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theca :
we introduced the idea that many processes Can be described

using ( partial ) differential equations .

dXH= . . .
It

- such equations do not capture everything .

- one solution is to add noise to the PDES HOW ?

Today : - basic tools

- SDES ( processes varying in time only )



Random variables
, randomvectors

,
random sequences

( R ,B
,

B X :r→ 112 random variable

X
, ,

Xz - random variables

X=[x , ,x . ] x :r→ 1122

X=[ x
, ,

... ,Xk ] X :r→ IRK random vector

X=[X
, ,Xz ,

. . .

,
Xn

,
... ] X :p → yyN

- set of  a " sequences of real numbers

X=(Xn)n
, ,

w→X4=[ KH , KH ,
. . . ,XwH ,

... ]

X= random sequence



Stochastic processes

In general X=(X+)±€
,

F- GIT
,

[ o
, a)

↳
a collection of random variables

,
indexed over tE[0,T]

X= ( XD
. ,

= a stochastic process for each t Xt :r→R

as a process ,
X : r -

1126
"

- all functions x :[ o ,T]→ 112

random vector stochastic process ( random function )
k [ o

, D
X : R → 112 X : r→ 112

W -7 Xlw) =  x EIR
"

w - X( w) = x E
1126 ' "

t.tk , . . sxn ) x= ( " H )+€[o
, ,y

x :[ o ,T]→k th xH



Think distributions

random variable → umvariate distributions

n n
random vectors → multivariate distributions

.



random functions - infinite dim . distributions over spaces like

pz
" plan pE9→

, , ,

Ruth { x : a :[ at ]→R ]
these are difficult to visualize

Can we do statistical inference in IRK "

like we do in 1122 ?

( define pdfs , find MLES
, Bayesian methods

,
... )

( curious ? - never quit ! )



Random

field
) tE[ 0 ,t] → random function X :r→

1126
"

(XD se S a 1122 → random field X :r→ 1125

( now think distributions over surfaces defined on 5)

Y "

@
×

,



Random functions and finite dimensional distributions

(X±
,

0£ tet ) - random function ( stochastic
process ) -

a distribution
[ 0,1T

on 112

/
one draw from

}

¥
,

- rv
.

Xtz - rv
.

E.
,

[ E
,

Ei Is ,
ku - ra

[ Xt
, ,

Xt
. ,

Xt
, ,

Xh
,
) - random vector what is its distribution ?



Brownian Motion ( Wt 0et< T )

we .
- ws ,

iii. )
i i W ,~N( 0,1 )

S t

W÷
independent increments Wt - Ws L Wf,

- Ws ,

Gaussian increments Wt - Ws~ N ( O
,

t - s )

continuous sample paths



Stochastic integrals think W+= price of a stock

(Wt ) - Brownian Motion process te [ o
, . ]

( at time t
)

for each t
,

We is a rv
. W+~N( 0 ,t) cov( Ws,w+)=min(sit )

For ( Ws Oosset } = information available up to time t

( F field generated by Wo
,

... ,wt )

(but ) Oet  < T -

a progressively measurable
process

for any fixed t h+=rv .

given Ft ( h
,

oeset ) are known !

think but = # of Shares you(
own at time t )



¥
: ;:

: iitat anti
•

•

I

to !
,

i. 't
. ta

Q : what is the profit up to time t ?

profit at t E [ to ,
t

, ) Wtiht
.

-

Wto
. he

,

= he
.

( wt - Wto)

profit at t E [4 ,tz ) = profit  over [to ,t , ) + profit over [ t
, ,t )

=h+
.
( Wt

,

- Wto) + by
,

( wt - wt
,)

In general : profit at t E [ tu
,

the
,
) is

he
.

( Wt
,

- Wto) +
. . .

'' htu ( wt - Wtu ) = Dhs dws



¥
: ;:

:
iitat anti

•

•

I

to !
,

i. 't
. ta

I+lh)=§hsdws = ht
.

( Wt
,

- Wto) +
. . .

'' htu ( wt - Wtu )

This is called the Its integral of (he ) wrt
. (wt )

QZ questions 1) find E ( IDH) 3) Show that Itlh) is a martingale

2) Find Var ( Itlh)) 4) ...



General case

writ
men

LM

th"
- he ( as n→ a)

fthtddws - fthsdws [ Its integral of ( h
.

) wrt ( w+) ]

It ( he) = fthsdw
,

ITN ~ N ( 0
, ... )

continuous sample paths

martingale ,
etc.



