion lemma

Lemma (Homotopy trivializing lemma)

Any link in a homology sphere is homotopic to a 4D-homotopically trivial
link.

Proof for a 3-component link.
@ By is simply connected: L bounds

immersed disks Dy, Dy, Ds.

o Take p € D; N D, and find a relative
Whitney disk Ap.
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Proof of the disjoint immersion lemma

Lemma (Homotopy trivializing lemma)

Any link in a homology sphere is homotopic to a 4D-homotopically trivial
link.

Proof for a 3-component link.
@ By is simply connected: L bounds

immersed disks Dy, Dy, Ds.

o Take p € D; N D, and find a relative
Whitney disk Ap.

@ We already know how to deal with
points in A, N Dy. Points in A, N Dy
are fine.
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Proof of the disjoint immersion lemma

Lemma (Homotopy trivializing lemma)

Any link in a homology sphere is homotopic to a 4D-homotopically trivial
link.

Proof for a 3-component link.
@ By is simply connected: L bounds

immersed disks Dy, Dy, Ds.

Take p € D; N D, and find a relative
Whitney disk Ap.

We already know how to deal with
points in A, N Dy. Points in A, N Dy
are fine.

Problem: A, might intersect D3. If so, |Dy N D3| increases.
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Proof of the disjoint immersion lemma

Lemma (Homotopy trivializing lemma)

Any link in a homology sphere is homotopic to a 4D-homotopically trivial
link.

Proof for a 3-component link.
@ By is simply connected: L bounds

immersed disks Dy, Dy, Ds.

Take p € D; N D, and find a relative
Whitney disk Ap.

We already know how to deal with
points in A, N Dy. Points in A, N Dy
are fine.

e Problem: A, might intersect Ds. If so, |Dy N D3| increases.
@ Solution: Find a "higher order” relative Whitney disk A,
°
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Proof of the disjoint immersion lemma

Lemma (Homotopy trivializing lemma)

Any link in a homology sphere is homotopic to a 4D-homotopically trivial
link.

Proof for a 3-component link.
@ By is simply connected: L bounds

immersed disks Dy, Dy, Ds.

Take p € D1 N Dy and find a relative
Whitney disk Ap.

We already know how to deal with
points in A, N Dy. Points in A, N Dy
are fine.

e Problem: A, might intersect Ds. If so, |Dy N D3| increases.
@ Solution: Find a "higher order” relative Whitney disk A,
°

Use Finger moves to remove points in Ag N D3 - more self
intersections of Ds.
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Proof of the disjoint immersion lemma

Proof for a 3-component link. (Completed)

So far:
@ pc DiNDy. Apisa rel. Whitney disk.
@ gc ApND3. Agis arel. Whitney disk.
o AgN D3 =0 is disjoint.
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Proof of the disjoint immersion lemma

Proof for a 3-component link. (Completed)

So far:

p € DiND;y. Apis arel. Whitney disk.
g€ Ap,NDs. Agis arel. Whitney disk.
Ay N D3 =0 is disjoint.

@ Use the relative Whitney trick to reduce A, N D3: A, N Dy and
A, N D, grow. More double points in Ap. lterate until Ay, N D3 = ()
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Proof of the disjoint immersion lemma

Proof for a 3-component link. (Completed)

So far:

p € DN Dy Apis arel. Whitney disk.
g€ ApND3. Agis arel. Whitney disk.
Ag N D3 =0 is disjoint.

@ Use the relative Whitney trick to reduce A, N D3: A, N Dy and
A, N Dy grow. More double points in Ap. lterate until Ay N D3 =)

@ Use the finger move to get A, N Dy = (). Use the Relative Whitney
trick to reduce D; N Dy by 1 while preserving D1 N D3 and Dy N Ds.
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Proof of the disjoint immersion lemma

Proof for a 3-component link. (Completed)

So far:

p € DN Dy Apis arel. Whitney disk.
g€ ApND3. Agis arel. Whitney disk.
Ag N D3 =0 is disjoint.

@ Use the relative Whitney trick to reduce A, N D3: A, N Dy and
A, N Dy grow. More double points in Ap. lterate until Ay N D3 =)

@ Use the finger move to get A, N Dy = (). Use the Relative Whitney
trick to reduce D; N Dy by 1 while preserving D1 N D3 and Dy N Ds.

Iterate to remove every point from Dy N Dy, D1 N D3 and D> N Ds.
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Proof of the disjoint immersion lemma

Proof for a 3-component link. (Completed)

So far:

p € DN Dy Apis arel. Whitney disk.
g€ ApNDs. Agis arel. Whitney disk.
Ag N D3 =0 is disjoint.

@ Use the relative Whitney trick to reduce A, N D3: A, N Dy and
A, N Dy grow. More double points in A,. Iterate until A,N D3 =

@ Use the finger move to get A, N Dy = (). Use the Relative Whitney
trick to reduce D; N Dy by 1 while preserving D1 N D3 and Dy N Ds.

Iterate to remove every point from Dy N Dy, D1 N D3 and D> N Ds.

The proof for links of more components is only more complicated by
book-keeping. The philosophy is: Whenever you see an intersection
that a finger-move can't fix, find a relative Whitney disk.

Chris Davis — UWEC (classical knots, virtual Relative Whitney Trick 8 February 2021 13/18



Proof of the main theorem

Theorem (Goal) J

Any link in a homology sphere is homotopic to a slice link.

Consequence (End result of this slide.)

