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Quick Recap: Classical Coulomb problem

• The amount of force between two electrically charged particles at rest:

F1 =
kq1q2

r 3
~r = −∇

(kq1q2

r

)

• Newton’s second law of motion:

H(~p,~r) =
1

2m
|~p|2 +

Q
r
, Q = kq1q2

• Radial motion ~p = mr ′(t)
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E = (r ′)2 +
Q
r

• Q = 1, E > 0

r(t) =
√

Et− 1
2E

log t+O(1),

t →∞

• Q = −1 then the particle can fall into the center of the force in finite
time.

r(t) ∼
(

(−E)−
3
2 − 2t

3

) 2
3

0 ≤ t ≤ 3

2(−E)
3
2
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Quantum Problem

What about the the quantum problem? (p → −i∇)

H± := −∆± Q
r
, Q > 0

• Kato-Rellich: H± is essentially self-adjoint with domain H2(R3).

‖r−1f‖2 ≤ ε‖∆f‖2 + Cε‖f‖2 0 < ε < 1

• U(t) = eitH± is unitary:
‖eitH± f‖2 = ‖f‖2

Q:
• What are the dispersive properties of eitH±?
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Free Schrödinger Evolution
When V = 0;

e−it∆f (x) =

[
eit|·|2 f̂ (·)

]∨
(x) =

1

(4πt)
3
2

∫
R3

ei |x−y|2
4t f (y) dy .

• L1 → L∞ dispersive estimate : ‖e−it∆f‖L∞ ≤ C1|t |−3/2‖f‖L1 ,

• Lp → Lp′ dispersive estimate :

‖e−it∆f‖Lp′ ≤ C2|t |3( 1
2−

1
p )‖f‖Lp 1 ≤ p ≤ 2.

• TT ∗ argument and fractional integration

Strichartz estimates: ‖e−it∆f‖Lq
t Lr

x
≤ C ‖f‖L2

x
,

2
q

= 3
(

1
2
−1

r

)
, q > 2.

• Keel and Tao ‘98: The endpoint case q = 2.
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Can we say ‖eitH± f‖∞ . t−
3
2 ‖f‖1 ?

• σpp(H−) = {− 1
4k2 : k ∈ Z+}, σac(H−) = [0,∞)

eitH− f =
∑
λj∈σp

eitλj Pj (H−)f + eitH−Pac(H−)f

• eitH− can not hold L1 → L∞ dispersion bound unless we project away
from point spectrum.

• σ(H+) = σac(H+) = [0,∞)

Theorem(Black, T., Biggio, Zhou’ 23)
Let f ∈ S be spherically symmetric, then one has

‖eitH+ f‖∞ ≤ Ct−
3
2 ‖f‖1, t > 1
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Set-up
L2(S2) =

⊕∞
`=0H` where H` is the 2`+ 1 dimensional space of spherical

harmonics.

Y m
` ∈ H`, −∆S2 Y m

` = `(`+ 1)Y m
` , m = 0,±1, ...± `

x = rω, ω ∈ S2

f (x) ∈ L2(R3)⇒ f (rω) =
∞∑
`=0

r
∑̀

m=−`

〈f (r ·),Y m
` 〉Y m

` (rω)

H+ =
∞⊕
`=0

H` where H` = − d2

dr2 − 2
r

d
dr + `(`+1)

r2 + Q
r

` = 0⇒ H0 = − d2

dr 2 −
2
r

d
dr

+
Q
r

= r−1(− d2

dr 2 +
Q
r

)r

L = − d2

dr2 + Q
r : Lϕ(λ, r) = λ2ϕ(λ, r)

[eitLf ](r) =

∫ ∞
0

∫ ∞
0

eitλ2
ϕ(λ, r)ϕ(λ, s)dλ︸ ︷︷ ︸

Kt (r,s)

f (s)ds
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ϕ(λ, r): 0 ≤ λ < 1

λ2r ≥ c :

ϕ(λ, r) = c1 sin(ζr (λ))(1 + O2(λ)) + c2 cos(ζr (λ))(1 + O2(λ))

ζr (λ) = λr − 1
2λ
− log(4λ2r)

2λ
+ c0 + λ−1O((λ2r)−1)

− d2

dr2 on the half-line with Dirichlet boundary condition has generalized
eigenfunctions

ϕ0(λ, r) = sin(λr)
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What was known for eitH+?
Nakamura ’94: Slowly decaying positive potentials: H = −∆ + W in Rd

• |W (x)| ≤ C(1 + x2)−ρ/2 for ρ ∈ (0, 2)

• There exist β, γ > 0, F cut-off function

‖F (|x | ≤ βλ−2)F (H ≤ λ2)‖L2→L2. exp(−γλ1− 2
ρ ), λ2 ∈ (0, 1].