Stochastic ( ordinary ) Differential Equations ( SDE )

𐀀𐀁𐀂𐀃𐀄𐀅𐀆𐀇𐀈𐀉𐀊𐀋𐀍𐀎𐀏𐀐𐀑𐀒𐀓𐀔𐀕𐀖𐀗𐀘𐀙𐀚𐀛𐀜𐀝𐀞𐀟𐀠𐀡𐀢𐀣𐀤𐀥𐀦𐀨𐀩𐀪𐀫𐀬𐀭𐀮𐀯𐀰𐀱𐀲𐀳𐀴𐀵𐀶𐀷𐀸𐀹𐀺𐀼𐀽𐀿𐁀𐁁𐁂𐁃𐁄𐁅𐁆𐁇𐁈𐁉𐁊𐁋𐁌𐁍𐁐𐁑𐁒𐁓𐁔𐁕𐁖𐁗𐁘𐁙𐁚𐁛𐁜𐁝1𐀀𐀁𐀂𐀃𐀄𐀅𐀆𐀇𐀈𐀉𐀊𐀋𐀍𐀎𐀏𐀐𐀑𐀒𐀓𐀔𐀕𐀖𐀗𐀘𐀙𐀚𐀛𐀜𐀝𐀞𐀟𐀠𐀡𐀢𐀣𐀤𐀥𐀦𐀨𐀩𐀪𐀫𐀬𐀭𐀮𐀯𐀰𐀱𐀲𐀳𐀴𐀵𐀶𐀷𐀸𐀹𐀺𐀼𐀽𐀿𐁀𐁁𐁂𐁃𐁄𐁅𐁆𐁇𐁈𐁉𐁊𐁋𐁌𐁍𐁐𐁑𐁒𐁓𐁔𐁕𐁖𐁗𐁘𐁙𐁚𐁛𐁜𐁝

say SC ) and TC ) are smooth functions

𐀀𐀁𐀂𐀃𐀄𐀅𐀆𐀇𐀈𐀉𐀊𐀋𐀍𐀎𐀏𐀐𐀑𐀒𐀓𐀔𐀕𐀖𐀗𐀘𐀙𐀚𐀛𐀜𐀝𐀞𐀟𐀠𐀡𐀢𐀣𐀤𐀥𐀦𐀨𐀩𐀪𐀫𐀬𐀭𐀮𐀯𐀰𐀱𐀲𐀳𐀴𐀵𐀶𐀷𐀸𐀹𐀺𐀼𐀽𐀿𐁀𐁁𐁂𐁃𐁄𐁅𐁆𐁇𐁈𐁉𐁊𐁋𐁌𐁍𐁐𐁑𐁒𐁓𐁔𐁕𐁖𐁗𐁘𐁙𐁚𐁛𐁜𐁝2𐀀𐀁𐀂𐀃𐀄𐀅𐀆𐀇𐀈𐀉𐀊𐀋𐀍𐀎𐀏𐀐𐀑𐀒𐀓𐀔𐀕𐀖𐀗𐀘𐀙𐀚𐀛𐀜𐀝𐀞𐀟𐀠𐀡𐀢𐀣𐀤𐀥𐀦𐀨𐀩𐀪𐀫𐀬𐀭𐀮𐀯𐀰𐀱𐀲𐀳𐀴𐀵𐀶𐀷𐀸𐀹𐀺𐀼𐀽𐀿𐁀𐁁𐁂𐁃𐁄𐁅𐁆𐁇𐁈𐁉𐁊𐁋𐁌𐁍𐁐𐁑𐁒𐁓𐁔𐁕𐁖𐁗𐁘𐁙𐁚𐁛𐁜𐁝 Xo -

some random variable

𐀀𐀁𐀂𐀃𐀄𐀅𐀆𐀇𐀈𐀉𐀊𐀋𐀍𐀎𐀏𐀐𐀑𐀒𐀓𐀔𐀕𐀖𐀗𐀘𐀙𐀚𐀛𐀜𐀝𐀞𐀟𐀠𐀡𐀢𐀣𐀤𐀥𐀦𐀨𐀩𐀪𐀫𐀬𐀭𐀮𐀯𐀰𐀱𐀲𐀳𐀴𐀵𐀶𐀷𐀸𐀹𐀺𐀼𐀽𐀿𐁀𐁁𐁂𐁃𐁄𐁅𐁆𐁇𐁈𐁉𐁊𐁋𐁌𐁍𐁐𐁑𐁒𐁓𐁔𐁕𐁖𐁗𐁘𐁙𐁚𐁛𐁜𐁝3𐀀𐀁𐀂𐀃𐀄𐀅𐀆𐀇𐀈𐀉𐀊𐀋𐀍𐀎𐀏𐀐𐀑𐀒𐀓𐀔𐀕𐀖𐀗𐀘𐀙𐀚𐀛𐀜𐀝𐀞𐀟𐀠𐀡𐀢𐀣𐀤𐀥𐀦𐀨𐀩𐀪𐀫𐀬𐀭𐀮𐀯𐀰𐀱𐀲𐀳𐀴𐀵𐀶𐀷𐀸𐀹𐀺𐀼𐀽𐀿𐁀𐁁𐁂𐁃𐁄𐁅𐁆𐁇𐁈𐁉𐁊𐁋𐁌𐁍𐁐𐁑𐁒𐁓𐁔𐁕𐁖𐁗𐁘𐁙𐁚𐁛𐁜𐁝 (We ) -

a Brownian motion process

A stochastic process
(Xt) is an Its

process if

X+= Xo + ttslxdds + ftmxddws ( as . )
W - -

r "