Any link L C 'Y is homotopic to a link J with J U J* 4D-homotopically
trivial.
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Proof of the main theorem

Theorem (Goal) J

Any link in a homology sphere is homotopic to a slice link.

e Y is a homology sphere = L; ~ Hjil[aj,,é’j] in 71. Use this to
build a Seifert surface X. (All links are homotopic to boundary links)

el

Consequence (End result of this slide.)

Any link L C Y is homotopic to a link J with J U J* 4D-homotopically
trivial.
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Proof of the main theorem

Any link in a homology sphere is homotopic to a slice link.

Theorem (Goal) J

@ Y is a homology sphere — L; ~ Hjil[aj,ﬁj] in 1. Use this to
build a Seifert surface X. (All links are homotopic to boundary links)

e By homotopy trivializing Lemma, up to homotopy (J a; U B,-J“ bounds
disjoint immersed disks. This changes L by a homotopy. Surger ¥

Consequence (End result of this slide.)

Any link L C 'Y is homotopic to a link J with J U J* 4D-homotopically
trivial.
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Proof of the main theorem

Theorem
Any link in a homology sphere L C Y is homotopic to a slice link. J

Apply the Cha-Kim-Powell Theorem:

Theorem

Let L be a boundary link in Y. If L bounds a Seifert surface admitting a
symplectic basis {«j, B} so that for all j, | J; 6,.+ Uaj and |J; 6,.+ U B, are
4D-link-homotopically trivial then L is freely slice.

This completes the proof.
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Proof of the main theorem

Theorem
Any link in a homology sphere L C Y is homotopic to a slice link. J

L = Hjil[aj,ﬂj] in 1. Use this to build a Seifert surface ¥ with
symplectic basis {aj, 5;}.

Apply the Cha-Kim-Powell Theorem:

Theorem

Let L be a boundary link in Y. If L bounds a Seifert surface admitting a
symplectic basis {«j, B} so that for all j, | J; 6,.+ Uaj and |J; Bfr U B, are
4D-link-homotopically trivial then L is freely slice.

This completes the proof.
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Proof of the main theorem

Theorem
Any link in a homology sphere L C Y is homotopic to a slice link. J

L = ng’zl[aj, f3j] in 1. Use this to build a Seifert surface X with
symplectic basis {aj, 5;}.

By the “consequence” a homotopy arranges that |J a; U oz;r ugiu ﬂfr is
4D-homotopically trivial. This changes L by a homotopy.

Apply the Cha-Kim-Powell Theorem:

Theorem

Let L be a boundary link in Y. If L bounds a Seifert surface admitting a
symplectic basis {«j, B} so that for all j, | J; Bfr Uaj and |J; 6,.+ U B, are
4D-link-homotopically trivial then L is freely slice.

This completes the proof.
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Some observations / questions
@ Observation

» Consequence:

» Question:

@ Observation:

Partial answer:
» Question:
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Some observations / questions

@ Observation: In the proof of the homotopy trivalizing lemma each
point in D; N D; was undone with one crossing change between L; and
L;.

j

» Consequence:

» Question: Partial answer:

@ Observation:
» Question:
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Some observations / questions

@ Observation: In the proof of the homotopy trivalizing lemma each
point in D; N D; was undone with one crossing change between L; and

L.

» Consequence: The minimal number of intersections between immersed
disks bounded by L is the same as the number of crossing changes
needed to transform L to a 4D-homotopically trivial link. Call it n(L).

» Question: Partial answer:

@ Observation:
» Question:
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Some observations / questions

@ Observation: In the proof of the homotopy trivalizing lemma each
point in D; N D; was undone with one crossing change between L; and

L.

» Consequence: The minimal number of intersections between immersed
disks bounded by L is the same as the number of crossing changes
needed to transform L to a 4D-homotopically trivial link. Call it n(L).

» Question: What is n(L)? Partial answer: For all m-component links
Z | |k(L,, LJ)| < n(L) < Z | |k(L,, LJ)| +Cn G=0, G=2, C, =77

@ Observation:
» Question:
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Some observations / questions

@ Observation: In the proof of the homotopy trivalizing lemma each
point in D; N D; was undone with one crossing change between L; and

L.

» Consequence: The minimal number of intersections between immersed
disks bounded by L is the same as the number of crossing changes
needed to transform L to a 4D-homotopically trivial link. Call it n(L).

» Question: What is n(L)? Partial answer: For all m-component links
Z | |k(L,, LJ)| < n(L) < Z | |k(L,, LJ)| +Cn G=0, G=2, C, =77

@ Observation: For knots this is a 4-D analogue of Dehn's lemma.
» Question:
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Some observations / questions

@ Observation: In the proof of the homotopy trivalizing lemma each
point in D; N D; was undone with one crossing change between L; and
L;.

j

» Consequence: The minimal number of intersections between immersed
disks bounded by L is the same as the number of crossing changes
needed to transform L to a 4D-homotopically trivial link. Call it n(L).

» Question: What is n(L)? Partial answer: For all m-component links
Z | |k(L,, LJ)| < n(L) < Z | |k(L,, LJ)| +Cn G=0, G=2, C, =77

@ Observation: For knots this is a 4-D analogue of Dehn's lemma.

» Question: If J C M3 is nullhomotopic in W* then is J homotopic to a
knot (or link) which bounds (disjoint) smooth/locally flat embedded
disk(s) in W
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Thanks for listening!

See on on Feb 8!
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