Mizutani ’20: Strichartz estimate for eitH+ including endpoint.

• H1 := −∆ + Z |x |−µ + εVS(x)

• Z > 0, µ ∈ (0, 2), |∂αx {VS(x)}| ≤ C〈x〉−1−µ−|α|

• For ε ≥ 0 sufficiently small depending on Z , µ, and VS ,

‖eitH1 f‖Lp(R:Lq (Rn)) ≤ C‖f‖L2(Rn),
2
p

=
n
2
− n

q
, (n, p, q) 6= (2,∞,∞).

• Proves frequency localized L1 → L∞ ⇒ can not imply global L1 → L∞.
• Does not give explicit Kernel for the evolution.
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(pre)-WKB
Consider the H = − d2

dr2 + V as the half line operator with

V:

Hψ = Eψ ⇒ ψ′′(x) = (V − E)ψ(x)

x < a⇒ E < V : ψ(x) = e±
√

V−E x , forbidden

x > a⇒ E > V : ψ(x) = e±i
√

E−V x , allowed

The solution then will be determined by the boundary condition of the
extension.
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Generalized eigenfunction: ϕ(λ, r)

Q = 1⇒ L = − d2

dr2 + 1
r

−f ′′(λ, r) +
f (λ, r)

r
= λ2f (λ, r),

Action:

Sλ(r) =

∫ r

λ−2

√∣∣∣1
u
− λ2

∣∣∣du

WKB:

fl (λ, r) = e±Sλ(r)(1 + λa(λ, r)), fr (λ, r) = e±iSλ(r)(1 + λb(λ, r)), 0 ≤ λ < 1

What is the boundary condition at zero?
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• − d2
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r on L2

+ is an unbounded operator

• r−1 /∈ L1
+ ⇒ Picard iteration does not work

• Frobenius solution: f1(λ, r) =
∑∞
`=0 ak (λ)r `+k

f1(λ, r) = r + O(r 2) as r → 0 for fixed λ

• f2(λ, r) = a(λ, r)f1(λ, r)

f2(λ, r) = c0 + r log r + O(r) as r → 0 for fixed λ

• It is in the limit circle case at zero and has multiple self-adjoint
extensions.

• We look for the reduced operator from H+ which is self-adjoint with
domain H2(R3), and f2(λ,x)

x /∈ H2(R3).

• ϕ(λ, r) = C(λ)f1(λ, r).
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• Solutions decay as
r → 0.

Agmon predicts decay of eigenfunctions in the forbidden region:
• e−ρ(x0,x), x0 is turning point and ρ(x0, x) is Agmon distance
• In 1-d, ρ(x0, x) = Sx0 (x)

Sλ−2 (0) =

∫ 0

λ−2

√
1
u
− 1du

= − π

2λ
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Distorted Fourier Transform

H = − d2

dr2 + V (r) with V (r) ∈ L1[0, b), and let H be in the limit point case at
infinity.

Dα := {f : f , f ′ ∈ L2
rad, f (0) = αf ′(0)}, |α| = 1

Fundamental set of solution to Hf = z2f
• φα(z, r), θα(z, r) are real valued for z2, r ∈ R
• φα(z, r) holds the boundary condition in Dα, W (φα, θα) = 1.

by Picard iteration

There is a unique Weyl-m solution at infinity: L2 around infinity for =(z2) > 0.
• ψα(z, r) = θα(z, r) + m(z)φα(z, r)

as H is limit point case at infinity.
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• ĝ(r) =
∫∞

0 g(r)φα(λ, r)dr

• g(r) =
∫
σ(H)

ĝ(λ)φα(λ, r)ρ(dλ),
1

2πi [m(λ+ iε)−m(λ− iε)] dλ→w∗ ρ(dλ)