Riemann Its integral
integral

Xt is completely known given the inputs Xo
,

(Ws o=s±t )

X.
,

is measurable wrt T ( Xo
,

Ws
,

Oeset )



Its process : X+= Xo + ftslxdds + fttlxddws ( as . )

Informally
, ( X+ ) satisfies the Stochastic Differential Equation ( SDE )

dxt = S(X+)dt  + t(X+)dW+ ×t=o=×o

se ) = drift function
( coefficients )

TC ) = diffusion function

Xo = initial condition ( value )



out = S(X+)dt  + t(X+)dW+ ×t=o=×o

An SDE is :

-

a way to describe a stochastic process
[ OF ]

-

a way to describe a distribution over a space of functions K



Simple examples dX+=S(×Ddt  + t(X+)dW+ ×t=o=×o

𐀀𐀁𐀂𐀃𐀄𐀅𐀆𐀇𐀈𐀉𐀊𐀋𐀍𐀎𐀏𐀐𐀑𐀒𐀓𐀔𐀕𐀖𐀗𐀘𐀙𐀚𐀛𐀜𐀝𐀞𐀟𐀠𐀡𐀢𐀣𐀤𐀥𐀦𐀨𐀩𐀪𐀫𐀬𐀭𐀮𐀯𐀰𐀱𐀲𐀳𐀴𐀵𐀶𐀷𐀸𐀹𐀺𐀼𐀽𐀿𐁀𐁁𐁂𐁃𐁄𐁅𐁆𐁇𐁈𐁉𐁊𐁋𐁌𐁍𐁐𐁑𐁒𐁓𐁔𐁕𐁖𐁗𐁘𐁙𐁚𐁛𐁜𐁝1𐀀𐀁𐀂𐀃𐀄𐀅𐀆𐀇𐀈𐀉𐀊𐀋𐀍𐀎𐀏𐀐𐀑𐀒𐀓𐀔𐀕𐀖𐀗𐀘𐀙𐀚𐀛𐀜𐀝𐀞𐀟𐀠𐀡𐀢𐀣𐀤𐀥𐀦𐀨𐀩𐀪𐀫𐀬𐀭𐀮𐀯𐀰𐀱𐀲𐀳𐀴𐀵𐀶𐀷𐀸𐀹𐀺𐀼𐀽𐀿𐁀𐁁𐁂𐁃𐁄𐁅𐁆𐁇𐁈𐁉𐁊𐁋𐁌𐁍𐁐𐁑𐁒𐁓𐁔𐁕𐁖𐁗𐁘𐁙𐁚𐁛𐁜𐁝 S(x)=O Mx ) =P ( constant )

dXt=rdW+ Xt= Xotfttdws = Xo+r( www. )

= Xottwt

( scaled and shifted BM)

𐀀𐀁𐀂𐀃𐀄𐀅𐀆𐀇𐀈𐀉𐀊𐀋𐀍𐀎𐀏𐀐𐀑𐀒𐀓𐀔𐀕𐀖𐀗𐀘𐀙𐀚𐀛𐀜𐀝𐀞𐀟𐀠𐀡𐀢𐀣𐀤𐀥𐀦𐀨𐀩𐀪𐀫𐀬𐀭𐀮𐀯𐀰𐀱𐀲𐀳𐀴𐀵𐀶𐀷𐀸𐀹𐀺𐀼𐀽𐀿𐁀𐁁𐁂𐁃𐁄𐁅𐁆𐁇𐁈𐁉𐁊𐁋𐁌𐁍𐁐𐁑𐁒𐁓𐁔𐁕𐁖𐁗𐁘𐁙𐁚𐁛𐁜𐁝2𐀀𐀁𐀂𐀃𐀄𐀅𐀆𐀇𐀈𐀉𐀊𐀋𐀍𐀎𐀏𐀐𐀑𐀒𐀓𐀔𐀕𐀖𐀗𐀘𐀙𐀚𐀛𐀜𐀝𐀞𐀟𐀠𐀡𐀢𐀣𐀤𐀥𐀦𐀨𐀩𐀪𐀫𐀬𐀭𐀮𐀯𐀰𐀱𐀲𐀳𐀴𐀵𐀶𐀷𐀸𐀹𐀺𐀼𐀽𐀿𐁀𐁁𐁂𐁃𐁄𐁅𐁆𐁇𐁈𐁉𐁊𐁋𐁌𐁍𐁐𐁑𐁒𐁓𐁔𐁕𐁖𐁗𐁘𐁙𐁚𐁛𐁜𐁝 S(x)=F ,