• ‖g‖L2(R+) = ‖ĝ‖L2(R,ρ)

for any f ∈ S

[eitHα f ](r) =

∫ ∞
0

∫
σ(H)

eitλ2
φα(λ, r)φα(λ, s)f (s)2λ ρ(dλ)ds

We would like to apply this to L = − d2

dr2 + r−1

• − d2

dr2 + r−1 has multiple self-adjoint extensions
• The extensions can not be classified by boundary conditions:

f2(r , λ) = c0 + r log r + O(r)⇒ f ′2(0) not defined

Gesztesy-Zinchenko’08: DFT holds for strongly singular potentials. They
choose any reference point x0 > 0 and solve the ODE from that point.
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for any f ∈ S

[eitHα f ](r) =

∫ ∞
0

∫
σ(H)

eitλ2
φα(λ, r)φα(λ, s)f (s)2λ ρ(dλ)ds

We would like to apply this to L = − d2

dr2 + r−1

• − d2

dr2 + r−1 has multiple self-adjoint extensions
• The extensions can not be classified by boundary conditions:

f2(r , λ) = c0 + r log r + O(r)⇒ f ′2(0) not defined

Gesztesy-Zinchenko’08: DFT holds for strongly singular potentials. They
choose any reference point x0 > 0 and solve the ODE from that point.
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• ĝ(r) =
∫∞

0 g(r)φα(λ, r)dr
• g(r) =

∫
σ(H)
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φ0(λ, r) = f1(λ, r) =
M i

2λ ,
1
2

(2iλr)

−2iλ
, ρ(dλ) = [e

π
λ − 1]−1dλ

The kernel of eitL is

Kt (r , s) =

∫
σ(H)

eitλ2
f1(λ, r)f1(λ, s) 2λ[e

π
λ − 1]−1dλ

ϕ(λ, r) = [2λ(e
π
λ − 1)]−1/2f1(λ, r)

H0 = r−1Lr

[eitH0 f ](r) =

∫ ∞
0

r−1Kt (r , s)sf (s)ds

Aim:
sup
r,s

∣∣∣Kt (r , s)

rs

∣∣∣ ≤ Ct−
3
2 , t > 1

• The integral representation of Whittaker functions are not useful for
small λ.

• Abramowitz, Stegun: asymptotic expansions when λr → 0 or λr →∞.
• Not enough as both the variable and the lower index depend on λ.
• Therefore, we use streching of variables to approximate f1(λ, r).
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• Therefore, we use streching of variables to approximate f1(λ, r).
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−f ′′(λ, r) +
f (λ, r)

r
− λ2f (λ, r) = 0

g(λ, x) := f (λ, x/λ2):

λ2g′′(λ, x) =
(1

x
− 1
)

g(λ, x)

• There is simple zero at x = 1. (simple turning point)
• We would like to transform the equation to a better understood equation

with a simple turning point.
• Airy equation: ω′′(ξ) = ξω(ξ)
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Streching of variables-Lioville Green Transformation

For some W small in some sense

f ′′(x) = Q(x)f (x), x ∈ I ⇒ ẅ(ξ) = Q0(ξ)w(ξ) + W (ξ)w(ξ), ξ ∈ J

In our case: Q(x) = ± 1
λ2

(
1
x − 1

)
, Q0(ξ) = ξ

w : I → J diffeomorphism such that f (x) = (
√
ξ′(x))−1w(ξ)

f ′′(x) = (
√

(ξ′(x))3ẅ(ξ) + ∂2
x{(
√
ξ′(x))−1}w(ξ)

using it in the original equation

(
√

(ξ′(x))3ẅ(ξ) + ∂2
x{(
√
ξ′(x))−1}w(ξ) = Q(x)(

√
ξ′(x))−1w(ξ)

ẅ(ξ) = Q(x)(ξ′(x))−2︸ ︷︷ ︸
Q0(ξ)

w(ξ)− (
√

(ξ′(x) )−3∂2
x{(
√
ξ′(x))−1}︸ ︷︷ ︸

W (ξ)

w(ξ)
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Langer Transform

λ2g′′(λ, x) =
(1

x
− 1
)

g(λ, x)

• Q(x) = λ−2
(

1
x − 1

)
if x ≤ 1 and Q(x) = λ−2

(
1− 1

x

)
if x ≥ 1

• ξ(x) = Q(x)(ξ′(x))−2

• LT: ξ(x) = λ−
2
3 sgn{(1− x)}

(
3
2

∫ x
1

√
|1− u−1| du

) 2
3

ω̈(ξ) = ξω(ξ) + λW (ξ)ω(ξ)

• Solve the perturbed Airy equation to obtain solutions as a linear
combination of

φ1(λ, x) = Ai (ξ)(1 + λa1(λ, ξ))

φ2(λ, x) = Bi (ξ)(1 + λa2(λ, ξ))

Costin, Schlag, Staubach and Tanveer’08, Donninger, Schlag, Soffer ’10 ,
Pasqualotto, Shlapentokh-Rothman, Van de Moortel’23.
Erdélyi, Kennedy, McGregor, Swanson ’55 : not multiplicative error



Langer Transform

λ2g′′(λ, x) =
(1

x
− 1
)

g(λ, x)

• Q(x) = λ−2
(

1
x − 1

)
if x ≤ 1 and Q(x) = λ−2

(
1− 1

x

)
if x ≥ 1

• ξ(x) = Q(x)(ξ′(x))−2

• LT: ξ(x) = λ−
2
3 sgn{(1− x)}

(
3
2

∫ x
1

√
|1− u−1| du

) 2
3

ω̈(ξ) = ξω(ξ) + λW (ξ)ω(ξ)

• Solve the perturbed Airy equation to obtain solutions as a linear
combination of

φ1(λ, x) = Ai (ξ)(1 + λa1(λ, ξ))

φ2(λ, x) = Bi (ξ)(1 + λa2(λ, ξ))

Costin, Schlag, Staubach and Tanveer’08, Donninger, Schlag, Soffer ’10 ,
Pasqualotto, Shlapentokh-Rothman, Van de Moortel’23.
Erdélyi, Kennedy, McGregor, Swanson ’55 : not multiplicative error



Langer Transform

λ2g′′(λ, x) =
(1

x
− 1
)

g(λ, x)

• Q(x) = λ−2
(

1
x − 1

)
if x ≤ 1 and Q(x) = λ−2

(
1− 1

x

)
if x ≥ 1

• ξ(x) = Q(x)(ξ′(x))−2

• LT: ξ(x) = λ−
2
3 sgn{(1− x)}

(
3
2

∫ x
1

√
|1− u−1| du

) 2
3

ω̈(ξ) = ξω(ξ) + λW (ξ)ω(ξ)

• Solve the perturbed Airy equation to obtain solutions as a linear
combination of

φ1(λ, x) = Ai (ξ)(1 + λa1(λ, ξ))

φ2(λ, x) = Bi (ξ)(1 + λa2(λ, ξ))

Costin, Schlag, Staubach and Tanveer’08, Donninger, Schlag, Soffer ’10 ,
Pasqualotto, Shlapentokh-Rothman, Van de Moortel’23.
Erdélyi, Kennedy, McGregor, Swanson ’55 : not multiplicative error



Langer Transform

λ2g′′(λ, x) =
(1

x
− 1
)

g(λ, x)

• Q(x) = λ−2
(

1
x − 1

)
if x ≤ 1 and Q(x) = λ−2

(
1− 1

x

)
if x ≥ 1

• ξ(x) = Q(x)(ξ′(x))−2

• LT: ξ(x) = λ−
2
3 sgn{(1− x)}

(
3
2

∫ x
1

√
|1− u−1| du

) 2
3

ω̈(ξ) = ξω(ξ) + λW (ξ)ω(ξ)

• Solve the perturbed Airy equation to obtain solutions as a linear
combination of

φ1(λ, x) = Ai (ξ)(1 + λa1(λ, ξ))

φ2(λ, x) = Bi (ξ)(1 + λa2(λ, ξ))

Costin, Schlag, Staubach and Tanveer’08, Donninger, Schlag, Soffer ’10 ,
Pasqualotto, Shlapentokh-Rothman, Van de Moortel’23.