- Ax T(x)=r

dX€= ( t
, -tzX+)dt  trdwt

( Ornstein - Uhknbeck
process)



𐀀𐀁𐀂𐀃𐀄𐀅𐀆𐀇𐀈𐀉𐀊𐀋𐀍𐀎𐀏𐀐𐀑𐀒𐀓𐀔𐀕𐀖𐀗𐀘𐀙𐀚𐀛𐀜𐀝𐀞𐀟𐀠𐀡𐀢𐀣𐀤𐀥𐀦𐀨𐀩𐀪𐀫𐀬𐀭𐀮𐀯𐀰𐀱𐀲𐀳𐀴𐀵𐀶𐀷𐀸𐀹𐀺𐀼𐀽𐀿𐁀𐁁𐁂𐁃𐁄𐁅𐁆𐁇𐁈𐁉𐁊𐁋𐁌𐁍𐁐𐁑𐁒𐁓𐁔𐁕𐁖𐁗𐁘𐁙𐁚𐁛𐁜𐁝3𐀀𐀁𐀂𐀃𐀄𐀅𐀆𐀇𐀈𐀉𐀊𐀋𐀍𐀎𐀏𐀐𐀑𐀒𐀓𐀔𐀕𐀖𐀗𐀘𐀙𐀚𐀛𐀜𐀝𐀞𐀟𐀠𐀡𐀢𐀣𐀤𐀥𐀦𐀨𐀩𐀪𐀫𐀬𐀭𐀮𐀯𐀰𐀱𐀲𐀳𐀴𐀵𐀶𐀷𐀸𐀹𐀺𐀼𐀽𐀿𐁀𐁁𐁂𐁃𐁄𐁅𐁆𐁇𐁈𐁉𐁊𐁋𐁌𐁍𐁐𐁑𐁒𐁓𐁔𐁕𐁖𐁗𐁘𐁙𐁚𐁛𐁜𐁝 S(x)= ax T(x)=Qx

dXt=O , Xtdtt tzkdwt

Geometric Brownian Motion



Old examples revisited

predator - prey model

d×+=×+l% . a ,z%)dt  txttaatttdwt
"

{
at =%la . ,x+ -

a . )at  +FtlaEaDdw 't
"



SIR mod :
+

= - as
, It at  + ¥ FEI dwt

'

{
at = KEE - pit ) at - ¥ FEI dwt

"
+ ¥ Ft dwt"



dxt = S(X+)dt  + t(X+)dW+ ×t=o=×o

How do we solve a SDE ?

xt=¥ something involving Xo and (Ws 0< Set )
We don't !

-

very few SDES can be solved analytically !

( OU
,

GBM
,

CIR
,

a few more . . . )
- in all other cases people would use aw approximation .



out = S(X+)dt  + t(X+)dW+ ×t=o=×o

Euler approximation

consider a very fine time grid O=to< t
,

<
. . .

< tµ=T

tin - ti  = Ot

- AXT = ×t+ot - ×t dwt = Wto - Wt ~ N ( 0
,

at )

- construct the approximating process

Xtti " )= Xtti ) + Slxttil ) Ott Mail ) . N ( 0
,

at )

- this is bad if Ot is large .



Data us .

SDE models

dst = - Lst It dt

Data :[ the
,

ETH,
. . .,IHH] { di+=ks# - pilot

Goal : estimate Lip



Data :[ the
,

they,
...

,they ] = Its

Correct model
dst = - < st Edt  + ,r÷ psi dwt

"

{ dI+=ks+I- pttlat - ¥ FEI dwt
" tntrrpdwi "

Posterior density : [ x ,p / Pbs ] a [ 413 ] [ toss / 413 ] → not available in closed form

.

Problem : the stochastic process ( It
, S+Oet . T) induces a marginal distribution

[ IHD
, . . .

,
I Hn) ] which is far too complicated to write down



Impossible

situation

process under study is continuous
,

SDE seems the appropriate model

( Xt oet  a- T ) dX+= . .

- date are discrete
s

,
XH . )

,
XHD

, . . .

,
Xttn ) ]

- likelihood not available !



Nobody panic
!

solutions exist

- they involve various approximations ( or not ! )

- interested ? take STAT 8540 is



Summa

:
Brownian motion ( We O et  < T )

- Its integral hihsdws

- Stochastic differential equation dXt=S( XD dtttlxt )dW+

- Euler scheme → approximating solutions

- ( discrete ) data vs. ( continuous ) process

Next : space
- time modeling with SPDES