Erdélyi, Kennedy, McGregor, Swanson ’55 : not multiplicative error



Langer Transform

λ2g′′(λ, x) =
(1

x
− 1
)

g(λ, x)

• Q(x) = λ−2
(

1
x − 1

)
if x ≤ 1 and Q(x) = λ−2

(
1− 1

x

)
if x ≥ 1

• ξ(x) = Q(x)(ξ′(x))−2

• LT: ξ(x) = λ−
2
3 sgn{(1− x)}

(
3
2

∫ x
1

√
|1− u−1| du

) 2
3

ω̈(ξ) = ξω(ξ) + λW (ξ)ω(ξ)

• Solve the perturbed Airy equation to obtain solutions as a linear
combination of

φ1(λ, x) = Ai (ξ)(1 + λa1(λ, ξ))

φ2(λ, x) = Bi (ξ)(1 + λa2(λ, ξ))

Costin, Schlag, Staubach and Tanveer’08, Donninger, Schlag, Soffer ’10 ,
Pasqualotto, Shlapentokh-Rothman, Van de Moortel’23.
Erdélyi, Kennedy, McGregor, Swanson ’55 : not multiplicative error



ω̈(ξ) = ξω(ξ) + λW (ξ)ω(ξ)

.
• Q(x) = λ−2(x−1 − 1) has singularity at x = 0.

• W (ξ) has singularity at ξ(0)

• The multiplicative error of the extended solutions blows up as x = 0.

• f ′′(x) = f
x ⇒ f (x) = c1

√
xI1(2

√
x) + c2

√
xK1(2

√
x)

• I1(x) = x(1 + O(x)), K1(x) = x−1(1 + O(x))

• We use modified Bessel functions to approximate the solutions
Erdélyi, A. and Swanson,55: not multiplicative error. Pasqualotto,
Shlapentokh-Rothman, Van de Moortel’23.
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g′′(λ, x) = λ−2
(1

x
− 1
)

g(λ, x) = 0

• x ≥ 1

ψ+(λ, x) = −(
√
ξ′)−1Ai (ξ) + iBi (ξ)[1 + λb+(λ, ξ)]

ψ−(λ, x) = −(
√
ξ′)−1(Ai (ξ)− iBi (ξ))[1 + λb−(λ, ξ)]

• 1
2 ≤ x ≤ 1

φ1(λ, x) = −(
√
ξ′)−1Ai (ξ)(1 + λa1(λ, ξ))

φ2(λ, x) = −(
√
ξ′)−1Bi (ξ)(1 + λa2(λ, ξ))

• 0 ≤ x ≤ 1
2

φ0(λ, x) =
(S0(x)

S′0(x)

) 1
2 I1(S0(x))(1 + λa0(λ, η))

S0(x) = λ−1 ∫ x
0

√
1
u − 1du
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What gives the optimal decay t−
3
2

Ai ± Bi (ξ) =
1
√
πξ

1
4

e∓i( 2
3 ξ

3
2−π

4 )(1 + O(ξ−
3
2 )), ξ → −∞

2
3
ξ

3
2 =

1
λ

[
√

x(x − 1)− log(
√

x +
√

x − 1)]

x = λ2r gives
ϕ(λ, r) = e±iζr (λ)(1 + O2(λ))

ζr (λ) = λr − 1
2λ
− 1

2λ
log(4λ2r) + c0 + λ−1O((λ2r)−1)



λ2r ≥ c, λ2s ≥ c, λ < 1

Kt (r , s) =

∫ ∞
0

eitλ2
e±i(ζr (λ)±ζs(λ))χ(λ)

(1 + O2(λ))

rs
dλ

use eitλ2
z = 1

2it
d

dλeitλ2

Kt (r , s) =
i

2t

∫ ∞
0

eitλ2
(
χ(λ)e±i(ζr (λ)±ζs(λ)) (1 + O2(λ))

rs

)′
dλ

• ζr (λ) = λr − 1
2λ −

1
2λ log(4λ2r) + c0 + λ−1O((λ2r)−1)

• ζ′r (λ) = r [1 + [log(4λ2r)−4]

4λ2r + O((λ2r)−2)] ∼ r

(
χ(λ)e±i(ζr (λ)±ζs(λ)) (1 + O2(λ))

rs

)′
= e±i(ζr (λ)±ζs(λ))χ(λ)O2(λ2)

Kt (r , s) =
i

2t
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eitλ2
e±i(ζr (λ)±ζs(λ))O2(λ2)dλ,
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